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PREFACE. 



^ 



k 

I jfYOVNG Mathemutuim may be 

^ "^^ fur prized to fee the old obfolete EI^- 

«o ments of Euclid appear afrefh in Print i 

Q and tbaty too, after fo many new Elements 

^ of Geometry as have been lately publijhed ; 

09 specially thofe who gave us the Elements 

^ O fi^ Geometry y in a ^new Manner ^ would 

have us believe' t bey have deteSed a great 

many Faults in Euclid. Tbefe acute Phi- 

lofophcrs pretend to have dijcovered, tbat 

EucIidV Definitions are not perfpicuous 

enough ; that bis Demonjlrations are Jcarcely 

evident j tbat bis whole Elements are ilU 

difpojed ; and tbat they have found out innU'- 

merable Falfities in tbem, wbub bad lain bid 

to their Times. 

Buty by their Leave ^ I make bold to 
affirm^ tbM they carp at Euclid undeferv* 
edly : For bis Definitions are difiinSi and 
clear ^ as being taken from firft Principles^ 
and our moft eafy and fimple Conceptions \ 
and bis Demonflrations elegant^ perfpicuous^ 
<and concife, carrying with them fuch £ w- . 
dence^ and fo much Strength ofReafon^ that 
J am eafily induced to believe, tbat the Obfcu- 
rity Sciolifts^^ often accufe Euclid withy is 
rather to be (Utributed to their own per^ 

A a plexed 



'— - 



Dr. Keill'j preface. 

plexed Ideas, than to the Demonjlrations 
tbemfehes. And^ however fome may find 
Fault with the IDifpofitim and Order of bis 
Elements J yetj noiwitbjlanding^ I do not find 
any Method y in all the Writings of this Kind, 
more proper and eafy for Learners than that 
of Euclid. 

It is not my Bufinefs here to anfwer, fepOr 
rately^ every one of thefe Cavillers \ but it 
will eafily appear to any one^ moderately 
verfed in thefe Elements, that they rather 
Jfjew their own Idknejs, than any real Faults 
in Euclid. Nay, I dare venture to fay, 
there is not one of thefe new Syfiems, wherein 
there are not more FaultSy nay^ grojfer Pa^ 
ralogifmSj than they have been able even to 
imagine in Euclid. 

After fo many unfuccefsful Endeavours 
in the Reformation of Geometry y fome very 
good Geometricians, not daring to make new 
Elements, have defervedly preferred EucMd 
to all others ; and have accordingly made it 
their Bufinefs to publifi^ tbofe of Euclid. 
But they^jor wbatReafon I know not^ have 
entirely omitted fome Propofitions, and have 
altered the Demonjlrations of others, for 
worfe. Among whom are chiefly Tacquet 
and Dechales, both of which have unhaf- 
pily vejeSfedJome elegant Propofitions in the 
Elements {which ought to have been re- 
tained) , as imagining them trifling and ufe^ 
lefs ; juch, for Example, as Prop. 27, 28, 
^nd 29, ^ the flxth Book, and fome others, 
^hofe Ufes they might not know. Farther, 

%vbere^ 



Dr. Keill'j preface. 

ivberever they ufe Demonjlrations of their 
owriy inftead of EuclidV, in thofe Demon- 
flrations^ they are faulty in their Reafoning^ 
and deviate very much from the Concifenefs 
of the Antients. 

In the fifth Book, they have wholly re^ 
jeSJed Euclid'i DemonftrationSy and have 
given a Definition of Proportion different 
from^wcWdUsy and. which comprehends hut 
one of the two Species of Proportion^ taking 
in only commenfurahle ^antities. Which 
great Faulty no Logician or Geometrician 
would ever have pardonedy had not thofe 
Authors done laudable Tubings in their other 
Mathematical Writings. Indeed y this Fault 
of theirs is common to all Modern Writers 
of Element Sy who all fplit on the fame 
Rock J andy to Jhew their Skilly blame Eu- 
clid, for wbaty on the contrary y he ought 
to be commended ; / meany the Definition of 
proportional ^antitieSy wherein hefioews an 
eafy Property of thofe ^tantitiesyjaking in 
both commenfurable and incommenfurable 
oneSy and from which all the other Proper^ 
ties of Proportionals do eafily follow. 

Some Geometricians y forfopthy want a 
Demonfiration of this Property in Euclid ; 
and undertake to fupply the Deficiency by 
one of their own. ' Herey again y they JJoew 
their Skill in LogiCy in requiring a Demon* 
firationfor the Definition of^ a "Term \ that 
Definition of Euclid being fuch as deter * 
mines thofe ^antities Proportionals y which 
have the Conditions fpecified in the f aid De^ 

A3 finition. 



Dr. KEttL'^ P RE F A C E. 

finition. And n»by might not the Author vf 
the Elements gwe "what Names he thought 
Jit to ^^ntities, having fuch Requijltes? 
Purely be might ufe his own Liberty y and ac^ 
cordingly has called them Proportionals. 

But it may be proper here to examine the 
Method whereby they endeavour ta demon* 
firate that Property : Which is hyfirji af- 
fuming a certain AfftStion^ agreeing only to 
one Kind of Proportionals ^ viz. Commenfu^ 
rabies y^ and thence j by a long Circuity and 
a perplexed Series of Conclufions^ do deduce 
that univerfaj Property of Proportionals 
which Euclid affirms ; a Procedure foreign 
enough to the ju^ Methods- and Rules of 
Reafoning^ They would certainly have done 
much better y if they had frfi laid down, 
that univerfal Property ^^ Euclid, andthenee 
have deduced that particular Property agree^ 
ing to only one Species of Proportionals. But^ 
rejecting tbisMethody they have taken the 
Liberty of adding their Demonflration to 
this Definition of the fifth Book. Thofe who 
have a mind to fee a farther Defence of Eu- 
clid, may confult the Mathematical LeSures 
of the learned Dr. Barrow. 

As I have happened to mention this great 

Geometrician^ 1 mufi not pafs by the Ele- 

* ments publifhed by him^ wherein, generally^ 

he has retained the ConflruSions and Demon-- 

fir at ions of Euclid himfelf not having 

omitted fo much as one Proportion. Hence ^ 

bis Demonflrations become more flrong and 

nervous y his ConfiruSlions more neat and 

5 elegant. 
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ekga^t^ 4ind the Genius 6/ the anient Ge(h^ 
metriciiMs more confpicmusy thm is uAalfy 
fmnd in other Books of this Kind, ^o this 
he has added eaeral Corollaries and J^cbolia^ 
which ferve not only tojhorten the Demon-- 
Jiration of what follows^ but are likewije cf 
UJk in other Matters. 

No^iviti^anding this, Barrow'i Denton- 
Jl rat ions are fo very/hort^ and are involved 
info many Notes and Symbols^ that they are 
rendered otfcure and di^ult to one not 
verfed in Geometry. There, many Propofi^ 
fions^ which appear confpicuous in readi?tg 
£uclid bi$i^elfy are made knotty, andjcarcefy 
intelligible to Learners, by his jl^ebratcal 
Way of Demonjiration ; as is, forJBxampk^ 
Prop. 13. Book I. And the Demonjirations 
which he lays down in Book II. are fill more 
difficult : Euclid bimfelfhas done much bet* 
tery in Jhewing their Evidence by the Con^ 
templations of Figures ^ as in Geometry floould 
always be done. The Elements of all Sci^ 
ences oug^t /> be handled after the moffimpk 
Method, and not to be involved in Symbols^ 
Notes, or obfcure Principles, taken elf ew here. 

As Barrow'i Elements are too Jhort, fo 
are thofe of Clavius too prolix ^ abounding 
in fuperfiuous Scholiums and Comments: 
For, in my Opinion, Euclid is notfo obfcure 
as to wantfuch a Number of Notes ^ neither 
do I doubt, but a Learner will find Euclid 
much eafier than any of bis Commentators. 
As too much Brevity in Geometricial Demon^ 
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Br. Keill'^ preface. 

Jlrations begets Obfcurity^ fo too much Pro^ 
lixity produces Tedioufnefs and Confufion. 

On tbeje Accounts^ principalfyy it was, 
that I undertook to publijb the Jirjijix Books 
^Euclid, with the i itb and i2tb^ accord- 
ing to Commandinus'i Edition -, the reft I 
forbore^ becaufe thofe^ firji-mentioned^ art' 
Jufficient for underjianding of mofi Parts of 
the Mathematics* noxvjiudied. 

Farther y for the tffe of thofe who are de^ 
firous to apply the Elements of Geometry to 
XJfes in Ltfe^ we have added a Compendium 
of Plane and Spherical Trigonometry ; by 
Means whereof Geometrical Magnitudes arc 
meafuredy and their Dimenfon exprejfed in 
Numbers. 
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Mr. CU N iSTs 

PR E F A C E, 

SHEWING^ 

^he Usefulness ^«/ Excellency 

; 2/* /i^/i W O R K. 

DR. KEIL L, in his Preface, hath 
fufficiently declared how much 
eafier, plainer, and more elegant, 
the Elements of Geometry written by £«- 
did are, than.thofc written by others j and 
that the Elements themfelves arc fitter for 
& Learner, than thofe publifhed by fuch as 
have pretended to comment on,fymbolize, 
or tranfpofe, any of his Demonftrations of 
fuch PropofitioBS as they intend to treat 
bf. Then how muft a Geometrician be 
amazed, when he meets with a Tradl * of 
the ift, 2d, 3d, 4th, 5th, 6th, nth, and 
12th Books of the Elements, in which 
are omitted the Demonftrations of all the 
Propofitions of that moft noble univerfal 
Mathefis, the 5th ;. on which the 6th, 
nth, and 12th, fo much depend, that the 
Demonftration of not fo much as one Pro- 
pofition, in them, can be obtained with- 
out thofe in the fifth ! 

* Vidt the laft Edition oi \h^ Engnjb Tacquet. 

The 
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The 7th, 8th, and 9th Books, treat of 
fuch Properties ef Nunibers wl>iebare ne« 
cefTary for the Demonftration of the i oth» 
\;chich ti^ats Of InCotnmbdfurables ; tad 
the i3tihr, 14th, and is^f of (he fiVb 
Plat$nic Bodies. But though the Doctrine 
of Incommenfarabtes, becaufe expounded 
in one and the fame Plane» as the firft ^ 
Ehements were, claimed, by a Right Or* 
der, to be handled before Planes inter- 
feifted by Planes, or the more compounded 
Dodrinc of Solids ; and the Properties of 
Numbers were neccffary to the Rcafomng 
about Incommenfurables ; yef, becaufe 
only one Propofifion of thefe four Books, 
viz. the I ft of th6 loth, is quoted in the 
nth and 1 2th Books ; and that only twi^e^ 
viz. in the Oemonftration of the ad and 
1 6th of the lath ; and that i ft Propofition 
of the 1 9th is fupplied by ai Limma in the 
I2th;^ and becaufei the 7th, Stb* i)\h^ 
loth, 13th, 14th, and 15th Books have 
not been* thought (by our greateft Matters) 
neccflary to be read by fuch as delign to 
make Natural Philofophy their Study, or 
by fuch as would apply Geometry to prac- 
tical Affairs; Dr. iCeill^ in his Edition^ 
gave us only thefe eight Books, viz. the 
firft fi)C, and the i ith and latb. 

And as he found there was wanting a 
Treatife of thefe Parts of the Elements, 
as they were written by£2tf/rW himfelf^ 

^ he 



Mr. CinffN'x P JJEF-4CJ&. 

he puUkhed bis Editkm without omkting 
any of EucUJ^% Demoftftradoos,. except 
two; one of which was a fecoBd-Denaon- 
firadon of thf 9th Propofition of the third 
Book ; and the other a Demofxftratioa of 
that Property of Proportionals called Con-- 
verfions (contained in a Corollary to the 
19th Prdpofitibn of the fifth Book ;) 
where, infteadi of Eucikl'9 Demonftration, 
whjich is. univerikly mofl Authors have gi-* 
ven us only particular ones of their own; 
The firft of thcfe, which was omitted, is 
here fbpplied : And thaA which was cor* 
rupted is here reflored ^. 

And fince fevcral Perfons, to whom the 
Elements of Geometry are of vaft Ufc^ 
either are not fo fufficiendy fkiUed in, or 
perhaps have not Leifurei or are not wil«- 
ling to take the Trtnrble, to read the 
Latin ; and fince this Treattfe was not be-* 
fore in Engli/h^ nor any other which may 
properly be faid to contain the Demonilra- 
tiofis laid down by Euclid himfelf i I do 
not doubt but the Publicatbn of this Edi« 
tion will be accept^ble^ aa well as fervice- 
ablc^ 

Such Errors, either typographical, or in 
the Schemes, which were taken Notice of 
in the Latin Edidon, are corredled in this. 

Vid^ Pag/t 55* 107* of EmUi% Wbricsj publifliei 
by Dr. Gugvry^ 

As 
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As to the Trigonometrical Tradl, an- 
nexed to thefe Elements, I find our Au- 
thor, as well as Dr. Harris^ Mr. Cafwell^ 
Mr. Heynes^ and others of the Trigonome- 
metrical Writers, is miftaken in (bme oF 
the Solutions. 

That the common Solution of the 1 2th 
Cafe of Oblique Spherics is falfe, I have 
demonftrated^ and given a true one. See 
Fage^i^. 

In the Solution of our 9th and 16th 
CafeSy by our Authors called the ift and 
2d, where are given and fought oppofitc 
Parts, not only the afore-mentioned Au- 
thors, but all others that I have met with, 
have told us, that the Solutions are anibi- 
guous ; which Doftrine is, indeed, fome- 
times true, but fometimes falfe : For fome- 
times tht ^afitum is doubtful, and fome- 
times not; and when it is not doubtful, 
it is fometimes greater than 90 Degrees, 
and fometimes lefs : And fure 1 (hall com- 
mit no Crime, if I affirm, that no Solution 
can be given without a juft Diftinftion of 
thefe Varieties. For the Solution of thefe 
Cafes^ kc Pages 320, 321. 

In the Solution of our 3d and 7th Cafes^ 
in other Authors reckoned the 3d and 4th, 
where there are given two Sides, and an 
Angle oppofite to one of them, to find the 
3d Side, or the Angle oppofite toit ; all the 

Writers 
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Writers of Trigonometry, that I have met . 
with, who have undertaken the Solutions 
of thefe two, as well as the two following 
Ca/eSy by letting fall aPerpendicular, which 
is undoubtedly the fhortcft and bcft Me- 
thod for finding either of thefe ^<^/^, 

have told us, that the j ^^ [of the 

Vertical Angles, or Bafes, (hall be the 
fought Angle or Side, according as the 

Perpendicular falls] . v . / [which can- 
not be known, unlefs the Species of that 
unknown Angle, which is oppofite to a 
given Side, be firft known. 

Here they leave us firft to calculate that 
unknown Angle, before we (hall know 
whether we are to take the Sum or the 
Difference of the vertical Angles or Bafes 
for the fought Angle or Bafe : And in the 
Calculation of that Angle have left us in 
the Dark as to its Species ; as appears by 
the Obfcrvations on the two preceding 
Ca/es. • 

The Truth is, the ^afitum here, as 
well as in the two former Cajes^ is fome- 
times doubtful, and fometimes not ; when 
doubtful, fometimes each Anfwcr is lefs 
than 90 Degrees, fometimes each is 
greater \ but fometimes one lefs, and the 
other greater, as in the two laft-mentioned 
Cafes, When it is not doubtful, the %^- 

Jitum 
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Jhwn is fometimes greater than poD^rces, 
and fomctiiiies lefs ; all whkh Diftincflioiis 
may be made without another Operation^ 
or the Knowledge of the Species of that 
unknown Angle, oppolite to a given Side i 
or, which is the fame Thingi the Falling 
of the Perpendicular within or without* 
For which, i^ Pages 323, 324. 

In the Sdtttion of our 1 ft and 5.th Cafts^ 
called in other Authors the 5th and 6th i 
where there are given two Angles, and a 
Side oppose to one of them, to find the 
third Angle, or the Side oppoiite to it ; 

they have told us, that the[gj^^^^^^ J 

of the vertical Angles, ot Bafes, according 

as the Perpendicular falls [j^jjjj^^^^ 

be the fought Angle or Side ; and that it 
is known whether the Perpendicular falls 
within, or without, by the AffedUon of 
the given Angles* 

Here they feem to have fpoken as tho' 
the Slucefitum was always determined, and 
never ariibtguous ; foe' they have here de- 
termined whether the Perpendicular falU 
within or without, and thereby whether 
they are to take the Sum or the Difference 
(^ the vertical Angles or Bafes for th^ 
fought Angle or Side* 
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Bat, notwithftanding thefe imaginary 
Peterioinatiom^ I affirm, that the ^a^ 
fitum here, as in the two Cafe% laft-men* 
tioaed^ is fometitnes ambiguous, and fome* 
tipies not ; and that top, whether the Per-* 
peodicular falls within, or whether it falla 
without* See the Solutions of thefe two 

The Determination of the 3d Cafe of 
Oblique Plane Triangles, fee in Fagp 
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Advertifement. 



'T^ H £ Reader is now prefented with a more cor* 
-'* red: Edition of this Work, than any hitherto 
Extant ; for, not only many Typographical Errors 
had by Degrees crept into it, but there were many 
Omii&ons and Miftakes, even in the Firft Edition, 
the greater Part of which have been conftantly ad- 
hered to, in the five fubfequent ones. Upoa the Ap^ 
plication of the Proprietors for a Revifion of this 
Work, the Revifor was favoured, by Mr. Jtlm 
Ribert/in, F. R, S. late Mafter of the Royal Mathe- 
matical School in Chrift's HofpitaJ, with an inter- 
leaved Copy of the firft Edition thereof, in which are 
a great Number of Additions and Corredions of Mr. 
CunrCs own Hand-writing, defigned (as may be fup- 
pofed) to have been inferted in a Second Edition; but 
probably,, prevented from fo being, either by his 
Death, or fome other Accident : All thefe Alterations 
have been carefully made, in this Edition, and feveral 
more Errors, even in that Edition which had efcaped 
Mr. Cunn*s Notice, and hav<^ been continued in the 
following Editions, are in this corrected* 

After thefe Amendments had been made, in the 
printed Copy of the Sixth Edition, the Revifor care- 
fully perufed the fame, and rectified great Numbers of 
fatfe References tp the Plates, and fome Errors in the 
Plates themfelves (for they are not the fame with 
thofe annexed to the Firft Edition) : But the moft 
flagrant Typographical Errors appeared in the Alge* 
braic Series, given in the Treatifes on Trigonometry 
and Logarithms, and demonftrated in the Appendix ; 
for the greateft Part of thefe were fo badly difpofed, as 
to be unintelligible, even to thofe who underftand the 
Subject: ; thefe are here rendered intelligible, and the 
Whole now is (as the Revifor apprehends) in fuch a 
State, as the feveral Authors of the Work and Appen- 
dix would have chofe to have put it into, had they 
lieen alive fo to do. 
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D E F I K I T I O N S. 



« 

1. Jl POINT is that ivhUb bath no Parti 
. -*^ or Magnitude. ' 

Xh A line is Lengthy without Breadth. 

III. The Ends {or Bounds) of a Line are 
Points. 

IV. A Right t'ine is that which lieth evinly be- 
tween its Points. 

V. A Superficies is that which bath only Length 
and Breadth. 

VI. The Bounds of a Superficies are Lines. 
VIL A plane Superficies is that which Ueth eveHf 

ly between its Lines. 
VllL A plane Angle is the Inclination of two - 

Lines to one another in the fame Plane^ which 

touch each otber^ but do not both lie in tbi 

fame Right Line. 
IX. If the Lines containing the Angle be Right 

enesy then the Angle is called a Right -lined 

Angle. 
JC IVhen one Right Line, ftanding on another 

Right Line^ makes Angles on either Side there*^ 



"* EucUi% Elements. Book I. 

#/, Mual between tbemfelves^ each of tbefe equal 
jingles is a Right ene ; and that Right Une^ 
which ftands upon the other ^ is calltd a Ptr- 
pendicular to that whereon it fiands. 

XI. An Obtufe Angle is thaS which is greater 
than a Right one. 

XII. An Acute Angle is that which is left than m 
Right one. 

XIII. A Term {or Bound) is that which is thf 
Extreme of any Thing. 

XIV. A Figure is that which is contained under 
one or more Terms. 

XV. A Circle is a plain Figure^ contained under 
one Line^ called the Circumference ; to which 
all Right Lines f drawn from a certain Point 
within the Figure, are equall 

XVI. And that Point is called the Centre of the 
' Circle. 

XVII. A. Diameter of a Circle is a Right Un$ 
drawn through the Centre^ and terminated on 
both Sides by the Circumference^ and divides 
the Circle into two equal Parts. 

XVIII. A Semicircle is a Figure contained under 
a Diameter^ and that Part of the Circumfo'- 
rence of a Circle cut off by that Diameter. • 

XIX. A Segment of a Circle is a Figure contained 
under a Right Line^ and Part of the Circum- 
ference of the Circle [which is cut off by that 
Right Line.] 

XX. Right-lined Figures are fuch as are con* 
tained under Right Lines. 

XXL Threefided Figures are fuch as are con- 
tained under three Lines. 

XXII. Four-ftded Figures are fuch as are con- 
tained under four Lines. 

XXIII. Manyfided Figures are thofe that are 
contained under more than four Right Lines. 

XXIV. 



Book I. Euclid's Elemficts. 

XXIV. Of tbree-Jided Figures that is an Equi- 
lateral Triangle i which bath three equal Sides. 

XXV. That an IJofceles^ cr Equicrural one^ 
which bath only two Sides equal. 

XXVI. And a Scalene one^ is that^ which hath 
three unequal Sides. 

XXVII. Alfo of three-Jided Figures^ that is a 
Right-angled Triangle^ which hath a Right 
Angle, 

XXVIH. That an Obtufe-angled one^ which 
hath an Obtufe Angle. 

XXIX. And that an Acute- angled one^ which 
hath three Acute Angles. 

XXX. Of four-fidedFigureSy that is a Square^ 
wbofefour Sides are equals and its Angles all 
Right ones. 

XXXI. That an Oblongs or ReSI angle j which 
is longer than broad ; kuti its oppoftte Sides are 
equaly and all its Angles Right ones, 

XXX II. That a Rhombus^ which hath four 
equal Sides^ but not Right Angles. 

XXXIII. That a Rhomboides^ whofe oppojite 
Sides and Angles only are equal. 

XXXIV. All ^adrilateral Figures, be/ides 
thefe^ are called Trapezia. 

XXXV. Parallels are fuch Right Lines^ in the 
fame Plane , whicb^ if infinitely produced both 
fVaysy would never meet. 



POSTULATES. 

J./^RANT that a Right Line may be drawn 
^^ from any one Point to another. 

II. That a finite Right Line may be continued di* 
reSly forwards. 

III. And that a Circle mc^ be defcribed about any 
Centre with any Diftance. 

B 2 AXrOM§. 
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AXIOMS. 

CT* H I NG S equal lo one and the fame Thingt 
■'■ are equal to one another. 

II. ]f to equal Things are added equal Things^ 
the fVbotes will be equal. 

III. If from equal 'Things equal Things be taken- 
away, the Remainders will be equal. 

IV. If equal Things be added to unequal TkingSy 
the Wholes •will he unequal. 

V. If equal Things be taken from unequal Things j 
• the Remainders will be unequal. 

Vj. Things which are double lo one and the fame 
Thing, are equal between them/elves. 

VII. Things ivhicb are half one and the fame' 
Thing, are equal between themfelves. 

VIII. Things which mutually agree legetherf are 
e^ual to one another. 

IX. The IVhole is greater than its Part. 

X. Two Right Lines do not contain a Space. 

XI. All Right Angles are equal between them- 
felves. 

XII. ]f a Right Line, falling upon two ether 
Right Lines, makes the inward Angles en the 
fame Side thereof, both together, lefs than two 
Right Aigles, thofe two Right Lines, infinitely 
produc'd, will meet each other on that Side 

- where the Angles are lefs than Right ones. 

Nale, When there are federal Angles at one Point, 
any ore of ibem is cxprefs'd by three Leiiers, of 
which that at the Vertex of the Angle is plac'd in 
ihe Middle, For Example j in the Figure of Prejt. 
XIII. Lil>. I. the Angle coniain'd under (he Right 
Lines A B, B C, is callod the Angle A B C } and 
the Angle contained under the Right Lines A B, 
BE, iscrtiled theAngleABE. 

PRO- 
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PROPOSITION I. 

Problem. 

# 

To defcrihe an EquilaUral Triangle upon a given 

finite Right LiJ$e. 

LET A B be the given finite Right Line, upcw 
which it is required to defer! be an equilateral 
Triangle. 
About the Centre A, with the Diflance A B, de- 
fcribe the Cirde BCD*; and about the Centre B,* '^- ^ 
with the fame Di(lance BA, defcrihe the Circle 
ACE*; and from the Point C, where the two 
Circles cut each other, draw the Right Linos C A, 
CBf. iFofi.x. 

Then becaufe A is the Centre of theCircle D BC, 
A C ihall be equal to A B J, And becaufe B is thej i>*/*. 15. 
Centre of the Circle C A E, B C (hall be equal to 
S A : But C A hath been proved to be equal te A B ; 
therefore both C A and C B are each equal to A B. 
But Things equal to one and the fame Thing, are 
equal between themfetves ♦, and confequently A C is*2&f, i. 
equal to C B ; therefore the three Sides C A, A B, 
B C, are ^qual between themfelves. 

And (b, thi Triangle B A C is au Equilatiral one^ 
0nd is defcrihed upon the given finite Right Line A B i 
wl^iich was to be done. 



PROPOSITION IL 

Pl^ O B L £ M. 

^t agvoen Point to put a Right Line eqtial to a 

Right Jpine giv^. 

¥ E T the Point gi^n be A, and the given Right 
•*^ Line B C ; it is required to put a Right Line at 
the Point A^ equial Co the 2;iven Rigbc Liae B C. 

B 3 Draw 
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Draw the Right Line A C from the Point A to C *« 
. upon it defctibe the Equilateral Triangle D A C 1 1 
produce D A and D C dire^lgr forwards to £ and G 1 1 
about the Centre C* with the Diflance B C, defcribs 
the Circle B G H * ; and about the C^mre D, with 
the Diflance D G, defcribe (he Circle K G L. 

Nt-w bf ciufe the Point C is the Centre ot the Circle 
B G H, B C will be equal to C Gf [ and becaufe D 
is the Centre of the Circle KGL, the Whole DL 
will be equal to the Whole D G, the Parts whereof 
D A and D C are equal ; therefore the Remainders 
A L, C G, a'c alio equal %. But it has been demon- 
ftrated, that BC is equal toC Gj wherefore both A L 
and BC are each of them equal to C G. But Things 
that arc equal to one and the fame T^ing, are equal 
to one another * ; and therefore likewife A L is equal 
toBC, 

Whence, th4 Right Line A L is put al tht givtn 
Point A, equal le liie given Right Lin* B C > which 
was to be done. 



PROPOSITION III. 
Pro ble m. 

7*0)0 unequal Right Urns being given, to cut off « 
Part from the greater, equal te the lejfer. 

T £ T A B and C be the two unequal Right Lines 
-■'"'given, the greater whereof is A B ; it is required 
to cut off a Line irom the greater A equal to the 
ledtr C. 

Put • a Right Line AD at the Point A, equal to 
the Line C ; and about (he Centre A, with the Dif- 
tance A D, defoibe' a Circle D E F t- 

Thcn becaufe A is the Centre of the Circle D E F, 
A E is equal to A D j and fo both A £ and C are 
each equal to A D t therefore A £ is likewife equal 
toCj. 

And fo, there ii cut afffriim A B the griattr §f tm 
given Right Lints A B and C, a Line A £ tfual It the 
ItjT.r Line C ; which was to be done- 

PRO- 
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PROPOSITION IV. 

Theorem. 

If there are two Triangles that have two Sides af 
tbe one equal to two Sides of the other, each /# 
each, and tbe Angle contained by thofe equal Sides 
in one Triangle equal to She Angle contained by 
the correfpondent Sides in tbe other Triangle ; 
then the Bafe of one of the Triangles jball be 
equal to the Bafe of the other^ tbe whole Triangle 
equal to the whole Triangle^ and tbe remaining 
Angles of one equal to the remaining Angles of the 
ether, each to each, which fubt end tbe equal Sides ^ 

T E T tbe two Triangles be A B C, D E F, which 

-^ have two Sides A B, A C» equal to two Sides 

D E, D F, each to each, that is^ the Side A B equal 

to the Side D E, and the Side A C to D F ; and tbe 

Angle B A C equal to the Angle E D F. I fay, th^ 

the Bafe B C is equal to the Safe E F, the Triangle 

ABC equal to the Triangle D £ F, and the remain- 
ing Angles of the one equal to the remaining Angles 

of the othef) each to its correrpondent, fubtending 

the equal Sides ; vi%. the Angle .ABC equal to the 

Angle D E F, and the Angle A C B equal to the An-> 

gleDFE, 
For the Triangle ABC being applied to D E F, lb 

as the Point A may co-indde with D, and the Right 

Line A B with D £, then the Point B will co-incide 
with the Point £, becaufe A B is equal to D £• And 
fince A B co-incides with D £, tbe Right Line A C 
likewife will co*incide with the Right Line O F, be^ 
caufe the Angle B A C is equal to cbe Angle £ D F. 
Wherefore alfo C will co-incide with F, becaufe the 
Right Line A C is equal to the Right Line D F. But 
the Point B co-incides with £» and therefore the Bafe 
B C co-incides with the Bafe E £• For, if the Point 
B co-inciding with E, and C with F, the Bafe B C 
does not co-incide with the Bafe £ F ; then two Right 
Lines will contain a Space, which is impoffibie*.*^. x«, 
Therefore, the Bafe B C co-incides uiith tbe Bafe £ F, I 

and is equsd thereto % and cenfequently tbe whole Tri- j 

B 4 an^le i 
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angU ABC will co-indie with the whole TriangU 
D £ Fy €nd wiU be ^qud tbereio ; enul the remaining 
X jjf^ 3, jingles will C9^incide with the remaining Angles f, and 
will be equal to them, viz. the Angle ABC equal to 
ibi Angle D £ F, and the Angle AC B efual to <liir 
Angle D F £ i wbich was to be demonftrated* 

PROPOSITION V, 

Theorem. 

S'be Angles at the Bafe of an Ifofc^Ies Triangle 
are equal between tbemfehes : Andyif the equal 
Sides be produced^ the Angles under the Bafe 
, Jball be equal between tbemfelves*. 

L£ T A BC be an 1/o/cefes Triai^le, having tlf 
Side AB equal lo the Side AG $ and let the 
equal Sides A B, A C, be prodaoed directly forwardt 
to D and E. I fay, the Angle A B C is equal to the 
, Anale A C B, and the AngS C B D equal to the An^ 
^eBCE. . 

For aflimie any Point F in the Line B D^ and from 
• 3«/f^«« A £ cat off the Line AG equate to AF, and joio 
FC, GB. 

Then, becaufe A F is equal to A G, and A B to A C^ 
the two Right Lines FA, AC, are equal to the two 
Lines G A, A B, each to each, and contain the com* 
^io/ttiti irion Angle FAGj therefore the Bafe FC is equal f 
to the Bafe G B, and the Triangle AFC equal to 
the Triangle A G B, and the remaining Angles of 
the one equal to the remaining Angles of the others 
each to each, fbbtending the equal Sides, visi. the An-* 
g!e A C F equal to the Angle A B G s and the Angle 
A F C, equal to the Angle A G B. And becaufe the 
Whole A F is equal to the Whole A G, and the Part 
tAx.^. ^ B equal to the Part A C, the Remainder B F J; ii 
equal to the Remainder C G. But F C has beeii 
proved to be equal to GB ; therefore the two Sides 
BF, FC, are equal to the two Sides C G, GB^, 
each to each, and the Angle fi F C equal to the Angle 
C G B ; but they have a common Bafe BC There-* 
^re aifo the Triangle B F C will be equal to die 
a 4 f/tbiu Triangle GGB *> and i^c remaining Angles c/ the one 

. • equal 



equal >to tbe remaining Angles of the other,' eacli Co 
^ach, which fubtend the equa] Sides. And fo the An- 
gle F B C is equal to the Angle G C B ; and the Angle 
B C F equal to rhevAriglt C B G. Therefore, becaufe 
the whole Angle A B G has been proved equal to the 
whole Angle A CF^ an'j the Part C B G equal to 
B C F, the reiifiaini Ag A«»gle ABC will be * equal to • Xt. |. 
the renviiiiing Angle A C B , but theie are tbe Angles 
at theBa^e of the Frlangle A ^ B- It hat)^ Jifce^ife 
^een proved, that the Aneles F B C, G C B, under 
the Bafe, are equal 5 therefore, the Angles at theB^e of 
IfofceUi TriangUs are equal between themfehef ; and if 
ihi £quul Rjght Linei Wpfiduced^ ih$ Angiet under- im 
Baft Mil if€ alfo iqualinwitn tbemfdtis i which was 
to be denaonftrate^. 

^«rv//.Yience every Equiliteral Triangle is Hlfo Equi^ 
angular. 

PRO^OSITioN VI. 

» • 

Th lORE M. 

If two Angles of a Triangle be e^ual, then thi 
Sides fubt ending ibe equal Angles wUl be equal 
between tbemfehes. 

LE T A B C he a Triangle, having the Angle 
ABC equal to the Angle A C B. I fty, the Sidt 
A B Is likewife equal to the Side A C. 

For tf A B be not equal to A C, let one of them, as 
A B, be the greater, from which cut off B D equal to 
A C t, and Join D C. Then, becaufe B D is equa! to f 3 0/^160. 
A C, and d C is comtnon, D B, B Cy will be equal 
to A C, C B, each to each« and the Angle D B C 
equ^l to the Angle ACB, from the Hypothefis; 
therefore the Bafe D C is cqtial J to the Bafe A B, and J4#f lA/g., 
the Triangle D BC equal to the Triangle A C B, a 
Fart to the Whole, which is abfurd ; therefore A B is . 
not unequal to A C, and confequently is equal to it. 

Therefore, if two Angln of a Triangle be equal be* 
fween themfehes^ the Sides fuhending the equal Angles 
itre likewije equal bitttveeH tbemfihes ; which was to be 
demondrated. 

♦ CerolU 



10 Aucihfs EirEMENTS. Book L 

C$roB, Hence every Equiangular Triangle is aMb 
Equilateral. 

PROPOSITION VII. 

Theorem. 

Of! the fame Right Line cannot be conftituted tw$ 
Right Lines equal to two other Right Lines ^ 
iaeb to eacb^ at different Point s^ on the fame 
Side 9 and having the fame Ends which thefrft 
Right Lines have. 

p O R, if i^ be poffible, let two Right Lines A D» 
f^ D By equal to two others A C, C B, each to each, 
be conilituted at different Points C and D, towards 
the fame Part C D, and having the fame Ends A and 
JB, which the firft Right Lines have, fothat C A be 
equal to A D, having the fame End A, which C A 
hath ; and C B equal to D B, having the fame End B. > 

Cafe I. The Point D cannot &11 in the Line AC; 
for inftance at F : For then (A D that is} A F would 
not be equal to A C. 

Cafi 2. If it be faid that D falls within the Triangle 
ABC; draw C D, and produce B D, B C, to F, and 
£. No^, ftnce A D is aiErmed to be equal to A C, the 
Angle A D C is equal to the Angle A C D * $ and 
confequently the Angle A C D is greater than F D C : 
Moreover £CD is greater than A CD, therefore 
£ C D is much greater than F D C But it is alfo faid, . 
that B D is equal to B C, and fo the Angle £ C D under 
• 5 ^'W»« the Bafe of the Ifofceles Triangle is equal to F D C ♦ ; 

whereas it hath been proved to be much greater^ - 
which is abfurd : Therefore D doth not fall within 
the Triangle. 

Cafe 2. Suppofe D fell without the Triangle ABC; 
join C D. 

Then, becaufe A C is equal to A D, the Angle 
1 5 ^'*»«' A C D will be equal f to the Angle ADC, and con- 
fequently the Angle A D C is greater than the Angle 
BCD; wherefore the Angle B D C will be much 
greater than the Angle B C D.. Again, becaufe CB 
is equal to D B, the Angle B D C will be equal to the 
Angle BCD; but it has been proved to be much 
greater, which is impoifible. Therefore, on the fame 

Right 
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Right Lhu cannot hi cwftitutid iw$ Right Um» iftial 
to two other Right Lims^ each to each^ at SfftrnU 
Points^ ^n thi fami Sidt^ and having the fam» Ends 
which thi firji R^ght Lims bavi i which wat to be 
dcmonftrated. 

PROPOSITION VIII. 

. Theorem*. 

If two Triangles bave two Sides of the one equal 
to two Sides of the other ^ each to eacb^ and tbi 
Bafes equaU tben tbe Angles contained under 
the equal Sides will be equal. 

LET the two Triangles be A B C, D £ F, havim 
two Sides, A B, AC, equal to two Sidei O £» 
D F, each to each, wx. A B equal to D £, and AC 
to DF s and let the Bafe B C be equal to the Bale 
£ F. I fay, the Angle B A C u equal to the Angle 
EDF. 

For, if the Triangle A B C be applied to the Tri- 
angle D E F,fo that the Point B may co-incide with E, 
and the Right Line B C with £ F, then the Point C 
will co-incide with F, becaufe BC is equal to EF, 
And fo, fmce B C co- incides with E F, B A and A C 
will likewife co«incide with ED and DF. For if 
the Bafe B C ihould co incide with EE, and at the 
fame Time the Sides B A, AC, ihould not co-incide 
with the Sides £0, D F, but chanjge their Pofition^ 
as £ G, G F, then there would be conftituted on the 
fame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at feveral Points, on the 
fame Side, having the fame Ends. But this is proved 
to be otherwife t ; therefore it is impoffible for thct7«f'^- 
Sides B A, AC, not to co-incide with the Sides ED, 
D F, if the Bafe B C co-incides with the Bafe £ F ; 
whererore they will co-incide, and coniequently the 
Angle B A C will co-incide with the Angle £ D F t» 
and will be equal to it. Therefore, if two Trianglis 
havi two Sidis of the one equal to two Sides of the otber^ 
each to ioch^ and thi Bafis equals then the Angles con-- 
tained under the equal Sides will he equals which was to 
]^ demonftratedy 

PRO. 
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PROPOSITION IX- 

Problem. 

To (ut: a pve» Ri^t'tim^d Af^t int^ two e^al 

Paris. 

T E T B A C* be a given Right-linM Angle, which 
■■^ is required to be cut itito two equal Parts. 

Afltime any Point D in the Right Line A B, and 

1 3 tfthit. ci|t off.AE from the Line A G equal to A D f .; join 

1 1 tftbiu D £, and thereon make % the equilateral Triangle 
D £ F, and join A P\ I (ay, the Angle B A C is cut 

' into two e^iual Parts by the-Liiw A F. ' 

For, becau(e A D is equafl to A £, and A F is com- 
mon, the two Sidefs DA, A F, Hre equal to the 
two Sidesf A E, A F, and the Bafe D F is equal to th^ 

t^rfth'tt. Bafe £JF; ther^fbte i the Angte D A F is eoual to 
the Angle E A F. Wherefore, a jivin Right^Un^d 
Angle is cut int^ Hvo imud Parts \ which was to be done, f 



PROPOSITION X. 



PHOBLS M. 

9V mr II gtven finite Rigbi Line inio tW0 efMl 

Parts. 



¥ E T A B be a given finite Right Line, required 

'^ to be cut into two equal Parts. 
* 1 bfthiu Upon it make * an Equilateral Triangle ABC, and 
1 9 rfthh. bi&A t the Angle A C B by the Right Line CD. I 

£iy, the Right Line A B is bife£Ud>in the Point D. 
For, becaiife A C is «quai to C B, and C D is com* 

Bton, the Right Lines A C, C D, are equal to the 

two Right Lines ,B C, C D, and the Angle A C I> 
t A^ffbiu equal to t\^ Angle BCD; thetefore % ^bc Bafe A D 

is equal to the Bafe D B/ KfA io^ the Right Line 

A B tr bifsOed in the Pmt D i which was to be 

done. 

PRO- 



^ L 



Book I. 'Eucli^s Elei^ents; iS 

PROPOSITION xr. 

Pro BL£ M« 

to draw a Right Line at Right Angles to a given 
Right TJne^from a given Point. in the fame. 

T £ T A B be the given Right Line, and C the given 
-*^ Point. It is required to draw a Right Line from 
the Point C, at Right Angles to A B, 

Afllime any Point D in A C, and make C £ equal 
* to C D ; and upon D E make f the Equilateral* ^ •/'*('• 
Triangle F D E, and join FC. I fay, the Right+ ' '^'*"' 
Line F C is drawn from the Point C, given in the 
Right Line AB, at Right Angles to A B« 

For, becaufe D C is equal to C E, and F C is com- , 

mon, the two LiiWs DC, CFy.are equal to the 
two Lines EC, C F; and th^ Safe D F is equal* to 
the Bafe F E. Therefore * the Angle D C F is equal* t $fihi$, 
to the Angle E C F ; and they arc adjacent'Angles. 
But when a Right Line, ftanding upon a- Right Line, 
makes the adjacent Angles equal, each of the equal 
Angles is J a Right Angle ; and confequcntly DC FyX.totfthis, 
F C E, are both Right Angles, Therefore* the Right 
Line F C is drawn from tie Point C at Right Angle* t§. 
A B ', which was to be done. 

PROPOSITION XII. 

pR OB JL B M. 

To draw a Right Line perpendicular^ upon a given 
infinite Right Line^ from a Point given out of it. 

E T A B be the given infinite Line, and C the' 
Point given out of it. It is requir'd to draw a 
Right Line perpendicular upon the given Right Line 
A B, frx>m the Point C given out of it. 
< Afllime any Point D on the other Side of the Right 
Linp A B 5 and about the Centre C, with theDiftance 
C D, defcribe * a Circle E DG ; bifed t E G in H,» F.jl. 5. 
andj'oin C G, € H, CtT.' 'I fay; there is drawn the 1 10 •/ thh. 
' Per- 
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Perpendicular C M on the given infinite Right Line 
AB, from the Point C given out of it. 

For,becaufe GH is eqnal to HE, and HC is com- 
mon, G H and H C are each eqjuti to £ H and H C, 
and the Bafe C G ts equal to the^afe C E. Therefore 
t s ^jUi^ the Angle C H G is equal % to the Angle C H E ^ and 
they are adjacent Andes. But when a Right Line, 
ftanding upon another Right Line, makes the Angles 
equal between themfelves, each of the equal Angles 

• Btf, lo. is a Right one *, and the faid ftanding Right Line is 

caird a Perpendicular , to that which it ftands on. 
Therefore, C H is drawn perptndicukr^ upon a givm 
itifimti Right Lint^ from a givtn Pnnt out rf it i 
which was to be done. 

PROPOSITION XIU. 

T H £ O H S M. 

When a Right Line, ftanding upon a Right Ldne^ 
tkakes AngUsy tbefe Jhall be either two Right 
Angles 9 or together equal to two Right Angles. 

P^O R let a Right Line A B, ftanding upon the Right 
^ Line C D, make the Angles CB A, A BD. I fay, 
the Angles C B A, A B D, are either two Right An- 
gles, or both together equal to two Right Angles. 

• l>t/. lo. For if C B A b^ equal to A B D, they are * each of 
t tirftSit^hem Right Angles : But if not, draw f B E from the 

Point B, at Right Angles to C D. Therefore the 
Angles C B £, E B D, are two Right Ancles : And 
bccaufe CBE is equal to both the Angles C B A, 
ABE, add the Angle £ B D, which is common i and 
t ^** 2. |h( ty^Q Angles C B £, E B D, together, are % equal 
to the three Angles CBA, ABE, EBD, toj^ether. 
Again, becaufe the Angle D B A is equal to the two. 
Angles D B E, £ B A, together, add the common An* 
gie A B C» and the two An^es DBA, ABC, are 
. equal to the three Angles DBE, EBA, ABC, toge* 
ther. But it has been proved, that the two Angles 
CBE, EB D, together, * are likewife equal to thefe 
three Angles : But Thinos that are equal to one aid 

• A*. 2. the fame, are * equal between themfelves. Thertfo e 

likewife the Angle C B E^ £ B D, together, are equal 
4 •to 
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to the Angles DBA, ABC, t<^ether; but C B E, 
£ B D, arc two Right Angles. Therefore the Angles 
D B A, A B C, are both together equal to two Right 
Angles. Wherefore, wbin a Right Liniyftanding up9m 
anotbir Right Linty mates AngUs^ theft Jhall be either twa 
Right Angles, or together equal to two Right Angles i 
which was to be demonftrate^. 



PROPOSITION XIV. 

Theorbm. 

ff to any Right Line^ and Point therein^ two 
Right Lines be drawn from contrary PartSp 
making the adjacent Angles^ both together^ 
equal to two Right Angles^ the faid two Right 
Lines wiU make but oneftrait Line. 

.pO R let two Right Lines B C, B D, drawn from 
^ contrary Pares to the Point B, in any Ri^t Line 
A B) make the adjacent Angles A B C, A B I), both 
together equal to two Right Angles. I iay, B C» 
BD, make but one Right Line. 

For if B.D, C B, do not make one ftrait Linei let 
C B and 3 £ make one. 

" Then, becaufe the Right Line A B ftands upon the 
Right Line C B E, the Angle A B C, A B E, together, 
will be equal * to two Right Angles. But the Angles • 13 rfiiiu 
A B C,. A B D, together, are alfo equal to two Right 
Angles. Now taking away the common Angle A B Ct 
the remaining An^e A B E-is equal to the remain- 
ing Angle A B D, the lefs to the greater^ which is 
impoffible. Therefore BE, B C, are not one ftrait 
Line. And in the fame manner it is demonftrated, 
that no other Line but B D is in a ftrait Line with 
C B ; wherefore C B, B D, fliall be in one ftrait 
Line. Therefore, if to any Right Linty and Point 
therein^ two Right Lines be drown from contrary Parts^ 
making, the adjacent Angles ^ both together^ equal to two 
Right Angles y the faid two Right Lines will make but one 
Jlrait Line \ which was to be demonftratcd. 

PRO- 
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PROPOSITION XV. 

T H B O R B M. 

if two Right Lines nmuialfy €Ui each nber^ ihii 
oppqfite Angles are equal. 

T £ T the twoRfght Ltnes A B^ C D^ mutually cut 
^^ each other in the Point £. I fay, the Angle 
A EC is equal to. die Angle D C B j and the Angle 
C £ B equal to the Angle A E D. 

For, hecaufe the Right Line A E, flanding oh the 
Right Line C D, makes the Angles C K A, A £ D i 

• t3 »/«bri*thefe both lo^thef (hall be eq^oal '* to two Right 
Angles. Agam, becaufe the Right Line D £, ftamiing 
upon the Rjgbt Line A B, naakes the Angles A E D^ 
D E B s thefe Angles together are * equal to two Right 
Angles. But it has been proved, that the Angles CEA^ 
A £ D, are likewife together equal to two Right Aih> 
gles. Therefore the Andes C £ A, A £ D, are equri 
to the Angies A £ D, O £ B. Take away the com* 
mon Angle A £ D, and the Angle remaining C £ A iisi 

tA.3* t equal to the Angle remaining BED. For tht 

fame Reafon, the Angle C £ B (hall be equal to tbfe 

Angle D £ A. Therefore, if twa Right Lines mutu-^ 

^Uy cut each other ^ thi opptfiu Augks art tqnal » wbicH 

' was to be dcmonftrated. 

CerolL i» From hence it is mmifeft, that two Right 
Lines, mutually cutting each odier, make Angles 
at the Se&ion equal to four Right Angles. 

Gor»lL 2* All the Angles, conflttuted about the iunt 
Point, are equal to four Right Angles. 
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PaOJPOSITION XVL 

1" H £ o k iE M. 

!ff 0ne Side of a»y Triangle i$ pradmedy the 4iut* 
ward Angk is gf)eattt ti^aii richer 'ofike m»ard 
PfpBfiie Allies. 

X £ T A B C. be la Tfjai\gfe, And one af its Sides 
•■^ B C be prorfnte^ to D. I %, . the outward An* 
rle A C D is greater, tkan eiifaKT of Uie kiWArd AiMclet 
CBA, orBAG, 

For bire£lAC i* £^9 a^d joi>p 3^i which ^n>-« 10 •/rA,V 
duce to F, and make £ F equal to B £ f. Moreover, j. 3 ^ftbiu 
join F C» and pr^dm^ yV C €o G« 

Theh, bfecaufe' A £ Is fegtiaJi to JE 6, atid B E to 
£ F» the two Sides A £, £ B, are equal to the two 
Sides C £, £ F, eaudh ^to e«th, and the Angle A £ B 
f cqiffti t^.the Acigh F £ C ; /or tbey aie <ippQfiie f 15 «//^fi. 
Angles* Therefore the Bafe AB is ^equal to the|4*/fAfi« 
Bate F C ; and the'l*'riangle A *£ o equal to the Tri- 
nngle F£ Q>\ >attd ihe xcmaini^g Angl^ »f the one 
equal to the remaiiiit^ Angles »t the ojriier^ each to 
each, fubtending the equ« Sides. Wherefore the 
Angle B A £> ccfual to the Ang|e JECF; but the 
Argle £ C b is greater than the Angie £ C F ; there- 
iior« tbeAagle AQ D is greater than ihe Angle B A £. 
After the lacne nunner, if the R^ht Line B C he 
bife^ed, we dcfnpnJIrate that the Angle B C 6^ and 
cunfequeiuly it& equal, the Angle A C D ^) is greater * '5 •/^'^* 
than the A.^g^ A&C. Therefore, M€ Sii^ of cw^ 
Trier^U biing ^raduad^ the $uiward Jngli it gruiUr 
than iiihir^tbi inrnBori ^ptfipf Angiu ^ v^ich w^ (• 
be deoipAArated, 

PROPOSITION XVIL 

T H I O R £ M. 

Two 4^gks of any Triangle together^ bmfatVif 
taken^ are lefs than two Kigbt Angles. 

LE T A B C be a Triangle. I fay, two Angles- 
of it together, howfoever^taken, are lefs than two 
^^^ Allies. 

^ ^ C For 
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For pro<!ttcc B C to D. 

Then^ becaufe the outward Angle A C D of the 

• 16 !f '*»«*Tf ianglc A B C is greater ♦ than the inward oppofite 
Angle A B C ; if the common Anele AC B be added, 
the Angles A C D, A C B, together, will be greater 
than the Angles ABC, ACB, together : But AC D, 

f 13 t/thit* A C B, are f equal to two Right Angles. Therefore 
ABC, B C A, are lefs than two Right Angles. lit 
the fame manner we demonftrate, tnat the Angl^ 
BAC, ACfi, asalfoCAB, ABC, are lefs than 
two Right Angles. Therefore, turn Jitghs 0/afiy 7Vi* 
anglt Ugetbeff bowjiitfir takm^ of i lift than iw$ Rigbi 
Anglts } which was tabe demonftram. 

PROPOSITION XVIIL 

Theorem. 

^be greater Side of every Triangle Jubtenis the 

greater jingle^ 

TETABCbca Triangle, taving the S^de A C 
^" greater than the Side A B. I fay, the Angle ABC 
Is greater than the Angle B C A. 

For, becaufe A C is greater than A B, AD may be 
} 3 p/ftfh oisiit equal to A B t» and B D be joined. 

' Then, becaufe A D B is an outWard An2;]e of the 
• i$«/ribii. Triangle B O C, it will be * greater than the inward 
^5/1^11. oppofite Angle DCB. But ADB is f equal ta 
A B D ; becaufe the Side A B is equal to the Side 
A D. Therefore the Angle A BD is Itkewife greater 
than the Angle A C B ; and confequently ABC 
Ihall be much greater than A C R Wherefore, tie 
greater Side of every Triangle fubtends the greater Angh \ 
which was to be demonftrated. 
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PROPOSITION Xl^. 

Theorem. 

The greater JngU if every Triangle fuhtends the 

greater Side^ . 

t ET A B C be a Triangle, having the Angle 
•■-^ A B C greater than the Angle B C A. I %, th^ 
Side A C is greater than the Side A B. 

For, if it be not greater, A C is either equal to A B, 
or lefs than it. tt is not equal to it, becaufe then (he 
Angle ABC would be equal • to the Angle A C B ; • 5 •/'*"' 
but it is not : Therefore A C is not equal to A B. 
Neither will it be lefi ; for then the Angle ABC 
would be t ^eb than the Angle A C B ; but it is not. f it p/tih* 
Therefore A C is not left than A B. But likewife it 
has been proved not to be equal to it : Wherefore 
A C is greater than A B. Therefore, the greater An- 
gle of every Triangle fubunds the greater Side i which 
)vas to be demonftrated. 

PROPOSITION XX. 

Theorem. 

Two Sides of any Triangle^ bowfoever taken^ are, 
togeiber greater than the Third Side. 

LET ABC be a Triangle. I fay, two Sides 
thereof, howfocvcr taken, arc together greater 
than the third Side % viz. the Sides B A, A C, are 
greater than the Side B C ^ and the Sides A B, B C, 
greater than the Side AC; and the Sides B C, C A, 
greater than the Side A B* 

For produce B A tb the Point D, fo that A Dbc 
♦ equal to A C ; and join DC. * 3 £/^'^». 

Then, becaufe D A is equal to AC, the Angle^ 
ADC fliall be equal t to the Angle A C D. Butthe f 5 •/^'^ 
Angle BCD is greater than the Angle A CD. ' 

Wherefore the Angle B C D is greater than the Angle 
A D C ; and becaufe D C B is <i Triangle, havipg the 
Angle BCD greater thltn the An^ B D C, a^d tb« 

C 2 greater 
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f i9#/i^*f«eremter Angle fubtends f the greater Side ; the Side 

D B win be greater ihan 4he Side RC. But D B i» 

equal to B A and A C together. Wherefore the Sides 

^ BA> AC» together, are gitsHier than the Side BC* 

1(1 the fafne. manner we demonftrate^ that the Side^ 

/AB, B C, together, ^re greater than th6 Side C A ; 

and the Sides B C, C) A, togetlier, are greater than 

the Side A B. Therefore, 4ioo Sides ^f^ry Triavgl^ 

howfoever tahrtyan together greater than th$ihiiMlSidi^ 

which was to be demonftrated. 

PROPOSITION XXI. 

• Theorem. 

* 

if two Right Lines ie drott>» frpm the extreme 
Faints of ene Side af a Triat^te tc any Pmni 
within the fame^ thefe tme Lines Jhall be kfs 
than the other two Sides of the Triangle^ hut 
contain a greater Angle » 

"pOR let two Right Lines B»,DCj be drawnt 
^ from the Extremes B, C, of theSrde BC of the 
Triangle A B C, tp the Po(nt D M^)^ Ihe fame. I 
fay, B D, DC, are lefs than B A, AC, the other 
two Sides of the Trianglei, buij contain an Angle 
B D C greater than the Angle B A C. 
f*or produce B D to E. 
TheA) becaufe two $ides of every TrMngle together 

• toiftbU. are * greater than the third, B A, A £ the two Sides 
of the Triangle ABE, are greater ^haH the Side BE, 
Now, add £ C, Which ts cotninon^ akid the Sides 

t ^. 4* B A, A C, will be t greater than B E, E C. 

Again, becaufe C K, E D, the two SWes of the Tri-»]^ 
tngk C E D, are greater than the Side C D, add D B^^ 
which is common, and the Sides C £, £B, will be 
greater than C D, D B. Biit it has been proved, lihat 
BA, AC, are greater than BE, EG. Wherefore 
B A, AC, are much greater than B D, DC. Again, 

X x6^Aw. becaufe the outward Angle of every Triangle $i» 
greater, than the Fhward and oppofite one j B D C, the 
outward Angle of the Triangle CD£,fliall be greater 
than the Ang!e;C E D. For the fame Reafon, 5 ED, 
the outward Angle of the Triangle A B E^is likewife 

greater 
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f greater than the Angle B A C ; but the Angle B D C 

has been proved to, be gfeatef than the Ao^e CED. 
Wfaercford the Atig](^ B D C fhail be much greater 
than the Angle B A C. And b^ -if two Right Lines be 
drawn from the extreme Points of one Side of a Triangle 
$0 anjf Point naiihin the fame ^ tbefe two Lines Jball hi lifs 
ihm tbtither iw.Sidef. of the Triangl^^ but contain et 
greater Angle \ which was to be domofiftratai, 

PROPOSITION xxn. 

r P R. O B L E M, 

9V drfmbe a Vrim^ifof tbrei Right Ldms^ which 
are eqtmtto three others ffvt^ : Bttt it is reqiti- 
fite^ that any two of the Right Lines taken to- 
gether be greater than the third ; becaujl two 
Sides oj a Triangle f howjiever iaken^ are ta-^ 
get her greater than the third Side. 

T £T A, B^ Cy be three Right Lines given^ two of 
-^-^which^ any waysv takea, are groater- than the third; 
m%. A and B to($ethergrtaiter than G ^ A and C greater . . , 
than B ; and' B aod C greater than A. Now it is re- 
quired* to^ make a Triangle of three Right Lines equal 
to A, B, C : Let there be one Right Line DE, ter* 
minated at D, but infinite towards E ; and take*D P *3^/in* 
equal tp A,. F G equal to B,^ and G H equal to C ; 
and about the^Gentre F, with the Diftance FD, de« 
fcribe a Circle D K L f ; and ab^ut the Centre G, f 3 f4p. 
with the Diftaace G H, defcrtbe another Circle 
K L H, and join It F, K G. I fay, the Triangle 
K F G i» made of three Right Lines, equal to A« B, 
C ; for, beoaufe the Point F is the Centre of the Cir- 
cle I>K hi FK (hall be equal to F D t: But FD is 
equal to A ; therefore F K is alfo equal to A. Again^ 
betaufe thePoint G is the Centre of the Circle L K H, 
G K will Be X equal to G H : Bat G H is equal to C ; f £>,/. ,5; 
^ thewforefltallGK be alfo equal to C : But F G js 

likewife equal to B ; and confequently the three Right 
jLines Kit',/ FG) KG, are equal to the three Right 
Lines A, B„G. Wherefore, the Triangle K P G ix 
made of three Right Lines K F, F G» K G, e^ual to the 
three given^ lanes fu B« C, which WM to be done* 

C s PR Q- 
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PllO POSITION XXIII. 

Problem. 

WUb a given Right Lim^ and at a given PwHi 
in ii^ to make a Rigbtrlin^d Angle e^ual to a 
Rigbt^lin*d Angle given. 

T E T |h^ gwil Right Unt be A B, anci the Point 
**^ given therein A^ and the given Right-ltn*d Angle 
D C £• It is requireil to make a Right-Iin'd Ansle 
at the given Point A, with the given Right Line A^» 
. equal to the given Riehjt-lin'd Angle D C £. 

Aflfume the Points D and E at Pieafurf ifi the Linea 
CD, C £, and draw D £ ; then, of three Right 

t^2«/ifti«. Lines equal to CD, D£, EC, make * a J'riangle 
A F G, fe that A F be equal to C D, AG to C l* 
andFGtoDE. ' 

Then, becaufe the two Sides DC, C E, are equal 
to the two Sides F A, A G, each to each, and the Bafe 
D E equal to the Bafe F G ; the Angle D C £ (hall 

1 8 •/'***• be t equal to the Angle FAG. Therefore, ibiRighi'^ 
lift d Angle r AG is maie^ oi tbt givinP^int A, ifi tbo 
givefi Right Litii AB, ifual t9 the giv^ft Rigki'Uffd 
Angle D C £ ; whicli was to be done. 

PI^OPOSITIQN XXIV. 

Theorem. 

• I , . • 

JfJwo ^ria^gle^ have two Si^es of the one equal 
Jo two Sides of the other ^ each to each^ and th(. 
jingle of the one eamtained under the equal 
Right Linesy greater than the correfpondent 
Angle of the other j then the Bafe of ike dn^ 
will be greater than the Bafe of tke other. 

LE T there be two Triangles A B C, D E F, hav- 
ing two Sides A B, A C, equal to the two'Sides 
D E, 15 F, each to each, viz. the Side A B equal to 
the'Side D E, and tHe Sjde AC equal to D f ; and 
let the Ahglie B' A C tc greater than the Angle E D F. 
I iavi the Bafe B C is greater ihafi the Bafe £ £. 

4r»T 
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For ^^ecaufe the Angle B A C is greater than the 
Angle £ D F $ fnake an-* Ansle £ D G at the Point • %^tfiHu 
D in the Right Line '£> E^equal to the Angle B A C ; 
and make f D G Mual to eithjcr AC or D F, andf . «/f^i. 
join EG, FG. 

Cofi 1. When EG falls above E F { then, becaufe 
A B is equal to D £, and A C to D G, the two Sides 
B A, A C» are each equal to the two Sides E D, D G, 
and the Angle BAG equal to the Angle £ D G : 
Therefore the Safe B C is equal X ^ <he Bafe E G. 1 4«/<*'«t 
Again, becaufe D G is equal to D F, the Angle O F G 
is f equal to the Angle D G F ; and fo the Anglef | ^iMj, 
D F G is greater than the Angle E G F : And confe- 
quently the Angle £ F G is much greater than the 
An||le £ G F. And becaufe £ F G is a Triangle, 
htvina: the Angle £ F G greater than the Angle 
£ G F $ and the greateft Angle fubtends * the greateft^ X9 •/<M 
Side, the Side EG (hall be greater than the Side £ F, 
But the Side EG is equal to the Side BC : Whence 
B C is likewife greater than E F. 

Cafe 2. When £ G falls upon £ F ; then £ G is 
greater than E F: And confequently BC is greater 
than £ F. 

Cafii, When EG falls below EF; thenDG, 
£ G, are % together greater than D F and £ F toge-t si ^thi$^ 
ther, and by taking away the Equals D G, D F, there 
remain EG greater than EF*. Therefore BC,*^S' 
which is equal to £ G, will be alfo greater than ££• 
Therefore, if two TriangUs have two Sides cf tin 9ne 
equal to two Sides of the other y each to each^ and the Anglo 
of the one contained under the equal Right Lines^ greater 
than the correfpondent Angle of the other $ then the Bafe 
of the one mU be greater than theBafi efthe others 
which was t« be (leti|onftrate4f 
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Xf hffn'Prkmsfis bim MA SiA^ $f the tmt^al 
to ma^ Siiti $f the other ^ edih i9 i0eb^ ^gj 
•the Btkje of tbt ontgr^tf than the Baft tff 
tie otbiSf -^ tbeyfialt alfa hckii the Jk^tes cou^ 
tained by. the ejit^l SiJ^s^ the one greater tfm 
' the at^er, 

T £Tth«r^betwoTri2mg1cs:^&C»E)f£F, kMMg 
^ tvwi Sid«? AB» AQ cacli «quah to twa Sidf^ 
DE, I>F, viz. the Side A B eqiwl to th» &'<!• lUE, 
nod iii« Sidt> A; C to the Side D F i hut tlM Ba<# 6 Q 
gncater than the Bafe EF ^ I fey^ the Angle B AC i$ 
%J1(> greatc^r th^n the Angle £ D f . 

For if it be not greater^ it wUl be cither eq^ai er 
kr&, Bu4> (he.ApgTe B A C is not equa> tp the Angle 

• 4 6ftbit. £ D F ^ for if i^ wa^» the Safe B C. wpiild be ^ e^ual 
to the Bafe E F ; but it is not : Therefore the Aoglf 
B A C 19 no& equal to. the Angle £ D F, neither will 

iz^rfthiiAt be lefler i Cor it it flKMJ^d^ the Bab B C wo^ld. be f 
lefs than the Bafe £ F ; but it is not. ThereforV the 
Anj?le B A C 1$ not lefs than the Angle E D F j but it 
bas likewife biten proved not to be eq,Ma}to It. Where*^ 
f6re the Angje B A C is neceffiiriiyj greater than ihjc 
Angle E D F. J/i therefore, twa Triangkt haxie iva^ 
Si(i^s of the one efual U tW9 Sides of the ther^ each t4 
eachy and the Bafe of the one greater thun the Bafe ofth^ 
other y ihty^ JhaU a^ have 3ie Anglu eentfiin^ kf fhi 
equal Sides ^ the one greater the^ tti4 ether | wJiicfe WM 
%o be demonftrated. 
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U iwoi 4^s of fh otter t iiuk to^each^ mid 
one Suk* cf tie. one oqual io ona Side of tbo 
jptiePy oiMer the Side lying ietween tke ofual 
Angksy or which fidH^^^ ant of the equat An- 
g\ts\ the remaining Sides of the one Triangle 
Jj^ll be alfo, equal to the remaining Sides of the 
other ^ each lio bis c4nrrefpondent Side v af^ the 

xemmdng Angk 4 ^^^ ^^ ^V^^ ^ ^^ ^^* 
nurimng Angle of the other. 

LET there be two TritnglcB^ A B C> D E F^ haiv- 
ifig-two Anftles A.BC, B C A,, of the one, equd 
to two* Allies- D£F, £FI\ of the otheoi each M 
each, that is, the Ansle ABC equal to tho Angle 
D £ F, and! the Angle B C A equal to. the AngBe 
£ F D» Aod let one Side of the one he equal to one 
Side of the other, which firft let be the Side lying, be* 
tween the equal Amglcs, vi%. the Side B C equal' to the 
Stffe E F. I bof^ the remaining Sides of the one Tri* 
afigle will be equal to the remaining Sides of the 
other, each to each> that is, the Side A B equal tm 
tbeSidhDE) and the Side AG equ^ to tbeSide 
2>F, and the reiiiaining Angle BAC e<)iiaItothe 
remaining Angle £ D F. 

For if the Side A B be not equal to llie SideD E, 
one of them will he the greater, wbicb let be A B^ 
make G B equal ta D £, and pin O C. « 

Then, becauTe B G IS equal to D E, and B C to E Ft 
the two Sidea GB, BC, are equal to thetwoSidea 
D£, £F, each to each ; and the Angle G B G equal 
to the Angle D £ F. TheBafeGC is* equal to the*4^«fo 
Bafe J> F» and the Triangle G B G to the Trfamgle 
D £F^ and the remaining Angles equal to the re- 
maining Angiet, each to each^ which fubtend the equal 
Sides. Therefore the An^e QG B is^qual to the 
AJi^leDFE. But the AnglePFE^b^ the Hypo*. 

4 thcfist 
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tbefis, is equal to the Angle B C A i and fo the Angle 
B C G 11 likewiftt <qual «> the Angle B C A* the left 
to the greater, wliich cannot be. Therefore A B it 
not unequal to D E, and confequently is equal to it. 
And To the two Sides^A B, B C, are eoual to the two 
.Sides DE, XF, and the Angle ABC equal to the 

^^•fOit. Angle D £ P : And conrequcntly the BaTe A C * is 
equal to the Bafe DP, and the remaining Angle 
B A C equal to the remaining Angle £ D F* 
' Secondly, Let the Sides that are fubtended by the 
equal Angles be equal| as A B <qual to O £• I fay, 
,the remaining Sides of the one Triangle are equ^l to 
the ren^aining Sides of the other, viz. AC to {> F, 
and B C to £ P } and alfo the remaining Angle 
B A C, to the remaining Angie E D P. 

For if BC be unequal to EF, one of them is the 
greater, which let be B C, if poffible, and make B H 
equal to E F, and join A H* 

' Nqw, becaufe B H is equal to £ F, and A B to 
D £, the two Sides A B, B H, are equal to the two 
Hides D E, £ F, each to each, and they contain equal 
Angles.: Therefore the Bafe AH is f equal to the 
Ba(e D F ; and the Triangle A B H fliall be equal to 
the Triangle D £ F, and the remaining Angles equal 
fotbe rem»ning Angles, each to each, which fubtend 
ihe equal Sides ; and ib the Angle B H A is equal to 

f rrmiht ^he Angle £ F £>• But E F D is f equal to the An-* 

hjh gleBCA; and confequently the Angle BHA is 
equal to the Angle B C A : Therefere the outward 
-Angle BHA of the Triangle A H C, is equal to the 

# |6 ^lArtJnward and oppofite Angle B C A ; which is * im« 
pofEble : Whence B C is not unequal to £ F ; there-* 
fore it is equal to it. But A B is ilfo equal to D £. 
Wherefore the two Sides A B, B C, are equalto the 
two Sides D E, £ F, each to each ; and they contain 
equal Angles. And fe the Bafe A C is equal to the 
Bafe D F, the Triangle B A C to the Triangle D E F, 
land the remaining Angle B AC equal to the reqiiain^ 
• ing Angle E D F* 1/^ therefore, . twa Triangles hav§ 
two Anglei ioual^ ioih ta eacby and one Side af the om 
equal to one Side of the other ^ either tht Side fying between 
the equal Angles^ or which fubtends one, of the equal An^ 
gla ; the remaining Sides of the one Triangle /hall he alfo 
equal to the i^emfiining. Sidts of. the. otbtr^ each to its coprer 
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fpminA SiJif and tbe, nmrnmng AkgU rfthi ew tfftui/ U 

$bi rmaimifg A^gk ffth ^^ t wbi«* ym tQ be de^ 
fnonftrated. 

PROPOSITION XXVII. 

Theorem* 

^ a Right Line^ fitting upon two Riiht Upts^ 
wakes the aUtrmte At^les equal between ttem- 
felvesy tbe two Right Lines Jkall be parallel. 

L£ T the Right Line £ F, falling upon two Right 
Lines A B» C D, make the alternKte Angles^ 
A £ t^^ £ F D5 equal between themfelVes. I lay^ 
the Right Line A B is parallel to C D. 

For if it be not parallel, A B and C D, produced 
towards B and D, or towards A and €» will meet : 
Now let them be produced towards B and D» and 
meet in the Point G. 

• Then the putl^rard Angle A E F of the Triangle 
G £ F is ^ greater than tbe inward and oppofite An- • ^6 ^iSSu 
«le £ F G, and alfo equal f to it ; which is abfurd«f F/Mii6« 
Therefore A B and C D, produced towards B and D^^fh 
wllnot meet each other. By the fame Wav of Rea- 
foning, neither will they meet, being produced towards 
C and A. But Lines that meet each o^er on neither 
Side, are % parallel between tbemfelves. Thereforetll>/< 31* 
A B i$ parallel to C D. Therefore, if a lUghi Line^ 
falUng ^^n tw§ Right Umsy makes the alternate JngUs 
equat between tbemfehet^ tbe twe Right Lines j^U be 
Parallel i ^l^kh Wjis tq pe (lemonftrated. 
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PROPOSITION XXyiH. 

Theorem. 

I/arRi^Bt Utrt^ fiilUng upoft^ two ttigbr Unesi 
makes the outward Angle . tpitb the one Line 
equal to the olttwarJt omit ifppofite Angle with 
m 'ot'Mei' m fbif^ fimrSid^ ^the inwnfd^An^ 
gki^ on the fame* Sid» U^ift» equal to two 
Afglf^' Angles, tie t^ Aigtr Liner JbaU be 
faralUl between tbemfifyes.. ... 

LE^T fhe R%ht Line £F fiHtng^upon (wo R^t 
Lin^A B^C D, inafeDiht o«twaird Angle E.G/B 
equal to the inivard and oppofitt^ il^ngle GMD;: or 
ttk* rnw&sd Angles B G Ei». G IItDv on the &me Side 
together eqiutfl ti> two Right Anglesi I) fay^ the Rigbt 
Line A Bii« partUcd to ttte Rijghir Line G Di 

^Trm tht Yovj becaufc the Angle E G B.is * equal td the Ao^ 

^^'nBh gfc^W 0,and tlie Angle E.GB t «qualltorthe An- 
gle A & H, thv Angle A.G H: IkaH be equal to this 
Angl^ G H' D ir ^t . thefe are altefnace Aogka^ 

1 27 cfM.Tbei<e((^te A ft ie $ psralU tt» C liX . 

Again, becauft tbeAnglcs^ BGH, GHD, are 

fj%rftb'u.etiufA't!o^t¥H>9ig\nArfg\9S^ and.- A'GB, B&H»are| 
equal' tt» twdlti^ ones^ ther Anglesi AG Hy B 6 B^ 
will be equal to the An^ B G H, GRD-y and if 
Ate contmoit Angle B G Tf beuken* from both, tbeNs 
will remaiii the Angle AGH equal to the Angle 
G H'D ; but tbefe are alternate Angles^ Theceibre 
A B is parallel to- CD. Jfy therafbrey a Right Line^ 
falling upon two Right Lines, makes thi outward Angle 
with the one Line equal to the inward and offofiti Angle 
with the other on the fame Side, or the inward Angles an 
the fame Side together equal to two Right Angles, the twe 
Right Lines Jhall he parallel between themfelves j which 
was to be demonilrated* 
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PROPOSITION XX1X% , 

T.HB,0,RXM. 

^ a Eight tku falls uftop mt PMalltb^ ii wM 
tnah the ^iernau Angles eqtufl between ibem^ 
f elves \ the outward Angle equal to the inward 
and 9ff^t€ Angle, on the fame Side \ andtBt 
inward Angles im the fame Side together equal 
to two Right Angles. 

LET the Right Line EF fall upon the parilfel 
Right Lines A,B, C D. I fay, the alternate An* 
gles AGH^ GHDt are eqoal between theoiielves 1 
thex)tttward Angle £ G B is «qual to the inward one 
C fl D9 t)n the Smt Side ; aiid the two Inward ones, 
]3 G H, G H D^ on the fame Side, are together equs^ 
to two Right Angles. 

For if A GH be unequal to G H D, ohe of them 
will be the greater. Let this be A G H ; then becatife 
the Angle A G H is greater than the Angle G H D, 
add the common An^e B G H to both : And fo the 
Angles A G H, B GH, together^ are greater than the 
Angles S G H, G H D, togedier. But the Angles* 
A G H, B G H, are equal to two Right ones *. • 13 •/'*»»• 
Therefore B G H, G H D, are iefs than two Right 
Angles. And fo the Lines A B, C D, infinitely pro- 
dhioed t will meet each ^ther i bnt becanfe they are f Ax, it. 
parallel they will not meet. Therefore the Angle 
A G H is not unequal to the Angl( G H D. Whei e- 
fore it is neccflarily equa! to it. 

But the Angle. AG H is t equal to the Angle 1 15*/ r*i«, 
E G B : Therefore E G B is alfo equal to GHP. 

Now add the common Angle BGH; and then 
E G B, B G H, tether, are eoual to B G H, GH D, 
together ; hut £G B, »nd B.G H, are equal to two 
Right Angles. Therefore ?ilfo B G H, and G HD, 
flwll be equal to two Right Angles. Wherefore, i/a 
Right Line falls upon two Parallels, it will make the al- 
ter nate /hifies equal between themfehes ; the outward An-^ 
gie equal to the tnward and cp^oftte Angle, on the fame 
Side J and the inward Angles on the, fame Side together equal 
to two Right Angles i whichHras to be demonftrated. 

PRO- 
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PROPOSITION XXX. 

' TH Edit KMT. 

i&^i&/ ZiiW» parallel to cHe and the fame Right 
Line^ are alfo parallel betxveen tbemfehes. 

T £T A B and CD be Right Lines, each of 
r^ which is parallel to the RiRht Line £ F. I fiiy» 
A B is alfo parallel to C D. for let the Right Line 
G K fail upon them* 
Then, becaufe the Right Line G K falli upon the 

• s9 ./lAri. parallel Right Lines A B, E F, the Angle A 6 H is • 

*e^ual to the Angle GHF; and becaufe the Right 

Line G K falls upon the parallel Right Lines E F, C D» 

f 29 •/f&f. the Angle G H F is equal to the Angle G K D f. But 
it has been proved that the Anele A G K is alfo equal 
to the Angle GHF. Therefore A G K is equal to 
G K D, and they are alternate Angles; whence A B 

1 27 •ftUiM parallel to C D f* And fo. Right Lines ^ parallel /« 
one and the fame Right Line^ are parallel between tbem^ 
felves i which was (o be demonftrated. 

PROPOSITION XXXL 

Problem. 

TV draw a Right Line tbreugb a given Peini 
parallel to 4 given Right Line. 

T E T A be a rt)int given, and B C a Right Line 
^^ siven. It is reouired to draw a Right Lint thro' 
the roiat A, parallel to the Right Line B C. 

AflTume any Point D in B C, and join A D ^ then 
1 13 ^thiu niake/t an Angle DAE, at the Point A, with the 
Line D A, equal to the Angle ADC, and produce 
£ A ftrait forwards to F. 

Then, becaufe the Right Line A D, falling on two 
Risht Lines B C, E F, makes the alternate Angles 
£ A D, A D C, equal between themfelves, £ F iSall 
f ijo/tbit, he t parallel toBC. Therefore, the Right Line 
E A F is drawn thr^ the given Point A, parallel to the 
given Right Line B C ^ which was to be done. 

PRO- 
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PROPOSITIQN XXXir, 

4 

Theorem. 

I .... , 

ff one Side of urty Triangle he produced, the out-* 
ward Angle is equal to both the inward and op- 
pofite Angles ; and the three inward Angles of 
a Triangle are equal to two Right Angles. 

L£ T A B C be a Trianele, one of whofe Sides 
B C is produced to D. 1 6y» the outward Angle 
A C D is equal to the two inward and oppofite An- 
gles C A B> A B C i and the three inward Angles of 
the Triangle, viz. A fi C, B C A, C A B, are equal 
to two Right Angles. 

For let C E be drawn ♦ thro' the Point C, parallel* J» ?f<**- 
to the Right Line A B. Then, becaufe A B is parallel 
to C £, and A C falls upon them, the alternate Angles 
BAC, ACE, are t equal between thenirelves.t«9!f<**' 
Again, becaufe A B is paraUel to C £, and the Ri^ht 
Line B D falls upon them, the outward Angle £ CD 
Is I equal to the inward and oppofite one A B C ; but I ss/^Md 
it has been proved, that the Angle A C £ is equal to 
the Angle BAC. Wherefore the whole outward 
Angle A C D is equal to both the inward and oppofite 
Angles BAC, ABC. And if the Ansle ACB, 
which is common, be added, the two An^es A G D, 
A C B, are equal to the three Angles A B C, B A C, 
ACB; but the Angles A C D, ACB, are | equal to (t^^iM, 
two Right Angles. Therefore alfo ihall the Angles 
A C B, C B A, C A B, be equal to two Right Angles. 
Wherefore, if em Side of any TriangU he prodtuid^ the 
otttword AngU it equal te Mb thi inward and oppofite An^ 
glis^ and the thru inward Angles of a Triangle mn tqual 
to two Right Anglos ; which was ca be demonftrated. 

Corolla I. All the three Angles of any one Triangle, 
taken together^ are equal to all the three Aisles of 
any other Triangle, taken together* 

Coroli. 2. If two Anglesi of any one Triangle, either 
feparately, or taken together, be equal to two Angles 
of any other Triangle i then the remaining Angle 
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of the one Triangle will be equal to the remaining 
Angle ^the -othM-. 
CtoU. 3. IF one Angle of a Triangle be a Right An* 

fie, the other two Angles together make one 
light Angle. 
CvrplL 4. If the Ai^Ie iBcluded between the equal 
Le^ of an Ifofceles Txiangle be a Rig)it one, eadi 
of the other Angks it the fiafe wfH be half a Right 

C^rolL 5, Any AJ%le in An fiq^iialrril Triav^ 13 
raual to one Third of two Right Angles, or two 
lliitds df one Right Angle. 

droR. i>. Hence it appears, thattfone Ati^e of any 
Triangle be equal to the other two, that is a Right 
one; becauFe that the Angle atljacent to thiy 
Right Off^, fs equal to the other two. 3ut when ac^^* 
.cent Ax)f les axeequalf tbeyare neodffimly Ri^to^nest 

• 

. All tht Snwafd Angles of atiy kight-lxnM Fi- 
l^ure whatroever, make cwice.as many Right 
AiigJeSy ai>aiiog four, as tbe Figure ba^ 




XpOR M9 Mght^Un^d Figut£ ^HOf if fifihfd into iff 
^ nmnf Ttmngksii ahaHng <um^ ju it 1mA Si(kt4 
f^Emm^i^ tf m figurt bos fmr S%4h^ k infi^ te 
r^$hmd imo ituo. Trianglss : I/a Jf^^i hath five Siie$^ 
k ma^ hi tnfdwd in ihru Triatiigbi $ if fi*% kt$9 
fmr I Mdfim. Whir^fifn <^ Pnoip. XXXIL) ilH 
dMgla .€f dl tiftftTrianglit 9re tfual u^wia m mohf 
Right Angbi ^ tUne an TritrngUt: Ad tht Jttglk 
laf «// ihe Trianghs 4an tpiai to ibi inward dngki pf 
tbi Figmri^ Tbtnfart mil ibi in^Mori .Jligks of ih$ 
Figure are equal to twice as many Right Angles as 
tiirt are Trian^y thai is^ iwiee .as wafiy Right 
Awlesj §akimg away fmr^ m the Figuro bath Sides* 
W. W.D. 
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Theorem II. 

All the outward Angles of any Right-lined Fi- 
gure» together, make four Right Angles. 

Tp R the outward Angles^ together with the inward 
-^ ones^ make tivice as many R^ht Angles as the Fi- 
gure has Sides j hut from the lajl Theorem j all the in* 
tuard Angles^ together^ make twice as many Right An* 
glesj abating foUry as the Figure hath Sides. Wherefore 
the outward Angles are^ all together ^ equal to four Right 
Angles. W.W.D. 

• 

PROPOSITION XXXIIL 

Theorem. 

Two Right Lines f wbitbjoin two equal and pa^ ^ 
rallel Right Lines^ towards the fc^e Parts i 
are alfo ejual dnd parallel. 

-t £ T the parallel and cqaal Right Lilies A B, CD, 
T"' be joinea, towards the fame Parts, by the Right 
Lines ACj B D. I fay, A C, B D, are eqUal and paralleh « 

For draw B C. 

Then, becaufe A B is parallel to C D, and B C falb 
upon theih, the alternate Angles ABC, BCD, are . 
^ equal. Again, becaufe A B is equal to C D» and^ ti»fi^. 
B C'is cofmmon ; the two Sides A B, B C, are equal 
io the two Sides B C, C D ; but the Angle A B C is 
al/b equal to the Angle BCD; therefore the Bafe A C 
is t equal to the Safe B D : And the Triangle A B C 1 4 ^f^iai 
^uai to theTriahgle BCD; and the remaining An- 
gles equal to the remaining Angles, each to each^ 
#hich fubtend the equal Sides. Wherefore the Angle 
A C B is equal to ihe Angle C B D. And becaufe th6 
Right Line BC^ falling upon two, Right Lines AC, 
B D, makes the alternate Angles AQByCBD^ equal 
between themfelves ; A C is t parallel to B D. But it f i9 ^M* 
has been proved alfo to be equal to it. Therefore, two 
Right Lines^ which join two equal and parallel Right 
JLinet^ towards the fame PartSj are alfo equal and pa^ 
rallel i which was to be demonftrated. 

D Dcfin* 
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Defin. j1 ParatUUgram is a. ^adrilateral Figure ^ each 
ofwhofe oppofite Sides are parallel, 

PROPOSITION XXXIV. 

Theor e m. 

^he oppoftU Sides and oppofite Angles of any Pa^ 
rallelogram are equal ; and the Diameter di* 
vides the fame into two equal Parts. 

V 

T ET ABCD be a Parallelogram, whofe Diamc- 
-*^ tcr is BC. I fay, the oppomc Sides and oppofite 
Angles are equal between themfelves, and the Dia- 
meter B C biledts the Parallelogram. 

For, becaufe A B is parallel to C D, and the Right 
Line B C falls on them, the alternate Angles A fi C^ 

• 29»//*/i,BCD, arc • equal between themfelves; again, be- 
caufe A C is parallel to B D, and B C falls upon 
them, the alternate Angles A C B, and C B D, are 
equal to one another. Wherefore A B C, C B D, arc 
two Triangles, having two Angles A B C, B C A, of 
the one, equal to two Angles BCD, C B D, of the 
other, each to each ; and likewife one Side of the one 
equal to one Side of the other, viz, the Side B C be- 
tween the equal Angles, which is common. There* 

i\ lecfebhjore the remaining Sides fliallbef equal to ^he remain-* 
jjig Sides, each to each, ai)d the remaining Angle to the 
remaining Angle. And fo the Side A B is equal ^o the 
Side C D, the Side A C to B D,and the Angle BAG 
to the Angle B D C. And becaufe the Angle ABC 
is equal to the Angle BCD, and the Angle C B D 
to the Angle AC B ; therefore the whole Aqgle AB D 
13 equal to the whole Angle A C D : But it has been 
proved, that the Angle B A C is alfo equal to the An* 
felcBDC. 

Wherelore, the oppofite Sides and Angles of emy Pa* 
rallelogram are equal between themj elves, 
» I fay, moreover^ that the Diameter blfefis k. For 

becau/c A B is equal to CD, and B C is common^ 
the two Sides A B, B C, arc each equal to the two 
Side? D C,C B } and the Angle A B C is alfo equal 

J 4 ^/A/i. to tli^ Angle D C B^ Xbereforo the B^fe A C is $ 

equal 
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equal to the Bafe D B ; and the Triangle A B C is 
tqual to the Triangle B CD, Whcrcfprt,, tik Did- 
^fneter B C bifilis the ParaMogram A C £> B s which 
i9Z% to be demonftrated; 

PliOPOSITION XXXV. 

Theorem. 

Paraikiegram cotfiiiuied upon the fame Bafe^ . 
and between the fame Parallels ^ ate ejual bi-^ 
tween tberhfel'bes. 

t ET A BC b, E B C F, be Parallciograiris con- 
-^ fiituted upon the fatiie Bafe B C, and betwecri 
the fame Parallels A F and B C. I fay, the Paral- 
lelogram A BCD is eqtial to the Parallelograih 
EBCF. 

For^ becaufe AB C D is a Parallelogram, AD is 
* equal to B C ( and for the fame Restfbn E F is equal • ^^•ftbfu 
to B C ; wherefore A D fhall be f equal to E F ; but f jb. i. 
t)'E is comnfipn. Therefore the whole A £ is { equal J ^. »• 
io the whole D F. But A B is equal to D C\ where- 
fore £ A, A B) the two Sides of the Triangle A B £^ 
are equal to the tviro Sides F D, DC, each to each ; 
and the Angle F D C ♦ equal to the Angle E A B, the • 39 ^ftUt* 
dutward one to the inward one. Therefore the Bafe • 
EB is t equal to the Bafe CF, and the Triangle E A B f 4*/iA/#. 
to the Triangle F D C. If the common Triangle 
t) G £ be talten fronfi both, there will remain % the { ^x. j, 
.Trapezium A B G D, equal to the Trapezium 
J* C G E 5 and if the Triangle G B C, which is 
tommon, be added, the Parallelogram A B C D will 
be equal to the Parallelogram EBCF. Thereforey 
Parallelograms conftituted upon the fame Bafe^ and be-- 
iwien the fame Parallels^ are equal between themfehei % 

#bicb was to be dcmooflrated^ 
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PROPOSITION XXXVL 

T H £ O R C M. 

Paralkhgrams conftituted upon equal Bafes^ end 
between the fame Parallels^ arc egual between 
tbemjehes. 

T E T th^ Parallelograms A BC D, E F G H, be 
^^ confiUuCcd upon the equal Bafes/B C, F G^ and 
between the fame Parallels A H, BG. I fey, the 
Parallelogram A B C D is equal to the Parallelogram 
EFGH. 

• Byp. For join 6 E, C H. Then bccaufe B^C is ^ equal 

to F G, and FG to EH; BC will be likewife equal 
to EH; and they are parallel, and BE, CH, join 
them. But two Right Lines joining Right Lines, 
which are equal and parallel, towards the fame. Parts, 
1 33 •/'*»>. are t equal and parallel : Wherefore 5 B C H is aPa- 
I 35«//^if.rallelogram, and is % equal to the Parallelograqi 
A B C D ; for it has the fame Bafe B.C, and is confti- 
tuted between the fame Parallels B C, A H. For the 
fame Reafon, the Parallelogram £ F GHis equal to 
the fam^ Parallelogram E B C H. Therefore the Pa- 
rallelogram A B C D (ball be equal to the Parallelo- 
gram EFGH. And fo ParaUikgrams confliiuted upon 
iqual BafeSf and between the fame Parallels^ are equal £#- 
tween tbemfelves ', which .was to be denionfirated, 

PROPOSITION xxxvn. 

Theorem. 
Triangles eonftituted upcn the fame Safe, and 
between the fame Parallels^ are equaj betweem 
tbemf elves. 

T E T the Triangles .ABC, D B C, be conftituted 
•*-^ upon the fame Bafe B C, and between the fame 
Parallels A D, B C. I fay, the Triangle A B C is 
equal to the Triangle D B C. 

For produce AD both Ways to the Points E and 

• 3 i •/tbit. F ; and through B draw • B E parallel to C A ; and 

through C, C F» parallel to B i). 

Where- 
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Wherefore both E B C A, D B C F, arc Parallelo- 
grams ; and the P^raiieJograit) £ B C A is * equal to* 35 •f^^ 
the Parallelogram D B C F ; for they ftand upon the 
fame Bafe B C, aind, between the fame Parallels B C, 
£F. But the Triangle A B C is f one baJfof the Pa- f 34 ffii^, 
rallelogram £ B C A^becaufe the Diameter A B bifedts 
it ; and the Triangk D B C is one half of the Paralle- 
logram D B C F, for the Diameter D C bifeas it. But 
Things that are the Halves of equal Thing?, are Jt^, 7. 
equal between themfelves. Therefore the Triangle 
A B C, is equal to the Triangle D B C, Wherefore, 
Triangles conjlituud upon the fame Bafi^ and between 
the fame Parallels^ are equal between thtmfelves 3 which 
was to be demonftrated. 

PROPOSITION XXXVIII. 

Tn E OR £ M. 

triangles coffftUuitd upon equal Bafes^ and he* 
Piveen the* famn Parallels^ are equal between 
themfelves. 

T E T tne Triangles A B C, DC E, be conftituted 
■■^ upon the equal Bafes BC, C E, and between the 
fame Parallels B E, A D. I hy^ the Triangle ABC 
is equal to the Triangle D C E. 

For, produce AD both Ways to the Points, G, 
H; through B dra^v * B G parallel to Q A ^ and*3i ^^i^/t. 
through E, £ H, parallel to D C. 

Wherefore both G B C A, D C E H, are Paralle- 
lograms ; and the Parallelogram G B C A is f equal f iSrfthU, 
to the ParalleJogranpi D C E H* : For they ftand upon 
equal Bafes, B C, C E, and between the fame Paral- 
lels BE, G H. gut the Triangle A BC is t one haJft 34-/" 'W*. 
of the Paralleiogram G B C A, for th^ Diameter A B 
bifeds it ; and the* Triangle D C E t is one half of 
the Pavallelograna D C E H, for the Diameter DE bi- 
fefts it. But Things that are the Halves of equal 
ThingSi are ♦ equal between themfelves, Therefore • ^, 7, 
the Triangle A B C is equal to the Triangle D C E, 
Wherefore, Triangles conflituted upon equal BaftSy and 
between the fame Parallels^ are equal betix^een themfelves i 
which was to be demonftrated. 

D 3 PRO- 
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PROPOSITION XXXIX. 

T H £ O E £ M. 

E^ual Triapgles conftituted upon the fame Bafe^ 
on the fame Side^ afe in the fame f^aralleU. 

T E T A B C, p B C, be equal Triangles, confti- 
^ tuted upon the fame Bafe B C. on the fsime Side. 
J fay they are between the fame rarallel^. F or^ let 
AP be drawfi. I fay, AE^is paralle) to B C. 

!^3^0//^fi. For, if it be not paralle], draw ^ the Right Line 
A £ thro' the Point A, parallel to B C, and draw £ C^ 

1 37 </ '*«i« Then the Triangle A B C f »* equal to the Triangle 
£ B C ; for it is upon the fame Bafe B C, and between 
the fame Parallels BC, A £. But the Triangle ABO 

} FfforHj^. is :{: equal to the Triangle DBC. Therefore the 
Triangle DBC is alfo equal to the Triangle £ B C, 
% greater to a lefs, which' is impoifible. Wherefore 
A £ is not parallel to B C : And by the fame Way of 
Reafoning we prove, that no other Line but A D is 
parallel to B C. Therefore A D is parallel to B C. 
Wherefore, tqual TriangUs conftituted upon the fam/t 
Bafe^ on the fame Side^ are in ike fame FaralleU i 
^hich vf as to be demonftiated^ 

PROPOSITION XL. ^ 

Theorem. 

Et^ual Triangles confiifuted upon eqtial BafeSj on 
i be fame Side^ are between t^efamfi Parallels. 

T £T ABC, CD£, be equal Triangle?, confli* 
■M tutpd upon equal Safes B C^ CE. I fay, they 
are between the fame Parallels. For, let A D be 
drawn. I fay, A D is parallel to B ^. 

• i\ 0ftbh. ^^^^ '^ *^ be not, let A F bq dratwn f through A, 

* ^ -^ ^ parallel to B E, and draw F £. 

1 38 e/"^^'*' T*^^" ^^^ Triangle A B C is fcqual to the Triangle 
1 F C £ ; for they are con(|ituted upon eqviat Bafes, ap^ 

betvy^een the f^me Parallels B E, A F. But the Tri- 
angle A B C is equal to th^ Triangle D C E. There; 

Z' ' " .*••••..' ^ f^_ 
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fore the Triangle D C £ (hall be equal to the Triangle 
F C £^ the greater to the lefs^ which i» impofTible. 
Wherefore A F is not parallel to B E. And in this 
manner we demonftrate, that no Right Line can be 
parallel to B £, but A D. Therefore A D is parallel 
to B E. And fo, iouai Triangles confthuted upon equal 
Bafesy on the fame Stde^ are between the fame Parallels i 
which was to be demonftrated. 

PROPOSITION XLI. 

Theorem. 
]lf a Pdrallehgram and a Triangle have the fame 
Bafe^ and are between the fame Parallels^ the 
Parallelogram will be double to the Triangle. 

T E T the Parallelogram A B C D, and the Triangle 
•**^ EEC, have the fame Bafc, and be between ihq 
iame Parallels, B C, A E. I fay^ the Parallelograni 
A B C O is double the Triangle fe B C, 

For join A C. 

Now the Triangle ABC is* equal to theTriangle* 37 •/'^'<« 
EBC; for they are both conftituted upon the fame 
B'afe B C, and between the fame Parallels BC, A E. 
But the Parallelogram A B C D is f double the Tri-t 3*»/**''t 
angle A B C, fince the Diameter A C bifed^s it. 
Wherefore likewife it fliall be t double to the Tri- J A. 6. 
angle EBC. Jf^ therefore, a Parallelogram and Tri- 
angle have both the fame Bafe^ and are between the fame 
Parallels^ the Parallelogram will be double the Triangle \ 
which was to be demonftrated. 

PROPOSITI ON XLII. 

Theorem. 

To conftiiuto a Parallelogram equal to a give»' 
Triangle^ in an Angle equal to a given Right: 
lined Angle, 

T £T the given Triangle be A B C, and the Right- 
-■^ lined Angle D. It is required to conftitute \ 
Parallelogram equal to the given Triangle ABC, iii 
9 Right- lined Ande equal to D, 

P 4 Bifeft 
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• lo pftbiu Bifea ♦ B C in ty join A E, and at the Powt B^ 
t S3 •ftbiu in the Right Line £ C, cenftitute f an Angle C £ F 
J 31 f/rWs. equal "to D. Alfo draw JAG thro' A, parallel to 

£ C, and thro' C the Right Line C G, parallel to F £• 
Now F £ C G is a Parallelogram : And becaufisr 

• 38 •fMi. B £ is equal to £ C, the Triangle A B £ (hall be ^ 

equal to the Triangle A £ C ; for they fiand upon 
equal Bafes B £, £ C, and are between the fame Pa- 
rallels B C, A G. Wherefore the Triangle A B C is 
double to the Triangle A EC, Bat the Parallclo- 
^ 41 eftbiu gram F £ C G is alfof double to the Triangle A £ C ; 
for it has the fame Bafe, and is between the fame Pa-^ 
rallcls. Therefore the Parallelogram F£CO ii 
equal to the Triangle A B C,and has the Angle C£F 
eqiial t« the Angle D. Wherefore, the ParaUibpram, 
F E C G / J conflituud equal to tbf given Triangle A S C.» 
in an A^gle C; £ F equal ^to a given Jngte D i whicit 
was to be done. * ' ^* 

PROPOSITION xun. 

Theorem. 

In every Paralklogram^ $be Ctnn^ements ef tl^i 
Parallelograms:, that Jiand about the Diann-^ 
ter^ are equal beiweentbemfehes. 

LETABCDbea Paralleloerara, whole Diameter 
is D fi ; and let F H, £ G, be Parallelograms 
{landing about the Diameter B D. Now A K, K C9 
sire called the Complements of them : I fay, the Com' 
^ plement A K is equal to the Complement K C. 

For fince A B C D i^ ^ Parallelogram, and B D is 

• S4 fifibif* the Diameter thereof, the Triangle A B D is ♦ equal 

to the Triangle B D C. ' Again, becaufe H K F D ia 
a Parallelogram, whofe Diameter i^ D K, the Trian- 
gle H D K (hall ♦ be equal to the Triangle D F K ; 
and for the fame Reafon the Triangle K B G is equal 
to the Triangle K E B. But fince the Triangle B E K 
is equal to the Trian2;le B G K, and the Triangle 
H D K to D F K, the Triangle B £ K, together with 
.^lie Triangle H D K, is equal to the Triangle B G K, 
together with the Triangle D F K. But the whole 
Triangle A BD is like wife equal to the whole Triangle 

BDC* 
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BDC. Wherefore the Compleinent reQiatning^ 
AK, will be e<|ital td the renrainiii^ Complement 
K C. Therefore, in every Parallelegramj the Compb- 
mfnts of the P araUelogf ami thatjiisnd about the Diameter^ 
are' equal ieUMen iiem0u4s ; which was to be demon**^ 
fflrated. ' " ' * * 

PROPOSITION XLIV. 

Problem. 
Xo apply a Parallelogram to a given Right tAne^ 
equal to O'giv^n "Triangk^ in # given Right-* 
kned Angle. 

LE T the Right Liite given be A B, the given Tri*- 
angle C, aiid the giv<fn' Right-lined Angle D. R 
is required to the given Right Line A B> to apply a 
Pkrallelograin eqiral to the given Trian^e C, in an 
Angle equal to D. 

'Make the Parallelogram B £ F 6 equal to the *^^^am 
Triangle C, in the Angle E B G, equal to D. Place 
P £) in a ftrait Line with A B, arid produce F Oto ff, 
ind through A lee A H be drawn f pardlel to either ft»ff<Mb 
G B, or F E; and join H B. - 

'^ Now, becaufe the Right Line R F falls on the Pa- 
rallels AH, £F, the Angles AHF, HFE, ^t^XU^^ftiU. 
(bqual to two Right Angles. And fo B H F, B F £, are 
lefs than two Right Angles ; but Right Lfaies making 
lefs than tv^o Right Angles, with a third Line, Heing 
infinitely produced, will meet * each other. Vfhxrttktt^ Jti. is, 
H H, FE, produced, will meet each other; which fet 
be in IC, through which * draw KL parallel to £ A,* 31 ^faikm 
ox F H, and produce A H, G B; t6 jher Pomt L an* Rtf. 
Therefore H L K F is a Parallelogt-am, Whofc Ditf- 
meter is H ^ ; and AG, M Ey are Parallelograms 
about H K ; whereof L B, B F are theComplemeift^. 
Therefore L B is f equal to B F, But B F is z\f6\^iifAiu 
equal to the Triangle C» Wherefore Kkewife LB 
Ihall be equal to the Triangle C; and becaufethe An* 
gle G B £ is % equal to the Angle ABM, and alfo t is •f^^ 
equal to the Angle D, the Angle ABM (hall be 
equal to the Angle D; Therefbce, to the gi'Oen Right 
Line A B is applied' a Parallelogram^ equal to the giv^ 
Triangle Cy and the Angle ABM'i equal to the given 
Jingle D s which was to be doni^« 
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PROPOSITION XLV, 

Problem* 

To make a Parallelogram equal to a given Rights 
Uined Figure^ in a given Right- lined Angle. 

TETABCDbcthe given Right-lined Figure^ 
^^ and £ the Right-lined Angle given. It is re- 
quired to make a Parallelogram equal to the Right- 
lined Figure A B C D, in an Angle equal to E. 

^^^•fM» Let D B be joined, and make * the Parallelogram 
f H equal to the Triangle A D B, in an Angle H K F^ 
^ equal to the given Angle £, 

kuoftkhij Then to the Right Line G H apply f the Paralle-^ 
logrgm G Mf equal to the Triangle D 6 C in an An- 
gle G H M, equal to the Angle E. 
, Now, becaufe the Angle E is equal to H K F» or 
G H M, the Angle H K F fljall be equal to G H M,. 
add K H G to both \ and the Angles H K F, K H G, 
^re, together, equal to tHe Angles K H G, G H M^ 

J«9»//*;i.But H K F, KHG, arej^ together, equal to twqf 
Right Angles. Wherefore, likewife, the Angles, 
K H G, G H M, fliall be equal to two Right Angles ; 
And fo, at the given Point H in the Right Line G H, 
two Right Lines K H, H M, not drawn on the fame 
Side, make the adjacent Angl#5, both together, equal 

• 14 »/ thii, to two Right Angles } 4nd confcquently ^ H, H M *, 
make one ftrait Line. And becaufe the Right Line 
H G fall& upon the Parallels K M, F Q, the alternate 
Angles M H G, H G F, are j: equal. And if H G L 
be added to both, the Angles M H G, H G L, toge- 
ther, arc equal to the Angles H G F, H G L, together, 

•a9 9^/^»i.^ut ihe Angles M H G, H G L, are * together equal 
tp two Right Angles. Wherefore, likewife, the An". 
glcs^H G F, H G L, are together equal to two Right 
Angles; and fo, FG,.GL, make one ftrait Line, 
And fince K F is equal and parallel to H Q9 as like> 

♦s^t/'Wi^wife HG to ML, K F (hall be f equal and parallel 
to M L, and the Right Lines KM, FL, join them.l 

|3|#/i*ii.WhereforeKM, FL»are Jequal and parallel. There- 
fore K F L M is a Paralielogram. But finccthe Trir 
inglq A BP is equ^ to the ParallJogram HF> and 



Ithe Triangle DBC to the Parallelogram GM| 
therefor^ the nfhote Rtgl^t^ined Figure ABC D will 
^ equal to the whole Parallelogram K F L M^ 
Therefore, thi ParaUeUgrmn KFLMis modi iqual ia 
tbi'giVin Righi-Jimd Kgun A B C D, in an Angle F K M^ 
^qualtq fke given An^le p \ whip|t w^s to I^e (do(i<Sr 

Corojl. It is manifefl from what haa been (aid^ how to 
apply a Parallelogram to a given Right Line, ^4. 
to a given Rigl^t-liiifd Figure in a ^ven Rigbtv 
lined AqglCf 

PROPOSITION XLVI^ 

P |L O B L £ M; 

^0 (kfcribe a Square upon a given Right Line; • 

T E T A B be the Right Line given, vpon which \\ 
•~ is required to defcribe a Square. 

Draw ♦ A C at Right Angles to A B from tjie Point * " •/<** 
A given therein j malce t A P equal to A B, and ^hro' f 3 1^'**'* 
the Point D draw t D ^ parallel to A B ; alfp thro- ^ l^4ihi^ 
l3 draw B E parallel to A D« 

' Then A D E B is a Parallelogram j and fo A B • is^ U'f^* 
rqual to D E, and A to B £. But B A is equal tq 
A D. Therefore the fouf Sides B A, A D, B E» £ D^ 
are equal to each othef • 

And fo the Parallelograpi A I) £ B is equilateral : 

L fay, It isliketf^ife equiangular* For, becaufe the Right 
ine A D falls upon the Parallels A B, D £, the An- 
f' Ics B A Dy A D E, are f equal to two Right Angles, f %g^tik^ 
, lut» B A D is a Right Angle. Wherefore A D E is 
^Ifo a flight Angle ; but the oppofite Sides and oppo- 
lite Angles of Parallelograms are % equal . Therefore, 1 34 ^/Kf. 
each Qf the opposite Angles A B £, B £ D, are Right 
Angles J and confequenily A D B £ is a Re£tangle : 
But it ha$ been proved to be equilateral. " Therefore, 
tt is fiecej/arify a * Squar^y and is defcribid upon the • Vtf, !•• 
Right Line A B \ v^bi(:(i was to be done. 

CorolL Hence every Parallelograpi that has one Right 
Angle, isaRcdlangl^, 
^ ' • ^ PRO- 
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upon tig Si£, fuhten&i^ tbeRigbi AhgU; is 
ipml io^hib' ib^ SfuanSf difirikcd f^ft tbi 
£diJij c^Mtiamng the Rigl^ ^^. 

TETABCbea Right-aimled Tfisrngte, having 
-^ the flight Angle B A C. f fay^ the Square, d€- 
fcribed upon the Right Line B C, is equal to both the 
Squarely defcnbed upon the Sides.B A>. A C. 

• ^ tfthiu For» dcforilie * ^^n B C the Square B JD^E C, and 

on B A» A Cy the Squares G B, H C ; and through 
t }• •ft^mht iPoint A draw A L panaiM to | B D, or C £ ; and 

let A.Dy F Q» be joined. 
i Bif. s«. Then, becaufe the Angks B A C, B A, O, f arq 

Right, ones,^ two Right Lines A G^A^t ^^ the given 

Poinr A, in the Right Line B A, being on contrary 

. Sides thereofy niisike the adjacent Angles equal to two 

2H>t^«lM.Right Angles* Therefore C A^ AG, make :^one 

flrait Line, by the fame Reafon A B, A H^, make one 

ftrait Line. And finte the Anglic D B C is equal to 
. the Angle F B A(> for each, of them is a Right one, 

^d ABC, which is coinmoil|( and the whoS Angle 

• Jb.a. DBA is* equal ta the whole Angle F B C* And 

Cdce the two Sides A Bt, BD, are equal to the two 
Sides FB, B C,. each to each, and the Angle DBA 

f 4 a/firf. equal to the Ant^le F B C ; the Bafe A D will be \ 
equal to the Bafe F C, and the Triangle A B D equal 
to the Triangle P B C : But the ParalIelogran> B L 
is X double to the Triangle A B. D ^ for they have the 
f&me Bafe D B, and are between the fame Parellels 

}4i ^fAf4,BD, A L. The Sq>iare G B is ;{ alfo double to the 
Triangle FFC; for they have the fame Bafe FB, 
^nd are in the fame Parallels FB, GC» But Things 

• .ik. 6. ^^^ ^^^ ^^^ Doubles of equal Things, are * equal to 

each other. Therefore the Parallelogram B L is equal 
to the Square G B. After the fame manner, A £, 
B K, being joinrd, we prove that the Parallelogrant 
C L is equal co the Square H C. .Therefore the whole 
Square o D £ C is equal to the two Squares G B, 
liC» But the Square B D £ C is defcribed on the 

Right 
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Ri|lit Line B C, and the Squares G B, H C^ on B A, 
A C« Therefore the Square B E, defcribed on the 
Side B;^C,' is equai to theSquapcsjdercribed on the Sides 
B A, A C« Wherefore, in any Rigbt-anglidTriangi^y the 
* Sfuan defirHed upon the SiiUy fubtending the Right An^ 
gte^ is eqtud t$ hoth the Squares defcribed upon the Sides^ eon^ 
teumngMbe Right Jmgle ; which was to be demonftrated* 

P RO POST T I-OfJ XLVm. 

T H £ OR EM. 

If a Squgre defcribed upon cue Side of a TriaHgki 
be equal to the Squares defcribed upon tbe other 
two Sides of ibef aid frifin^i ^ben, tboAngk 
contained hy tbofi two other Sides is et Right 
jtingle. 

T F the Square, defcribed uppn the Side B C of the 
^ Triangle A B C, be equal to the Squares, defcribed 
upon the olher two Stdies of the Triangle B A, A C i 
I fay, the Angle B A C is a Right one. 

For, let there be drawn A D from the Point A, at 
Rfgfac Angles, to AC : Likevife^ake A D equal to 
J3 A, and join D C» 

Then, becaufe D Ait equal to A £f A^ Squtre de- 
fcribed on D A will be equal to the Square defcribed 
on A B« And adding the common Square defcribed 
on A C, the Squares defcribed on D A, A C, are equal 
to the Squares defcribed on^ B A, A C. But the Square 
defcribed on D C is * equal to the Squares defcribed *47 9/*^* 
on D A, A C ; for D A C is a Right Angle : Bu^the 
Square on BC is put equal to the Squares on B A, 
A C* Therefore the Square defcribed on D C is equal 
to the Square defcribed on B C ; and fo die Side U D 
js equal to the Side CB. And becaufe D A is equal to 
A B, and A C is common, the two Sides DA, A C, 
are equal to the two Sides B A, A C $ and the Baib 
D C is equai to the Bafe C B. Therefore the Angle 
D A C is ]: equal to the Angle BAG; but D A C is t S rfitk. 
a Right Angle $ and fo B A C will be a Right Angle 
alfo. If^ therefore, a Square defcribed upon one Side of a 
Triangle^ be equal /# tbe Squares, defcribed upon the other 
two Sides ofthefaid Triangle^ then the Angle^ contained bf 
thefe two other Sides, is a Right 4^gle i which was to 
be demonftrated, 
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DEFINITIONS. 

tpy£Rr RigbhMgUd PardlUkgram is 
faid to be cont dined under twoRigbiUneSi 
*eompreiending a Right Angle* 

It. In e^ery Parallelogram^ either of tbofe Pa^ 
rallelograntSy that are about the Diameter^ to^ 
get her with the Complement t$ iseafled Gnof 
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PROPOSITION I. 

. T H E O R B U. 

If th&e It two Right Lines y and one of tbem hi 
divided into any Number of Parts •, the lUa- 
angle comprehended under the whole Line and 
the divided Line^ Jhall be equal to all the ReS^ 
angles contained under the whole Line^ and tk0 
fever al Segments of the divided Line. 

L£ T A and B C be two Right Lines, whereof 
Be is cut or divided any how in the Points 
D, £. I fay, the Redangle contained under 
the Right Lines A and B C, is equal to the Redbin- 
gles contained under A and B D, A and D E^ and A 
and £ C. 

For, let * B F be drawn from the Point B, at Right* ii. i» 
Angles, to B C} and make f B G equal to A ; andf 3. i. 
let I GH be drawn thro' G parallel to B C : Like- } 3K 1% 
wife let X there he drawn D K, £ L, C H, through 
D, % C, parallel to B G. 

Then the Rectangle B H, is equal to the ReAangle^ 
B K, D L, and E H ; but the Redangle B H is that 
contained under A and B C ; for it is contained under 
G B, B C ; and G B is equal to A ; and the Redan- ' 
gle B K is that contained under A and BX> ; for it is 
contained under G B and B D ; and G B is equal to 
A ; and the Re£iangle D L is that contained under A 
and D £, becaufe D K, that is, B G, is equal to A : 
So Irkewife the Re£tahgte £ H is that contained under 
A and£C. Therefore the Redangle under A and 
B C is equal to the Redangles under A and B D, A 
and D E, and A and E C. Therefore, if there be two 
Right Lines given^ . and one of them be divided into any 
Humber cfParts^ the Reilangie comprehended tender the 
whole Line and the divided Line ^ Jhall be equal to all the 
Re^angles contained under the whole Line^ and thefeveral 
Segments of the divided Line ^ which was to be de« ' 
mox^rated* 

6 PRO- 
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V PROPOSITION II. 

T H B 6 i £ M. 

^n Right tine he ifiy bow Mvided^ ibe ReSlan^ 
gfes contained under tbe ivbete Line^ 4nd eacB 
of tbe Sfgmenis^ er Parts^ ire cfual h tbe 
Square eftbe whole Line. 

T £ T the Right Line A St be anf now divided in tiie 
^ Point C. I fay» tbe Re£buigle concaiaed under 
A.B lind B C» together with tMt contained under 
AB» and A C, is equal to the Square made on A B. 
^ii ^^^ '^^ ^^ Square A D £ B be defcrtbed * on AB^ 
and thro' C let C f* be duawn parallel to ADor B&« 
Therefore A£ is equal to the Re<3angles AFand 
C £• But A £ is a Square defcribed upon AB ; ^od' 
AF is tbe Rediangle contained under 6 A and AC ^ , 
for it is contained under D A and A C, whereof A D 
, 18 equal to A B » and tbe Re£Ungle C £ is contained 
. imder A B and B C» fince B £ isequal to A B. Where;- 
fore the Re^aogle under A B and A C, together with 
the Redangle under A B and B C^ is equal to the 
Square of A B. Therefore, if a lUgbt Liw hi at^ how 
4tiviikdj tbe lU£iangles contained under tbe whole lAnei 
gnd each of the Segments^ or PartSy ar^ equal to tjbe Square 
ffthe whole Line^ which was to be demonRrated. 

PROPOSITION IIL 

Theorem. 

If A Right Line be ar^ hew ent^ tbe Reaanglt 
eentained under tbe whole Line^ nnd ^ue of its 
Parts J is equal to tbe ReBangle contained un-s 
der the two Parts j togetber with tbe Sfuarel 
of tbe firfi-mentioned Part. 

T £ T the Right Line A B be any how cut in Aief 
■*-' Point C. I fay, the Rc<aanglc' under A B and 
B C is equal to the Re£i!angle under A C and B Cy 
together with tbe Square defcribed oi> B C 

Fof 
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• For defer ibe ♦ the Square CDE^ upon BC;«46.i. 
produce E D to P ; and let A F be drawn f thro' A,t 31* i. 
parallel to C D or B £• 

Then the Redan^le A E (hall be equal to the two 
K:eaang!es A D, C E : And the Reflangle A E is that 
(contained under A B and B C ; for it is contained jjn«^ 
der A B and B E, whereof B E is equal to B C : And 
the Redangle AD is that Contained under A C and 
C B, "fince D C is equal to C B : And D B is a Square 
defcribcd upon B C. Wherefore the Redlangle under 
A B and B C is equal to the Rectangle under A C and 
C B, together with the Square defcrifced upon B C. 
Therefore^ i/ a Right Line be any how cut^ the ReSf-^ 
angle contained under the whole Liney and one of its 
^PartSy is equal to the Re£l angle contained under the two 
parts^ together with the Square of the firjl -mentioned 
Part I which was to be demonftrated. 

PROPOSITION IV. 

Theorem. 
JJ a Right Line be any bow cut^ the Square which 
is made on the whole Une, will he equal to the 
Squares made on the Segments thereof ^ together 
with twice the ReSangle contained under the 
Segments. 

T E T the Right Line A B be any how cut in C. 
^^ 1 fay, the Square made on A B is equal to the 
Squares of A C, C B, together with twice the 'Reft* 
angle contained under A C, C B. 

ror * defcribe tbe Square A D E B upon A Bj join #46. i. 
BD, and thro' C draw t CGF parallel to AD orBE jf 3,.,. 
and 0o thro' G draw H K parallel to A B or D £. 

T^hen, becaufe C F is parallel 10 A D, and B D falls 
iipon them, the outward Angle B G C (hall be % equal t %s^ ^ 
to the inward and Qppoftte Angle A D B ; but the 
Angle A D B is ^ equal to the An^Ie A B D, fince the * 5. x. 
Side B A is equal to the Side A D. Wherefore the 
Angle C G B is equal to the Angle G B C $ and fo 
the Side B C equal f to the Side C G } but likewife f 6. t. 
the Side C B is ;[ equal to the Side G K, and the Side 1 34^ i. 
CGtoBK:. Therefore G K U equal to K B, and 
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• '• ... • • 

C G K B isfquiUueral. I fay, it 19 alTo Right-angled ; 
for, becapfe p G is parallel to B lCt| apd C B falls oq 
them, the Angles K B C, GCB'fV ^^^ equal to tw6 
Right Angles. But KBC is a Right Angle. 
XVherefocc G C B aifo is a Right Angle, and the op- 
pofite Angles C G K, G K B, (hall be Right Angles^ 
Therefore C G K B is a Re(S(ang1e. But it has been 
proved to be equilateral. Therefore C G K B is 9 
Square defcribed upon B C. For the fame Reafon H P 
is alfo a Square made upon H G, and (becaufe HG is 
lequal to A C f J it is equal to the Square of A C. 
Wherefore H F and C K are the Squares of A C an4 
C B. And, becaufe the Rcflap^le A G is ♦ equal to 
the Redangle G £, and A G is th?it which is con- 
tained under A C and C B j for G C is equal to C B ^ 
therefore Q £ ibaJI be equal to the Reaangle-und^ 
A C, and C B. Wherefore the RciJiaogles A G, and 
G E, are equal to twice the Redangte contained under 
A C, and C B ; an(l H F and C K, are ihe Squares 
of A C, C B. Therefore the foor Figtircs H F, C K, 
A G, G E, are equal |o the Squares of A C and C B» 
with twice the Re£tangle contained un^ier A C and 
C B. But H F, C K, A G, G E, make up the whole 
Square of A B, vi%, A D E B. Therefore the Square 
^f A B is equal to the Squares of A C and C B, toge* 
Ihcr with twice the Re^ngle espntsyn^d under A C 
and C B. Wherefore, tfa Right Line be atij haw cut^ 
the Square which is made en the whole Line^ wtll be equal 
to the Squares made on the Seg^enfs thereof^ together 
with twice the Re^fangle contained undtr th^ Segn^ent^ 
which was to be demonftrated. 

CoroU. Hence it is manifeil, that the Parallebgrams 
which fland about the Diameter of ^ Square, w 
likewife Squa/es. 
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PROPOSITION V. 

T H t O R B M. 

ff a Rfghrlim bt cut into two equal Parts^ and 
iiUo twe unequal ones \ the KeHangle under the 
knequal Parts^ i0getber with the Square that is 
m<s4e of the intermediate Diftance^ is equal to 
tie' Squ4rf tnade of half the Line. 

•YET any Right Line A B l|e cut into two equal 
^^ Pants in C* and into two unequal Parts in D, I 
fay, the Re<£^ang]e contained under A D, and D B, 
togoiher . with 4be Square qi Q D» i^^ cq^al to thr 
Square of B C, ' 

For t d<?fcritJe C £ F B| the Square of B C s dray f 4^- 1* 
B E« and through D draw * D H G, parallel to C £, or • «. , | 
B K i >nd through H draw K L O, parallel to C B» or ^ ' * 
^ F ^ an<) A It through A, oaraUeJ to C L, or B O. 

Now the C9mp]enient C H is t ^qual to the Com^ t 43* '« 
jt)1ement if) F. Add D O, which is common to both of 
theiTiy and the whole C O is equal td.the whole D F : 
JB^jt C O is equal to A I/| becaufe A C is equal to 
CB t ; therdQre AL is equal to D F ; and, adding f 36. i. 
C H9 which iscojnnion, the whole A H (hall be equal 
to F P, D L, together. But A H is the Re(3angle 
contained under A D, and D B $ for D H is * equal to*^ Ctif. 4. ff 
t> B, and F D, D L, is the Gnomon M NX; there: '^'. 
fore M f^ X is equal to the Re£tangle contained under 
A Dt aodl^B; and if LG, being comm,on, and 
^quat to the Square of CD, be added, then theGno-* 
mon M N }t, and L G> are equal to the Re£iangle 
contained under A D. and D B, together with the 
Dquare of C D ; but the Gnomon, IVf N X, and L G, 
inake up the whole S<|uare C £ F B, viz, the Square 
ofCB. Therefore the Re£tan^le under AD, and 
D B, together with the Square of C D, is equal to the 
Square of C B. Whefcfore, if a Right Line be cut into 
two equal P art Sy and into twp unequal ones ; the Re^angU 
under the unequal Parts ^ together with the Square that is 
made, of the intermediate Dtjtance^ is equal to the Squart 
m^de ofholftbe Line \ which was to be demonftratedv 

^ £a PRO. 
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PROPOSITfON VI. 

T H E O R £ Iff . 

If a Right Line he divided inio tw$ e^uat Parts, 
and amtber Right Line be added dire£ily lo the 
Jamey the Reilangle cantnined under [the Line 
eompounded of\ the whole and added Line {taken 
as one Line) and the- added Line, together with 
the Square of half thefirfl Line, is equal to the 
Square of [the Line compounded of I half ihc 
Line and the added Line^ taken as one Dne. 

T* E T the Right Line A B be brfeftcd in the Point 
. *-^ C, and B D added dirc<aiy thereto. I fay, the 
ReAangle under A D, and B D, together with the 
Square of B C, is equal to the Square of C D. 

• 4^ I. For, dcfcribe ♦ C E F D, the Square of C D, and 
1 3x, X. j^in D E ; draw f B H G thro' B, parallel toC E, ot 

D F, and K L M thro* H, parallel to A D, or E F, a» 
alfo A K thro* A, parallel to C L, or D M. 

Then becaufe A C is equal to C B» the Rectangle 
1 3«- »• A L (hall be % equal to the Reaanglc C H ; but C H 

• 43' «• is * equal to H F. Therefore A L will be equal ta 

H F J and adding C M, which is common to both^ 
then the whole Re£langle A M is equal to the Gno- 
mon N X O. But A M is that Reflangle which i«* 
f Cvr. 4. »fcontaincd under A D, and D B > for D M is f equal 
«^«. to D B ; therefore the Gnosnon N X O is equal to 

the Reftangle tinder AD,, and DB. Add LG;^ 
J c»r. 4. ^which is common, viz* % theSc^uare of C B j and then 
tki, the Rectangle under AD, D B, together with the 

Squa/e of B C, is equal to the Gnomon N X O! 
with L G. But the Gnomon N X O, arid L G, to- 
gether, make up the Figure C E F !>, that is, the 
Square of C D. Therefore the Rciiangle' under 
A D, and D B, together with the Square of B C, 
is equal to the Square of CD. Therefore, tfa- 
Right Line be divided into two equal T^arh, and anO'\ 
ther Right Line be added dtre£tly to the fame, tbg 
Re^angle contained under [the Line compounded of] tbi 
^le and added JJnf (iaien as one Line) and the 

added 
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acUed Line^ together with the Square of half the fir/l 
Line^ is equal to the Square 9/ [the Line compounded of] 
half the Line and the added Line^ taken as one Line ; 
which was to be demonftrated. 

r 

PROPOSITION VIL 

T H £ O R E M. 

if a Right Line lie any how cuty the Square of 

the whole Liney together with the Square of one 

vf the Segments y is equal to double the ReSian* 

gle contained under the whole Line^ and the 

faid Segment y toge 'her with the Square made 

of the other Segmetit. 
* 

T E T the Right Lfne A B be any how cut in the 
^^ Point C. 1 fay, the Squares of A B, and B C, 
together, are equal to double the Re<SlangIe contained 
under A B, and B C, together with the Square, made 
ofAC. 

' For let the Square of AB be ♦ dcfcrlbcd, v/z.*4^-'- 
A D £ B, and conftruxft § the Figure. 

Then,becaure the Reftangfe A G is f equal tothct4> «• 
Redangle G E ; if C F, which is common, be added to 
both, the whole Redangle A F fhail be equal to the 
whole RedUnglc C E ; and fo the Reftanglea A F, 
Q Ey taken together, are double to the Re£):ang]e 
A F; but A F, C E, malce up the Gnomon K L M, 
and the Square C F. Therefore the Gnomon K L M, 
t(>gether with the Square C F, (hall be double to the 
Re<Sbangle A F. But double the ReAangle under 
A B, and BC.is double the ReiSlangle A F ; for B F 
is X equal to B C- Therefore the Gnomon K L M, t Cf.^. 
zf\d the Square C F, are equal to double theRexSangle 
cpntained under A B, and JS C. And if H F, which is 
common, being the Square of A C, be added to both, 
Chen the Gnomon K L M, and the Squares C F, H F» 

4 -^ Figuf it fatd tc ht ctfJIfS'^, wh*n Lnm drMwn in m ?»^» 
ithgram, p^ralUl to tbe Sides tUrgg/t cut tb* Dianuter tn o»e Pointt and 
mate /«M FfraVi'Ogrami about tbt Diamttir, and two ComftUmtntt, S$ 
liktmfe a doubt* Figufi it faid r* be anfiruffod, mtben Hoi Right Lituh 
ptralkl tM fbi Stdti, 9tke /aur ParsUtbgranu §botrt ib$ Dit»mHtr, and 
fmr CcirfJauntu 

E 3 are 
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are equal to double the ReAangle contained under A B« 
and b C) together with the Square of A C« But the 
Gnomon K L ^f » together wiih the Squares C F, H F^ 
are equal to A D £ B, and C F, vi'z» the Squares of 
A B» B C. Therefore the Squares of A B, and EC, 
, are together equal to double the Reflaiigfe contained 
under A 6, and B C, together with the Square of A C 
Therefore, if a Right Line he any Bow cut, the Square of 
ibe whole Line ^ togtther with the Square if onf ofth^- 
Segments^ is equal to ebuble the Re^angk contained under 
the whole Liney ami the faid Segment^ together with the 
Square^ made ef the other Segment*^ which wa^s ito be 
demonftrated, 

PRp POSIT I Off viir. 

T H £ 6 k B M. 

Jf a Right Line be any bow cut into two Parts^. 
four Times the ReilangUy c$nUined under the 
whole Line^ and one of the Parts ^ together wit It 
the. Square of tie other Part ^ is equal to' the 
Square of [the LiHe compounded of] the wboli^ 
Line and the fir fit Pari y taken as one Line. 

T E T the Right Line A B be cut any how in C. I 
^^ fay, four Times the Re£langle contained under' 
A B, and B C, together with the Square of AC, isequal- 
to the Square of A B, and B C, taken as one Line. 

For,' let the Right Line A B be produced to D^ fo^ 
that B D be equal to B C ^ defcribe the S(juare A £ F D> 
on A D, and conftru£l the double Figure. 

• Jfy^. Now, fmce C B is * equal to B D, and alfo to f 

1 34- 1. G K, and B D Is equal to K N ; therefore O K (halt 
be likewife equal toKN: By the fame Reafoning, 
P R is equal to RO. And fince C B is equal to B O^ 

J 36. I. and G K t^ K N, the Ripftangle C K wiU % be equal 
to the Rectanale B N, and the ReSangle G R to the 

1^3.,. Reftiingle R N. But C K is || equal to R N j for 
they are the Complements of the Pitrallelogram CO. 
Therefore B N is equal to G R, and the four Sqiuarcs 
B N, C K, Q R« R N, are equal to eacb other \ and 
r^ they are together quadruple G K. Again> becaufe 
< ^ B is equal to B D, and B D to B K^^bat !;, equal 

(0 
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to C G ; and the faid C B is equal alfo to jG JC, that 

is, to G P ; thci'efot^ C G IJball be eqikl to G P. But 

P R is equal to R O i therefore the Reftangle A G 

(hall be equal to the Rectangle M P^ and the Re6l:an- 

gle P L equal to R F". * But M P is equd to P L ; fof 

they ai-ie the Corhplemenfs of the Parallelogram ML, 

V^herefore AG i« equal alfo to R F, Therefore the 

foVir Paralldogratrts AG, M P, P L, R F, arc equal 

to each otKer,. and accordingly they, are together 

quadruple bf A G. But it has been proved, that the 

four Squares C K, BN,' G R, R Nj are quad^up^e of 

C K. Therefore the four Re(^anglf?s,. and the fbilr 

Squares^ malung up the Gnomon STY, are together 

quadruple of A K ; and becaufe A K is a Rectangle 

cofilsrined under A B,. and B C, for B K is equal t^ 

B C ; therefore four Ti;nes the Re^angle under A 3 

and B C$ will be quadruple of A K. But the Gnomon 

S T Y has been proved to b<5 quadruple of A K. And 

fo four Times the Redangle contained upder A B, 

and B C, is equal to the Gnomon STY. And if 

X H, being equal to f the Square of A C^ which i| \Cor*^^ 

common, be added to both ; then four. Times the^^'* 

Re£tangle contained linder A B, and B C, together 

with the Square of AC, is equal to the Gnomon 

STY, and the Sq^uare X H. But the Gnomon 

S T Y ai?d X H m^ake A E F D, the whole Square of 

A D« Therefore four T^imeis the Redlangle contained 

under A B, and B Q, together with the Square of 

A C, is equal to the Square of A D, that is, of A B and 

J&C taken as one Line. Wherefore, if a Right Lin$ 

bi any how cut info two Parts ^ four Times tbi Re£iangk 

lontained undir tht whoU Line, and otu of the Parts, /« « 

gether with the'SfUare of the ^ther Part, is equal to the 

Sauareif [the Line compounded of "] the whole Line and 

the fvrjl Part, taken as me Line \ which was to be do- 

monftrated. . . 
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PROPOSITION IX, 

Theorem. 

Jf a Right TJne be any b$w cut into two equals 
and two unequal Parts \ then the . Squares of 
the unequal Parts^ together ^ are double to the 
Square of the half Line^ and the Square of the 
intermediate Part. 

T ET any Right Line A B he cut untqually in D, 
^^ and equally in C. I fay, the Sqxiarts of A D, 
D B, together, are double to the Squares of A C and 
CD together. 

• For, let * C E be drawn from the Point C at Right 
Angles to A B, which make equal to A C, or C B ; 
f 31. X. ft"d join E A, E B. Alfo through D let f D F Be 
drawn parallel to C E, and F G through F parallel to 
AB, and draw A F. 

Now, bccaufc AC is equal to CE, the Angle 
} 5. 1. £ A C will be % equal to the Arrgle A E C ; and fince 
the Angle at C is a Right one, the other Angles, 
* Cor. 3..^A E C, E A C, together, (hall * make one Right An- 
sa, i* gle, and arc equal to each other: And fo A EC, 
E A C, arc each equal to half a Right Angle. For the 
fame Reafons are alfo C E B, £ B C, each of them half 
a Right Angle. Therefore the whole Angle A E R is 
a Right Angle. And fince the Angle G E F is half a 
1 19. 1. Right one, and E G F is a Right Angle ; for it is f 
equal to the inward and opponte Angle E C B ; the 
other Angle E F G will be alfo equal to half a Right 
one. Therefore the Angle G E F is equal to the An- 
% 6. 1. gle E F G. And fo the Side E G is t equal to the 
SideGF. Again, becaufe the Angle at B is half a 
Right one, and F D B is a Right one, becaufe equal 
to the inward and oppoftte Angle E C B, the other 
Angle B F D will be half a Right Angle, ' Therefore 
the Angle at B is equal to the Angle B F D ; and fo 
the Side D F is equal to the Side UB. And becaufe 
A C is equal to C E, the Square of A C will be equal 
to the Square of C E. Therefore the Squares of A C, 
and C £, together, are double to the Square of A C ; 
t47^ i» but the Square of £ A is f equal to the Squi^res of 
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A C, and C E, tc^cthcr, lincc A C E is a Right An- 
cle. Therefore the Square of E A is double to the 
bquareof A C. Again, becaufe E Gis equal to GF, 
and the Square of £ G is equal to the Square ofGF ; • . « - ;*^ 

therefore the Squares of ]E G, G F, together, are 
double to the Square of G F. i)ut the Square of E F 
is t equal to the Squares of E G, G F. Thercforct 47* i^ 
the Square of £ F is double the Square of G F : But 
G F is equal to C D ; and fo the Square of £F ii 
double to the Square of C D. But the Square of A E 
is likewife double to the Square of A C. Wherefore 
the Squares of A E, and £ F, are double to the Squares ' 

of A C, and C D. But the Square of A F is f equal 
to the Squares of A E, arid £ F j- becaufe the Angle 
A £ F is a Right Angle, and cpnfcquently the Square 
of A F is double to the Squares of A C, and C D. But 
the Squares of A D, and D F,are equal to the Square 
of A F : For the Angle at D is a Right Angle. There- 
fore the Squares of A D, and D F> tc^ether, (hall be 
double to the Squares of A C, and C D, together. But 
D F is equal to D B. Therefore the Squares of A D, 
and D B, together, will be double to the S<iuares of -^ • 
A C, and C D, together. Wherefore, if a Right Line 
he any bow cut into two equal^ and two unequal Parts ; 
then the Squares of the unequal Parts together^ are doubU 
to the Squares of the half Line^ and the Squares of the in» 
termediate Pars ; which was to be demonftrated. 

PROPOSITION X. 

Tub o It £ M. 
If a Right Line be cut into two equal Parts ^ and 

to it be direSlly added another \ the Square mado 

on [ the Line compounded of ] the whole line^ 

and the added one^ together with the Square of 

the added Line^fball be double to the Square of 

the half LinCy and the Square of [that Lane 

which is compounded of] the half and the added 

. Line. 

T £ T the Right Line A B be bife<Sed in C, and any 
^^ ftrait Line B D added diredly thereto. I fay, the 
Squares of A D, ^nd D B, tbgether, are double to the 
Squares of A C, and C D, together. 
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} 4;. t» £ B. But the Squares of B A and A £ are t equal to 
the Square of £ B ; for the Angle at A is a Right An- 
gle. Therefore, the ReQangle under C F and F A^ 
together with the Square of A £, is equal to the 
Squares of B Ay and A £. And, taking away the 
Square of A E, which 19 common, the remaining. 
Redangle under C F and F A is equal to the Square 
of A B, But F K is the Reftanglc under C F and 
Fa J fince A F is equal to F.G j and the Square of A B 
is A D. Wherefore the Re<EtangIe F K is equal tp the 
Square A D. And if A K, which is common, be 
taken from both, then the remaining Square F H is 
equal to the remaining ReAangle H D. But HD is 
the Rf dangle under A B and d H, fince A B is equal 
to B D ; and F H is the Square of A H. Therefore, 
the Re^angle nndir A B and B H fl)all be equal to the' 
Square £f A H. Andfo the given Right Line A B is cut 
in H, fo that the Rectangle under A B and B H is equal 
t$ the Square o/AHi which was to be done. 

PROPOSITION XII. 

Theorem. 

In an ohtufe- angled Triangle ^ the Square of the 
. Side fuhtending the ebtufe Angle is greater than 
ihe Squares of ike Sides containing the ohtufe 
Angle ^ by twice the ReSangle under one of the 
Sides, containing the obSufe AneJcy viz. thai on 
which f produced^ the Perpendmtar falls ^ antk 
the Line taken without^ between the Perpen- . 
dicular and the obtufe Angle. 

T E T A B C 1)e an obtufe-angled Triangle, having 
-*-' the obtufe Angle BAG; and ♦ from the Point B 
draw B D perpendicular to the Side C A produced. I 
fay, the Square of BC is greater than the Squares of 
B A, and A G, by twice the Rcftangle contained un- * 
der C A, and A D. 
For, becaufe th^ Right tine C D is any how cut in, 
t4 »fthit, the Point A, the Square of C D (hall be f equal to the 
ISquares of OA, and A D, together with twice the 
Reftangle under C A, and A D. And if the Square ' 
of B D, which is common, be added, then the Squares 
' - - .- 'of 
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, ' . • • * . • ^ 

pj* C D and D B are equal to the Squares of C A , A D, ^ 

and DB, and twice the Rediangie contained under 
jCA and AD.' But the Square of C B is * equal to»^^^i« 
the Squares of C D, D B | for the Angl? at D is a 
RFg^t'one, fince BD is perpendicular ^ and the Square 
of A B is * equal to the Squares of A £) and D B. 
therefore the Square of C B is equal' to the Squaret 
of C A, and A B, together with twice a Redlangle un- 
der C A, and AD. Therefore, in ck ohtufe -angled 
TriangU^ the Square of the Side fubtending the ohtufe An-^ 
jrle is greater than the Squares if the Sides containing tbs 
ohtufe Angle y by twia the ReSiangle under one of the SideM^ 
containirig the obtu/e Angles viz. that en tvhicby produced^ 
the Perpendicular falls j and the Line taken without y be^ 
tween the Perpendicular and the obtufe Angle i which wa^ 
to be demoiiftratcd,> 

PROPOSITION xin. 

V ' Theorem. 

In an acute-angled TriangU^ the Square of the 
Side fubtending the acute Angle is lefs than the 
Squares of the Sides containing the acute Angle ^ 
iy twice a ReSdngle under one ' o^ the Sides 
about the acute Angle^ viz. that on which the 
Perpendicular falls ^ and the Line affumcd mtb- 

. in the Triangle, from the Perpendicular to the 
acute Angle. ^ 

T 1£ T A B C be an acutc-angled Trrangle, having 
•■^ the acute Angle B j and from A let there •be* i«, i. 
drawn AD perpendicular toBC. I fay, the Square ' '' 

of AC is lefs than the Squares of CB, and B A, by 
twice a Re^angle 6nder C B, and B D^ 

For, becaufe the Right Line C B is ciit any how in 
D, the Squares of C B, and B D will be f equal tot7/iB|j|t. 
twice a RetSlangle under C B, and B D, together with 
the Square of D C. And if the Square of A D be 
added to both, then the Squares of C B, B D, and 
D A, are equal to twice the ReAangle contained un- 
der C B, and B D, together with the Squares of A D^ 
and D C. But the Square of A B is ]: equal to the 1 47« U 
Squares of B D, and D A i fo^ the Angle at D is a 

Right 
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I47. 1. Ilight Aiygle. And ^he Square of A^C is % cs^si to 
ttie Squares of A D and D C. Therefore the Squares 
of C B and B A 3re equat to the Square of A C, to* 
getheiT with twice the KetEiangle pont^ned under CB 
and BD. Whercfpre Ihc Square pf A C, only, f$ Ie& 
than the Squares of C B and B A^j ^f twice the Rect- 
angle under C B and B D. Therefore, in an acuUr 
angled Triangle^ the Square of the Side fubt ending the 

.acute Angle is ie/s than the Squ^rei of the Sides canfain* 
ing the 0cute Angle ^ hy twice a fLeSiangle under one of 
the Sides (fbout theaci^te AngUy vi2. that on which ibi 

, Perpendicular f^lls^ and the Liffe eijfumed within the 
Xrianglfj from the Perpendicular to the acute Angle | 

' >vhi(:h was \o h^ den^onftrated. 

PROPOSITION XIV. 

Problem.^ 

^0 make a Squan equal tc a ^iven Right-lined 

Figtire. 

T £ T A 1^0 i^e ^mn ]^igbt«-]ined Figure. ' It is re** 
-^ quired tfx n^ake a Squjire equal thereto. 

•4s« »* . M4ke ♦ thie jLijjht-iingled Parallelogram B C D E 
equal to the Right- lin^d Figure A* Now if B £ be 
equal to % D, what w^s propo&d will be already 

^ (ione, fince^ the Square BO i» made eq^al to the R^t* 

lined Figure A : But if it be not, let.rithcr BE or 

£ P h/e th^ greater : Suppofe B £, which kt be pra- 

^ ducpd to F J fo that E F he equal to E D. This bc«* 

f loi 1, ing dope, let B F be f bife^ed in G, about which, aa 
a Centre, with t^jc Piftance G B, or G F, dcfcribe the 
Semicircle B IJ F ; and let D E be produced to H, 
and draw Q H. Now, begaufe the Right Line B F is 
divided into two equal Parts in O, and into two un- 
equal ones in E, the RedUng^e under B E and E P,* 

t 5 rftht. together with the Square of G £, &aQ be j: equal to the 
Square of G F. But G F i« equal to G H, There- 
fore the Reftangle under B E and E F, together, with 
the Square of G £, is equal tp the Square of G H» Bu( 

• 47. 1, yhej Squares of HE ^nd G E are • equal to the Square 
•' ""'ofGH- Whercfpre the Re^angle Under BE and 

EF, 
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K F) together with the Square of G E, is equal to tb« 
Square* of H E and G & And if th^ Smiarerpf £Gt 
wh|ch is oc^mmon^ be ^lopn frflunboth^^e regiaining 
Reaangle, contained under B £ and £ F\ is equa] to 
the Square of £ H. But the Redangle under B E 
and £ F is the Psirallelogram B D, becaufe £ F is 
equ^I to £ D* ' Tjiere^re the EaraUdograni. B O is 
eqtt^l to the Squate of £ H ; but the Paj^al^logram 
fi D is equal to tfie Right-lined Figure A/ \Vberc- 
fore the Right-lined Figure A is equal to the Square 
of £ H. And fo» thin is a Square made equal t» thi 

^lm*mtm DasrM Uam^A J^l^mMt^M A ^I'uw /A^ R.l»9aMrm a£ .E JHT • 

which was to be done. 
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BOOK III. 



DEFINITIONS. 

I.Jp^^UJL Circles are fucb wbofe Diameter r 
are equal ; or from wbofe Centres tbe lUgbi 

Lines tbat are drawn are equal. 
II. A Right Line is faid to touch a Circle^ when 

meeting tbe fame ^ and being produced^ it does 

not cut it. 
JIL Circles are faid to touch each other ^ which 

meeting do not cut one another. 
ly. Right Lines in a Circle are faid to he equally 

dijiant from tbe Centre^ when Perpendiculars 

drawn from tbe Centre to them are equal. 

V. And tbat Line is faid to he farther from the 
Centre^ on which the greater Perpendicular 
falls. 

VI. A Segment of a Circle is a Figure contained 
under a Right Line^ and a Part of tbe C/r- 
cumference of a Circle. 

VII. An Angle of a Segment is that which is 
contained by a Right Une^ and the Circumfi^ 
rence of a Circle. 

VIIL 
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VIII. jIn A»zle is /aid to he in a Segment^ wbeh * 
fome Point ts taken in the Circumference thereof^ 
and from it Right Lines are drawn to the Ends 
of that Right Line J which is the Safe of the Seg-^ 
ment ; then the Angle contained under the Lines ^ 
fo drawn^ is f aid. to be an Angle in a Segment, 

IX. But when the Right Lines containing the 
* Angle do receive any Circumference of the Cir^ 
- cle^ then the Angle is faid tofiand upon that 
' Circumference. 

X. A SeSor ?/ a Circle is that Figure ^ which is 
comprehendtd between two Right Lines ^ drawn 
from the Centre, and the Circumference con^ 

. tained between them. 
X I. Similar Segments of Circles ^re thofe^ which 

include equal Angles^ or whereof the Angles in . 

them are equal. 

PROPOSITION L 

P R O B L £ M. ~ 

To find the Centre of a Circle given. 

LET A B C be the Circle givep. It is required ' 

to find the Centre thereof. 
Let the Right Line A B be iMiy how drawn 
in it, which * biiea in the Point D ; and let D C be f • 10. t. 
drawn- from the Point D, at Right Angles to A B, t '*• »- 
which let be produced to £• 

Then, if E C be ♦ bifeaed in F, I fay, the Point F 
is the Centre of die Circle ABC. 

For, if it be not, let G be the Centre, and let G A, 
G D, G B, be drawn. Now, becaufe D A is equal cOt 
D B, and D G is common, the two Sides A D, D G, 
are equal to the two Sides G D, D B, each to each ; 
alfo the Bafe G A is t equal to the Bafe G B, for they tDtf. 15. tf« 
are drawn fVom the Centre G* Therefore the Angle 
A D G is * equal to the Angle G D B. But when at* f . i. 
Right Line ftandfng upon a Right Line makes the 
adjacent Angles equal to one another, each of thd 
^5 ual Angles will t be a Right Angle. Whcrcfpret/>#Aio.i» 

F the 
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the Angle G D B is a Right Angle.* ButF D B is aHb 
a.Rfght Angle. Therefore, the Aog^ F D B is equal 
to the Angle Q D B« a greater to a lefs^ which is ab* 
furd. Wherefoire G is not the CeMre of the Circle 
ABC. After tlie fame nnanner we preve^f that no 
other Pbtnr, uiilc6 F, rs the Centre. TTierefore, F is 
thi Centre o/thif CMe A B C s whkh wa» fO be foond* 

Cervll. Ifin^aCix^anji Right Lii^CV^MC^herRig^ 

X Line into two e^yal Parts and ^ Right AAeles^the 

Centre of the Circle will be in that €uttHigLin#«^ 

PROPOSITION II. . " 

•' T H £ O It £> M*« 

Jffafr;^ tmo Feints i( a/futned^in^'tbe Circuinferenci^ 
of d Circle\ the Jagbt Line JMring tbsft twit 

• Points JbdH fall wthht tbt Cirtk. 

* • 'J 

T ETABCbea Qrcfe ; in the Circumference of 
^ which Jet any two Pbints. A^ fl[> 'Je. .^ffiimed* I 
fay, a Right Line drawn, from thf Point A> to the 
Point B, fails withm the Crrcte/' ' 

• tpftkiu Find D t theCenbe ef the glveri ^Cimte, and lee 
any Point £ he taken in the Right Line A B, and let 
DA, DE, DB, bejoined* 

Then becaufe D A is equah 10 D B^ Ihe Angle 

jf\ r. BAB will be t ^ual to the Angl&D B A ; andfmc^ 
.« *the Side A E jaf the Triangle D A £ i» produced, the' 

X \^: I' Artgle O E B 'win be % greater than the Angle £> A E. 
But the Angle D A £ is equal to the Angle D B E i^ 
therefore the Angle D E B is greater than thp Angle 
D B £. But the greatier Angle ihbtfcfids thke greilter. 

I If. t. Side, Whfccefore DB || is grratecith^n' D E. But 
D B only comes to the Circumference^ of the Circle i 
therefore. D £ does not reach fo far» And fo thi^. 
Point E falb within the Circle. Thetfefore^ if tw^^ 

• * » Points are a fumed in the C'trcumfereme of a CircU^ tht 
Right Line jjiining thofe twe Poi^tts Jhail faU within tbm 
>2 Circie ; which was to be demonflraced* 

Carol/. Hence * if a Right Line touches a Circle^ k 
- • will touch it in one Point only*. i . . 

PRO* 
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Theorem. 

If in a Grckr a Right Lint drawn^ thro* tbi CefB* 
Ire cuts any other Right Lint^ not drawn thro* 
the CentrSj )nto equal PartSy itjhall cut it at 
Right Angles j and if it cuts it at Right An* 
gl^y UfhM cut it into two equal Parts. 

tETABCbet Circle, wherein the Right Line 
-■^ C D, drawn thro' the Centre, bifeds the Right 
Line A B, not dkawn thro' the Centre* I fay, it cttta 
it at Right Anglei. 

For, * find £ the Centre of the Circle, and let* i $/thi»4 
£A, £B, be joined. 

Thea becaiiie A F is equal to P B, and F £ rs 
oon^oo,. thQ two Sides A F» F £> are equal to the 
two Sides B F, F E, each to each ^ but the Safe £ A 
is equal to the Bafe £ B. Wherefore the Angle A F £ 
ihall be t equal ta the Angle BF£, But when af 8. i. 
Righc Line jjl^anding upon a Right Line makes the skIh 
,J4iffenC Ai>gles eoual to one another, each of the equal 
Angles. \%X a i^ight Angle* Wherefore A F E, or}D«/.io. u 
BF£> is ^ Right Angle, And therefore the Right. 
-Line C b dra^'ntbro' the Cetrtre^bii^ifiing the Rjght» 
Line A B, not df awn thro' the Centre^ cuts it at Right 
Angles* Now, if C D cuts A B at Right Angles^ I 
iajfx k wijl.bife^ It ; that is, A F will be equal to F B. 
For the fame Conftrudtion remaining, becaufe £ A,, 
being drawn from the Centre, is equal to £ B, the 
Anpje £ AF ^^1 he ^ equal to tbeAngle £ B F. But* 5. i. 
the'Righr Angfr A F £ is" equal t'o mtf Right Angle 
B F £ : Therefore the two Triangles £ A F, E B F, 
have, two Ax^gjes of the one equal to two Angles of the 
other, atiil the Side EF is common to^oth. Where- 
fore the other Sides of the one (b«t^ be f equal to thef 16. x. 
other Sides of the other: And fo A F will be equal to 
FB. Therefore, tf in a Circle^ a Right Line drawn 
tbr^ 004 €^ntre^ cut 9^ any^ etJysr Rights Li ne^ not drawn 
thro* the Centre ^ into two equal Parti ^ it Jhail cut it at 
R^ghuJn^es } and if it- cuts it at ttighf Angle s^ it /hall ciit 
itinto two equal Parts % which was to be demonftrated*- 

F2 PRO- 
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PROPOSITION IV. 

Theorem. 

If ifi a Circle two Right Unes^ not being drawn 
thro* the Centre^ cut eacb other ^ they toill not 
€Ut each other into two eqttal Farts. 

T ET A B.C D bear Circle, wherein two Right 
**^ Lines AC, BD, not drawn thro' the Centre^ 
cfut each other in the Point E. I fay, they do not 
bifed each other. 

For, if poffible, let them btfed each other, To that 
A E be equal to £ C, and B £ to £ D. Let the Centre 

t » /'*•«• F of the Circle A B C D be f found, and join E F. 
Then, becaufe the Right Line F £, drawn thro' the 
Centre, bifeds the Right Line A C, not drawn thro* 

i» 3 •fthiu the Centre, it mil * cut A C at Right Angles, And 
(o F£ A is a Right Angle. Again, becaufe the Right 
Line F E, drawn thro' tlie Centre, bifcAs the Right 
Line BD, not drawn thro' the Centre, it will* cut 
B D at Right Angles. Therefore FEB is a Right 
Angle. But F E A has been ihewn to be alfo a Right 
. Angl^. Wherefore the Angle F E A will be equal to 
the Angle F £ B, a lefs to a greater; which is ab* 
furd. Therefore, AC, B D, do not mutually bifeft 
each other* And fo, if in a Circle tw$ Right Lines^ 
not being drawn thro* the Centre^ cut each ether j they will 
mt cut each other into two equal Parts i which was to be . 
demonftrated^ 

PROPOSITION V. 

T H £ O R £ k. 

If two Circles cut one another^ theyjball n6t havi 
, the fame Centre. 

T £ T the two Circles ABC, C D G, cut each 
^ other in the Points B, C. I fay, chcy have not. 
the fame Centre. 

Fur, tf they have, let it be E, and join E C» and 
draw £ F G at Plcafurc. 

Now> 
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Now, becaufe £ is the Ontre of the Circle AB C j 
CE will be equal to ET. Again, becauft £ is the 
Centre of the Circle CD G, C £ is equal to the E G. 
But C £ has hften Ihewn to be equal to £ F. There- 
fore £ F ihall be equal to £ G, a lefs to a greater, 
which cannot be. Therefore the Point £ is not the 
Centre of both the Circles A B C, CJD G. Where- 
fore, iftW9 Circlis cut $n€ another^ they Jhall not have tbi 
Jkmi Centri i which was to be demonftrated. 

PROPOSITION VI. 

Theorem* 

j^ two Circles touch one anotbet imvardfyf they 
will not have one and the fame Centre. 

T £ T two Circles ABC, C D £, touch one ano* 
'*-' thcr inwardly in tjie Point C. I fay, they will not 
have one and the fame Ceacre. 

For, if they have, let it be F, and join F C, and 
draw F B amy how. 

Then, becaufe F is the Centre of theCircle ABC» 
C F is equal to F B, And becaufe F is alfo the Centre 
of the Circle C D £, C P Ihall be equal to F E. But 
C F has been (hewn to be equal to F B. , Therefore 
F £ is equal to F B, a lefs to a grefiter ; which can- ' 

not be. Therefore the Point F is not the Centre of 
both the Circles A B C, C D £. Wherefore, // twti 
Circles touch one another inwardly^ they will not b^e one 
^n4 the/at^ Centrf^ whict^ yfz$ tq be demonftratedf 



% 



Fj ?RQ- 



PROPOSITION tit' 
Theorem. 
if in the Diamtier cf a Circle fime Point h takrn^ 
witch is not the Centre of the Circle^ 'andfron$ 
that Point certain Right Lines fall on iht Cir* 
cumference of the Circle^ the grWifi cf theft 
Lines fball be that therein the. CentrM of ihs 
Circle is ^ theUaft^ the Remainder of the fame 
Line. And of all the other Lines^ th£ neareft 
to that which was drawn thro* the Centre^ is 
always greater than that mori remote j and only 
two equal Lines fall from the abovefaid Point 
upon the Grcumference^ on each Side «/ 4l^$ 
leaft or greateft line* 

LE T A B C D be a Circk , wbofc Diaipetcy is 
A D, in which amimc fom* Point F, which is 
not \ht Centre of the Circle. Let the Centre of the 
Circle be E ; and from the Point F, let certain Right 
Lir>es F B, F C, F G, fall on the Circumference : I 
Fay, F A is the greateft of thcfe Lines, arnl F D the 
leaft I arfd of th« other^ F 6 is greater than F C, and 
FC greater than FG. 

For, let BE, CE, GEy be joined. 

Then, becaufe two Sides of every Triangle arc 

• ft>. I, * greater thaii the third ; B E and EF are greater than 

B F. But A E is equal to B E. Therefore B E and 

EF arc equal to A F. And (b A F is greater than F B, 

Again, becaufe BE is equal to CE, 'and FEis 

common, the two Sides B E and F £ are eqttal to the 

two Sides C E and E F. But the Angle B E F is 

- greater tlian the Angle C E F. Wherefore the Bafe 

t H !• B F is greater than the Bafef F Cf • For the famo 

Reafon, C F is greater than F G. 

^ Again, becaufe G F and F E J are greater fchan 

*^'' GE, and G E is equal to E D ; G F and F E fhall 

be greater than £ D ; and if F E, which is common, 

be takeh away, then the Remainder G F is greater 

than the Remainder F D. Wherefore, F A is ths 

. frreateft of the Right Lines y and F D thi haft : Alfa B F 

is pCQUr than f Ci and f C g^rmt^r than F G. 
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I fay, moreover, that there are only .two equal 
Sight Lines, that caa fall from thePpint P^on A BCD, 
the Cireumference of' the Circle hh each Side the 
Aorteft Line F D. For at the given Point £, with 
the Right Line £ F, make t the Angle F£H equal 1 15.. u 
^0 the Angle G £ F, and join F H. Now becaufe G £ 
Js equal to £ H, and £ F is common, the two Sides 
G £ and £ F arc eqiial to the two Sides H E and £ F. 
But the Angle G £ P is equal to the Angle H £ F. 
Therefore the Blfe FG (hafl be f equal to the Bafet ♦• «• 
F H. I fay, M other Right Line falling from 'the 
1^^int F, on tfec Circle^ can be equal to F G. For 
if there can, let thi» be F fC. Now, fince F IC is 
equal to FGf and f H is alfo equal to F G ; there-* 
fore F K will be equal to F H, hi%» a Line drawn 
nigher to that paffing thro' the Centre, equal to one 
more remote, which ^ cannot be. Ify therefore, in^^thlu 
fh Diamitir of a GircUy fome Point be Utt/t^ whitb 
is not the dntn df the CircU, and fr$m ihat Point cer^ 
tain Right Lines jaU em the Circumference of the Circle^ 
ibe gr44U4ft •/ theft Lints fhdlle that wherein the Cen* 
tri efthe Circle isi the leaft^ the Remainder of th^ fame 
%ine. And of all the other LineSy the nearejl to that 
tvhicb was drawn thro* the Centre^ is always greater 
than that more remote ; and only two equal Lines faU 
from the abovejaid Point upon the Circumference^ on each 
Side of the leafi or greateji Line i which was to be d^* 
moi^ated. 






1 



F4 



PRQk 



'^z EucUd% Elements. Book III. 

PROPOSITION vru, 

T H £ O R B M. 

Jf fomt Poini be affiimed wiibout k Circle^ ani 
from it ceriain Right Lines be drawn to the 
Circle, one of ivbicb pajfes thro* the Centre, but 
the other any how \ the greatefi of the Linei 
ivhich fall upon the concave Part of the Cir- 
cumference of the Circle^ is that paffing thrtf 
$he Centre ; and of the others, that which ir 
neareft to the Line^ p^3^Z ^^^* ^^^ Centre, is 
greater than that more remote. But Jhe leajl 
of the Lines that fall upon the convex Circum- 
ference of the Circle, is that which lies between 
the Pfiint and the Diameter ; and of the others^ 
that which is nigber to the leafi, is lefs than 
that which is farther diftant\ and from that 
Point there can be drawn only two equal Lines, 
%vhicb fhall fall on 4he Circumference on eatb 
Side the leafi Lific^ 

TETABC!>ca Cirqljc, out of which take any 
•*-' Point D. From this Point let there bp dra^vri 
certain Right Lines D A^ D E, D F, D C, to the Cir* 
de, whereof D A pzScs thro* the Centre. I fay» D A, 
yrhich patfes thro' the Centre, is the greateft of the 
^ines falling upon A E F C» th;, concave Circumfe* 
rence of the Circle : Likewife D E is greater than 
DF, and D F greater than D C. But of the Lines 
that fall upon H L K G the convex Circumference of 
the C'.fcle, th'' leaft is DG, V'^ the Line drawn fron^ 
D, to the Diameter G A s and th^t which is neareft the 
leaft D G, is f|1way9 Icfs than that more req^ote i that 
is, D K is lefs than D t, and D L lefs than C H. 

f. I tftiit. For, find * 1^ the Centre of the Circle ABC, and 
let M £, M F, MC, M H, M L, M K, be joined, 

Now, becaufe A M is equal to £M; if M D, 
wh . h is common, he added. A D will be equal to 

t -**' *' E y. and M D. But E M and M D are f greater than 
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£ D I therefore A D is alfo greater than E D. Agam» 
becaufe M £ is equal to M F, and M D is common^ 
then M £ and R/f O (hall foe equal to M F and M D ; 
but the Angle £ M D is greater than the Angle 
F M D. Therefore the Bafc E D will be f greater 1 14. i . 
than the Bafe F D. We prove, in the (ame manner, 
that F D is greater than C D. Wherefore, D A is the 
gretiUft of tbi Right Lines falling /rem thi Point D 5 D E 
is greater than D F, and D F is greater than D C. 

Moreover, bcfaufc MK and KD arc ♦ greater •xo,|« 
than M D, and M G is equal to M K ; then- the Rc- 
'mainder KD will f be greater than the Remarnderf ^^l** 4. 
QU. And fo GD is lefs than KD, and confe- 
qilently is the leaft. And becaufe two Right Lines 
M K, K D, are drawn from M and D to the Point 
K, within the Triangle M L D, M K, and K D, ai'e 
X lefs than' M L and L D ; bat M K is equal to MI#« t >i- «• 
Wherefore the Remainder D K is lefs than the Re* 
lAainder D L. In like manner we demonftrate, thai 
D h is lefs than D H. Therefore, D G li the leqfi j 
and D K is lefs than D h, and D L than D H. 
. I fay likewife, that from the Point D only two equal 
Right Lines can fall upon the Circle ^n each Side the 
Jeaft Lfint. For, make * the Angle D M B at the* *j« '• 
Point M, with the Right Line M D, equal to the An- 
gl,c £ xM D, aqd join D B. Then, becaufe M K is 
equal to M B, and M D if cpmmon, the two Sides 
|C M, R4 P, are equal to the two Sides M B, MD, 
each to each ; but (he A"g)<^ ^ M D is equal to the 
Angle R M E) Therefore the Bafe D K is f equal f 4. 1. 
to the Bafe Q B. Now I fay, no other Line can be 
(Jrai^n from the Point I) to the Circle equal to D K ; 
for. If thpre <an^ let it be D N. Now, fince P i^ is 
equal to P N, as alfo to D B, therefoie D B (Hal! be 
equal to D N, T;/z..the Line drawn nearefttovhe lead: 
eqi^al to that more refnt^ie, which has been ♦ (hewn to • jj^ tblu 
be impnffible. Therefore, if fome Point he ajfumed 
ivithout a Circle y and from it certain Right Lines le drawn 
to the GircUy one df which paffis thro* the Centre^ but the 
0ther$ any how ; the grfate/i of the Lines y that fall upon the 
e^mave Pari of the Circumference of the Circle^ is that 
puffing thro* the Centre ; and of the others^ that which /i 
tietireji to the Litr^^paffiHg thrv* the Centrey is greater than 
that tnore remote, • BHtthekafl of the Lines that fall upon^ 
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tweiH ibt Point and the DiamiHr % and aftbe itbirs^thtH 
which is mghit U ibf Uqfi^ is Uf$ than thai wUcb is/tr*- 
ther difiant , md/rom that Point ihore cam hgdnruw md^ 
Huo eaual Linfs^ which floallfall on tho Circumfgrena om 
sad Suit tht lt0^ Line ; which was co he demonftraccd. 

PROPOSITION IX. 
Theorem. 

Jf a Point he ajfumed in a Circle^ and from U morf 
ihan Htfo equal Right Lines he drawn to tbi 
Circumferenct \ then that Point is the Centre of 

the Circle. 

» 

T E T the Point D be affumcd within the Circle 
•*-' ABC; and from the Point D, let there fall more 
than two <rqual Right Lines to the Circumference, vi%* 
the Right Lines D A, D B, D C* I fay, t)ie afllimed 
Point b is the Centre of the Circle A B C. 

For, if It be not, let E be the Centre, if polEble i 
And join D E, which produce to G and F. 

Theri F G is a Diameter of the Circle ABC; 
and fo, becaufe the Point D, not being the Centre of 
the Circle, is afTumed in the Diameter FO ; therefore 

• 7 •fttit. p G will • be the greateft Line drawn from D to the 
Circumference, and D C greater than D B, and D B 
than DA; but they are al(b equal, which is abfurdj 
Therefore E is not the Centre of the Circle A B C- 
And in this manner we prove, thai n^ other Pointy ex* 

, cept D, is the Centre \ there/on D is the Centre of th^ 

Circle A B Cs which was to be demonftrated. '' 
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Let ABC be the Circle, wttbin which take the 
Point D, from which let more tbai> two equal Right 
Lines fall on the Circumference of the Circle, viz. the 
three e(;(ual ones D A, D £, D C : 1 fay^ the Point 
D is the Centre of the Circle ABC. 
f JO, u For, join A B, B C, which bifecft f in the Points 
jE and Z i asalfojoin E.D, JXZi which pr(;>49ce to 
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.the Points H, K, O, L ; then, bccaufc A E is equal to 
£ B, an4 £ D if coonnofi, the two Sides A E9 £ D, 
fhall be equal to the two Sides BE, ED. And the 
-Bafe D A, is equ;d to the Bafe D B r Therefore the 
•vAagle A E D will be * equal lo the Angle ^ ED ;• S, i. 
janffo {hy Def. 10. i.] each of the Angles A ED, 
B E D, is a Right Angle : Therefore H K, bifefting 
A B,'cuts ft at Riglit Angles. And bccaufc a Right 
Line in a Circle, bifefling another RighfLine,cirts it at 
Right Angles, and the (Jen tre of the Circle is in the 
cilttit** Line, [by Cor. i. 3.] therefore the Centre of 
the Oirdc ABC will be m H K. For the fame Rca- 
fon,^h€ Centre of the Circle will be in O L. And the 
Jtigk Liiies H K» O L, iiave no other Point common 
but D : Therefore D is the Centre of the Circle ABC; 
whicfar.was v^ hp dcfnonfirated. 



P R O P O S I T I O N X. 

Theorem, 

A Circle cannot cut another Circle in more than 

two Points. . 

P O R, if it can, let the Circle ABC cut the Circle 
*■ D E F in more than two Points, viz. in B, G, F ; 
and let K be the Centre of the Circle A B C, and join 
KB, KG, KF. 

Now, becaufe the Point K is afTumed within the 
Circle D £ Fn from which more than two equal Right 
Lines K B, K G, K F, fall on the Circumference, the 
Point K fhall be t the Centre of the Circle D E F.t9!r'«i. 
But K isjthe Centreof the Circle ABC. Therefore t*>*i5^ 
K will be the Centre of two Circles cutting each other ; 
Which is * abfurd. Wherefore, a Circle cannot cut k^ s^ftbih 
ipirdein more than two Pointi \ which was to be de^- 
monftrated. 
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PROPOSITION XI. 

Theorem. 

Jlf two Circles touch each other on the Infide^ and 
the Centres he founds the Une joining their 
Centres will fall on the {Point cf] ContaS of 
thofe Circles. 

T E T two Circles A B C» A D E, touch one another 
^^ inwardly in A ; and let F be the Centre of tite 
Circle ABC, and O that of A D £. I fay, a Right 
Line joining the Centres G and F, bein|; profluced^ 
will fall in the Point A. 
\ If this be denied, let die Right Line, joininn F G« 
cut the Circles in O and H. 

Now, bccau fc A G and F G arcgrcater than A F, 
^^* t. * that is, than FH ; take away FG, which is com* 
mon, and the Remainder A G is greater than the Re- 
mainder G H. But A G is equal to G D s therefore 
G D is greater than G H, the lefs than the greater ; 
whtcb is abfurd* Wherefore, a Line drawn ibr$* th§ 
Points Fand G, will not faU out of the Point dfContoQ 
A, andfo necefjarily mujl fall on it i whipb was . to be 
' 4iemQnma(ed. 

PROPOSITION XII. 

Theorem. 

Jf two Circles touch one another on the Qutjide^ a 
Right Une joining their Centres willpafs thro^ 
the [Point of] Ccntaff. « 



L 



ET two Circles A B C, A D E, touch.one ano** 

' ther outwardly in the Point A ; and let F be th«t 

Centre of the Circle ABC, and G that of AD E. | 

I &y, a Right Line drawn thro* the Centres F and G, 

\ will pafs thro* the Point of Contaft A. 

For, if it does not, let, if poffible, F C D G, fall 
without it, and join F A, A G. 
' Now, fincc t is the Centre of the Circle AB.C» 

A F ym be equal to F 9- And becaufe G is the * 
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Centre of the Circle A D E, AG will be equal to 
G D : But A F has been ihewn to be equal to F C ; 
therefore F A and A G are equal to F C and D G. 
And fo the whole FG ir greater thao FA and AG; 
and al(b lefs, • which is abfurd. Therefore, a Rights wo. t« 
JLinr, drawn from the Pcint F to G, tuiil pa/s thro* tbi 
P^int §f Cental A i which was to be demoD^tcd. , 

PRO PCS It I ON X«L 

Theorem. 

X)ne Circle cannot touch another in more Pointt 
than finCf whether it he inwardly cr oulwardfy* 

FO R, in the lirft Place, if this be denied, let the Cir« 
cle A fi D C, if poffible, touch the Circle £ B F D 
iowardly, in more Points than one, v/z. in B, and D. 

And let G be the Centre of the Circle A B D C, 
andHthat ofEBFO. 

Then a Right Line, drawn from the Point G to H, 
vlli t fall in the Points B and D. Let this Line bef n ^tkift, 
B G H D. And becaufe G is the Centre of the Circle 
A B D C, the Line B G will be equal to G D. There- 
fore B G is greater than H D, and B H much greater 
than H D* Again* fince H is the Centre of the Cir* 
cle E B F D, the Line B H is equal to H D. But it 
has been proved to be much greater than it, which it 
abfurd. Therefore, em CircU cannot touch anotbtr 
CircU inwardly in mon Points than om. 

Secondly, Let the Circle A C K, if poffiUe, touch 
^he Circle A B DC outv^ardly, in more Points than 
one, viz. in A and C ; and let A and C be joined. 

Now, becaufe two Points, A and C, are aifumed in 
the Circumference of each, of the Circles A B D C, 
A C K, a Right Line joining thefe two Points will fall 
X within either of the Circles. But it falls within the ^i ^rfct j 
Circle A B D C, and without the Circle A C K, which 
is Hhfurdf Therefore one Circle cannot touch another , 
Gix^Ie in more Points than one outwardly. But it has 
been proved, that one Circle cannot touch another 
Circle inwslrdly [in more Pdms than one]. Where- 
j6irc^ me Cir^ie cannot tomb another in nun Points thorn 

om. 
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cm^ whiihir it U immartBf #r outwordfyi. wUch was 
t# be deoioiiftrated. 

PROPOSITION XIV. 

Equal Right Lines in a Circle are equatfy defiant 
from the Centre ; snd Right Unes^ which are 
equally difianr from /be Centre^ are eftal be- 

tween themfelves. 

* 

TETABDCbea Circle, y^hereln are the eq.ual 
-*-* R*fght Lines A B, C D. I fay, thcfc Lines arc 
equally difiant from the Centrcf of the Circle; 

For, let E be the Centre of the Circle A B D C ; 
from wiitch let there be drawn £ F akid EG, pt rpeix!i<« 
aular to A B aod C D ; and let A ]p)and ECbe joined. 
Then, becaufe a Right Line £T, drawn thro' th«i' 
Centre^ cuts the RightXine A B, not drawn thro* ihe 
•^•fihli. Centre, at Right Angles, it. will # bifca the fame* 
Wherefore A F is equal toF B, and fo A B is doiAle 
toAP. For the fame Reafon C O is double Ml C 6 ^ 
but A B is equal to C D ; therefore A F is equal t» 
C 6 : And becaufe A E is equal to EC, the Square 
of A £ (hall be equal to the Square of £ C. But tile 
1 47' I* Squares of A F and F E are f equal to the Square d0 
' A £ ; for'the Angle at F i^ ^Right Attgle: And tha 

Squares of £ G and G C are equal to the Square of 
£ C, iince the Angle at G is a Right one. Therefore 
the Squares of A F and F £ are equal M the Squares o^ 
C G and G E. But the Square of A'F is ^qoal toihe 
Square of C G ; for A F is ^qual lo C G. There- 
fore the Squai;:e of F £ is equal id the Square ^EsG^ 
and fo F £ equal to £ G« AUb^ Ltnes m a Civde are 
} D/. 4 •/% ^id ^ be equaUy diftant from the Centie* whtil^ 
•l^i»> Perpendiculars drawn to them fpom' the Centre kx^ 

equal. Therefore, A B mi CD an ipiall/ diftont 
» jrom the Centre* 

But if A B and C D are cquaHy dtftant from fhet 
Centre, tliatrs, if F£ beequidtoEG^ I (vfy AB' 
is equal, to C D* ' 

For, the fame ConftniAioi* being fu|^pofed, we .de^ 
nionftrate« aa above, that* A.B U d^lt: t^A F^ »pA 

6 CD 
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CD to CG ;. and becaofir AEis cqualto £C, the 
Square of A £ will be equal to the Square of £ C But 
the Squares of £ E and FA are f e^pnl to the Square f 47* «i 
of A £ ; alfo the Squares (»f £ G and G C ace equal 
f, to. the Square flf -EC. Therefore .the Squares of 
£F and FA are equal to theSquarcs of £Gand 
G C. But the Square of £ G is equal to the Square 
of £ F J ffitf E Q ii e^u^l to E F*i yhq-efpre the 
Square of A F is equal to the Square of C G ; and (q 
A F is equal to C G. . But A B is double to A F, and 
C D toC G ; 'Svhence A B is equal to C I>. There-v 
f 9re» , #yya/. Rigfi/ £ms\ iV . a CircU ^rt efuoify difhnt 
from the C#nfr^; Md^ lUgbt UneSy which an equaiijf 
dtjlant frum the CcntUyfin tqual between themfeJvfs j 
whkK was to be dethouArated* 

* PROPOSITIOrsT ^V. 

Th EG R FM. 

A Diameter is ibe g^f^Jeft tine in a CircU '^Mi 
of all the fit$er Lines therein^ that, which is 
- ' nearejt to tbt Centre, is greater I ban that? mori 
' remote. -V : -' '. ... 

ET ABCDbea Circle whofe Diameter is. A D» 
and Centres ; ancllet BC be nearer to the Cen- 
tre than F G. I fay, A/Di it the gK^teft, and BC ia 
gii»tter than F Q. . ; 

For,, let the Per fiendiculars EH, £ K» be drawn. , 
ff 001 the CenU*^ £ to fi C, F G« Now,, bccauf^ B C 
is Jie^er to the Centre than F G,. £ K wiU he greater 
than £ H. Let £L be equal to £ H ;. Atkg^ L M. ., * 
ttiroT L at Right Angles to EK, which produce to 
JST; and letEM^E N, EF,. EG, bejolned* . 

Then, becauie EH.isr equal to £ ir,:the Lihe B G 
#.iMbe equal to M N *. , Aniti ^nce A E i« -equal to « ,4 $fthi»^ 
£ M, and D E.t0^£N, A D will be.'equal to M £ an4 
|lK« But ME and £ N are t greater than M N : t »o, i. 
Ami To A D is greater than M N ; and N M is equal 
ipB^C. Therefore A D is greater tliao BG. . And " ^^T 
fince the two Sides £ M, £ N, are equal to. the two 
Sfid^ F £, £ G, and the Angle MEN greater than 
tlie Angle F EG, the Bafe M N ihall be % greater J 44. t. 
ihaa the Bafe f a. But U N is. equal te.«lC. « -. ' 

Therefore 
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TKerefore B C it greater than F G» And fo the Di- 
ameter A D is the greateft, and BC is greater than 
F G. Wherefore, ihe Diammr is the grtoH/l Lint tm 
a Circle \ and ef all tbt Hlmr Linntbeniny that wbich 
is nsar0 t9 the Centre is greater than that more renMti 
which was to be demonflrated. ^ 

PROPOSITION XVI. 

Th X O S,£ M. 

J Line drau^n from the exireme [ PotMs'] of tbt 
Diameier rf a Circk^ at Bight Angles tp thai 
Diameter^ Jball fall withotU the Circle % and 
between tbefmd Right Line^ and the Circum^ 
ference^ no other Right lAne can he or awn ; 
and the Angle of a Semicircle is greater than 
any Right- lined acute Angle i and the remain^ 
ing Angle [viz. without the Circumference} is 
left than atiy Right-lined Angle. 

T E T A B C be a Circle, whofe Centre is D, and 
^^ Diameter A B. I fay, a Right Line, drawn fronn 
the Point A at Right Angles to A B, falls without the 
Circle. 

For, if it does not, let it fall, if poffible, within the 
Circle, as A C ; and join D C. 

Now, becaufe DA is equal to DC, theAnde 
# y. I. D A C ihall be * equal to the Angle A C D. But 
D A C is a Right Angle } therefore A C D is a Right 
Angle : And accordingly the Angles D A C, A CD, 
1 17* I. sec equal to two Right Angles ; which is abfurd f / 
Therefore a Right Line, drawn from the Point A ar 
Right Angles lo B A, will not fall within the Circle ;• 
and fo likewife we prove, that it neither falls in the 
Circumference. Therefore, // will necejfarihf fali 
witheut the fame ; which now let be A £• 

Again, between the Right Line A £ and the Ctr* 
tum&rence CH A, no other RightLine can bedrawn«' 
f I*. |. For, if there can, let it be F A, and let J D G be 
drawn, from the Centre D, at Right Angles to F A. 

Now, becaufe A G D is a Right Angle, and DAG 

fs lefs than a Right Angle, D A will be greater thaii 

•til. I- DG*. But P A is equal to D H. Therefore D H i>. 

greater 
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greater than D G, the lefs than the greater ; which is 
abfurd. Wherefore, no Right Line can be drawn be^ 
tween A E, and the Circumference A H C. I fay, more- 
,over, that the Angle of the Semicircle, contained 
under the Right Line 3 A, and the Circumference 
% C H A, is greater than any Right lined acute Angle ; 
and the remaining Angle contained under the (Jircum- 
ference C H A, and the Right Line A E, is lefs than 
any Right-Hhcd Anglc^ 

For if any Right-lined acute Angle be greater thaa 
the Angle contained under the Right Line B A, and 
the Circumference C H A ; or if any Right-lined An- 
gle be leis than that contained under the Circumference 
C H A, and the Right Line A £ j then a Right Line 
may be drawn between the Circumference C H A, 
and the Right Line A £, making an Angle (contained 
under Right Lines) greater than that contained under 
the Right Line B A, and the Circumference C H A, 
and lefs than that contained under the Circumference 
C H A, and the Right Line A £. But fuch a Right 
Line cannot be drawn, from what has been proved. 
Therefore, no Right lined acute Angle is greater than the 
Angle contained under the Right Line B A, and the Cir^ 
cumference C H A ; nor Ufs th^n the Angle contained un- 
der the Circumference C H A, and the Right Line A E ; 
which was to be demonftratcd. 

r 

CorolL From hence it is manifeft, that a Right Lire, 
drawn at Right Angles, on the End of the Di- 
ameter of a Circle, touches the Circle, and that in 
one Point only ; becaufe, if it (hould meet it in two 
Points, it would fall within the fame , '^ as has been • i tftbii, 
demonjirattdm 

PROPOSITION XVII. 

* 

Problem. 

fo draw a Right Line from a given Pointy that 
fhall touch a given Circle. 

T E T A be .the Point given, and B C D the Circle. 
-*^ It is required to draw a Right Line from the Point 
A, that ihall touch the given Circle BCD. 

G Let 
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Let E be the Centre of the Circle, and join AE j 
then ibout the Centre E, with the Diftance £ A, de- 

• „. I. fcribe the Circle A F G ; draw D F ♦ at Right An- 

gles to £ A, and join EBF, and AB. I Aiy, the 
Right Line A B i» drawn from the Point A, touching 
the Circle B C D. 

For, fince E is the Centre of the Circles BCD, 

A F G, the Line E A will be equal to E F, and E D 

to E B. Therefore the two Sides A E, ij B, are equal 

to the two Sides F E, ED, each to each ;. and th^y 

contain t*he common Angle E, Wherefore the Bale 

1 4. 1. D F is t equal to the Bafe A B, and the Triangle 

D E F equal to the Triangle E B A, and the remain- 

ing Angles of the one equal to the remaining Angles 

of the other. And fo the Angle E B A is equal to the 

Angle EOF. But E D F is a Right Angle. Where- 

fore E B A is alfo a Right Angle, and £ B is a Line 

drawn from the Centre ; but a Right Line, drawn 

from the Extremity of the Diameter of a Circte at 

J C»r. i6g e/Rigbt Angles J to it, touchfes the Circle. Where- 

^'' fore, A B touches the Circle ; which was to be done, 

PROPOSITION XVIIL 
The R E M. 

I 

If any Right Line touches a Circle^ andfr&m tbe^ 
Centre to the Point of Conta^ a Right Line be 
drawn ; that Line will he perpendicular to the 
tangent. , 

T ET any Right Line D E touch a Circle A B C in 
•*-' the Point C, and let there be drawn the Right 
Line F C from the Centre F. I fiy, F C is perpen- 
dicular to D E. 

♦ II. I. ^^^^ *^ '^ ^^ "^^ '^* F G be drawn * from the Cen- 

tre F, perpendicular to D E. 

Now, bccaufe the Angle FGG is a Right Angle, 

t Cor» 3. i/the Angle G C F will be f an^cute Angle ; and ac- 

3»' >• c^rdinijly theAngleFGC is greatet than the Angle 

X 19* I* F C G ; but the greater Angle fubtend« X ^^^ greater 

Sid«. Therefore F C is greater than F G. But F C 

\h ec[ual to>F B» Wherefore F B is greater than FG, 

- V a lefs 
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a lefs than a greater; which is abfurd« Therefore 
F G is not peipendicuhir to D £• And in the fame 
manner we prove, that no other Right Line but F C 
19 perpendicular to D£. Wherefore F C is perpendi- 
cular fo D £• Therefore, ifanf Right Line tsucbes a 
Circle^ and from the Centre to the Point of Contact a 
^ifht Line be drawn i^ that Line will be perpendieular to 
the Tangent i which was to be demonftrated. 

PROPOSITION XIK. 

T H E O It I M« 

V 

If any Right Line touches a Circle ^ and from 
the Point of ContaS a Right Line be drawn 
at Right Angles to the Tangent^ the Centre of ' 
the Circle Jball be in the f aid Line* 

T £ T any Right Line D £ touch the Circle ABC 
^^ in C, and kt C A be drawn frora the Point C at 
Right Angles to D £• I fay, the Circle's Centre it 
in A C. 

For if it be not, let F be the Centre, if poffible | 
flAdjoiA C F. 

Then, becaufe the Right Line D £ touches thd 
Circle ABC, and F C is drawn from the tientre to 
the Point of Contact i.FC will be perpendicular to 
D £ *. And fo the Angle F C £ is a Right one.* ig c/thiu 
But A C £ is alfb a Right Angle f : Therefore the^ jtrm tbt 
Angle F C £ is equal to the Angle A C £, a lefs to a^/. 
greater; which is abfurd. Therefore F is not the 
Centre of the Circle ABC. After this manner we 
prove, that the Centre of the Circle can be in no 
other Line, but AC. Wherefore, if any Right Line 
touches a Circle^ and from the Point ofContatl a Right 
Line be drawn at Right Angles to the Tangent^ the Cen- 
tre of the CircU/hall be in Ae/aid Line i which was to 
bcsdcmonftrated. 
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PROPOSITION XX. 

Theorem, 

The Angle at the Centre of the Circle is double t9 
the Angle at the Circumjerenee^ when the fame 
Arc is the Bafe of both Angles. 



V 



E T ABC be a Circle, at the Centre E whereof 
is the Angle BEC, and at the Circumference, 
the Angle B A C, both of which ftand upon, the fame 
Arc B C. I fay, the Angle B £ C is double to the. 
Angle B A C. 

For join A and produce it to F, 
Then, becaufe E A is equal to E B, the Angle 
• 5. 1. E A B (hall be equal to the Angle E B A ♦. There- 
fore the Angles £ A B, E B A, are double to the An- 
t 3»' »• g'e E A B ; but the Angle B E F is f, equal to the 
Angles E A B, E B A ; therefore the Angle B E F is 
double to the Angle E A B. For the fame Reafon, 
the Angle F E C is double to E A C. Therefore the 
whole Angle B £ C is double to the whole Angle 
BAG. Again, let there be another Angle B D C ; 
and join D E, which produce to G. We demon* 
firate, in the fame manner, that the Angl^ G E C is 
double to the Angle GDC; whereof the Part GEE 
is double to the Part G D B. And therefore the re- 
maining Part B E C is double to the remaining Part 
/ BDC. Confequently, an Angle at the Centre of a 
Circle is double to the jingle at the Circumference ^ tvben 
the fame Arc ii the Bafe of both Angles '^ which was, to 
be demonflrated. 

PROPOSITION XXL 

Theorem. 

Angles that are in the fame Segment of a Circle^ 

are equal to each other. 

TETABCDEbe. a Circle, and let BAD, 
. ^^ BED, be Angles in the fame Segment thereof 
B A £ D. I fay, thofc Angles are equal, 

*^ For, 
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For, let F be the Centre of the Circle ABCDE j 
and join B F, F D. 

Now, becaufc the Angle- B F D is at the Centre, 
and the Angle B A D at the Circumference, and they 
ftand upon the famfe Arc BCD; the Angle B F D 
will be J double to the Angle B A D. For the famet lo ^/iiV, 
Reafon, the Angle BF D is alfo double to the Angle 
BED. Therefore the Angle BAD will be equal 
to the Angle BED. 

If the Angles BAD, BED, are in a Segment 
lefs than a Semicircle, let A E he drawn j and then 
all the Angles of the Triangle A B G are f equal, tot 3a« »• 
all the Angles of the Triangle D E G. But the An- 
gjl^s A B E, A D E, .are equal, from what has been 
^ before' proved ; and the Angles A G B, D G E, are 
alfo equal t ; for they are vertical Angles. Where- t»S« u 
fore Uie remaining Angle B AG is equal to the re« 
maining Angle G ED. Therefore, JingUs that are 
ifi the fame Segment A/a Circle y an equal to each 9th$r% 
which was to be demonfirated. 

PROPOSITION XXII. 

civ ^ 

Theorem. 
^bs oppofite , Angles of any quadrilateral Figure^ 
\ \defcTibtd in a Circle ^ are equal to two Right 
\An^les. 

ETABDCbea Circle, wherein is defcribed 
the quadrilateral Figure A B C D. I fay, two op- 
poiite Angles thereof are equal to two Right Angles. 

For join AD, B,C. 
' Then, becaufe the three Angles of any Triangle arc 
* equal' to two Right Angles, the three Angles of the* 3»' »• 
Triangle ABC, vix. tte Angles CAB, ABC, 
B C A, are equal to two Right Angles. But the An- 
gle ABC is t equal to the Angle A D C ; for they t " ^ '*"• 
are both Ini the fame Segment A B D C. And the 
Angle A C B is t equal to the Angle A D B, becaufe 
they are in the fame Segment A C D B ; therefore 
tlie whole Angle B D C is equal to the Angles ABC, 
A C B ; and if the common Angle B A C be added,' 
then the Angles BAG, ABC, A C B, are equal to 
the Angles B AC, B D G ; but the Angles BAG, 

G3 ABC, 
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§ 3». «• A B C, A C B, ar€ equal § to two Right Artglcs, 
Therefore likewife, the Angles B A C, B DC, (hall bft 
equal to two Right Angles, And after the fame Way 
we prove, that the Angles A B D^ A C D, are silft^ 
equal to two Right Angles. Therefore, th^ ^pp9fUjk 
jtnghs of any fuadrilqteral Figwn^ dtfcribid in a Circli^ 
on $qudl u t%Mi Ri^ht AngUs \ which wa» to b^ demofit 
firatfd. 

PROPOiSITION XXUL 

T H £ O ]t E M. 

TmjSfnilar and unequal Segments tf two Circle f 
canmt befet upon the famf^Jti^bt JJne^ ^dpl 
the fame Side thereof. 

O R if this be polEble, let the two limilar and at|«* 

equal Segments A C B, A D B, oif two Circles^ 

(and upon the Right Line A B on the iame Siido 

thereof. Draw A C D, and let C B, B D, be joined* 

Now, becaufe the Segment ACB is fimilar to the 
• Def. II, Segment A DB, and fiiliilar Segments of Cirdfss are ♦ 
if this* fuch which include equal Angles $ the Angle ACB 

will be equal to the Angle A D B ; the putwiird one 
•J-I6. 1, to the inward one; wluch is f ^l^^^^^^* Thercferei 

Jbnilar and ttneqttat SigmetUs oftw* drcUi canmt Hftt 

upon thtfame Right Lint^ and m the fame Side tk^iPf^ 

which was to be demonftratcd. 

PROPOSITION XXIV. 

Theorem. 

/Similar Segments of Circles^ being ufffiH e^ual 
Rigkt Lineiy art. equal t^ onf et^Qtber, 

T E T A ;E B, C FD, be finailar Segments of Gir- 
*^ cles, ftanding upon the equal JElight Lines A B^ 
C D. I fay, the Segment ^.E B is equal to the Se£* 

mcntCFa. 

For the Segmedt A £ B being applied to the S^-. 

ment C F D, fo that the Point A coincides with C^ 

and the Line A B with C D ; then the Point B wilt 

coincide with the Point D) finee A B and C D art 

equaU 
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equal. And Cacc the Rigbr Line AB coincides with 
C D, the Segment A £ B will coincide with the Seg^* 
aient C FD.- For if^ at the fame Time that AB 
CQBicides with C D» the Segment A £ B fhould not 
coincide wkb the Segment CFD, byut be otherwise, 
a$ C GD ; then.ai Circle would cut a Circle in more 
Points than two, vi%^ in the Points C« G, D ; which 
is ^ impoflible. Wherefore, if the Right Line A H^iotftbi*. 
coincides vflth C D; the Segment A E B will coincide 
with, and be equal to, the Segment C F D. There-^ 
fbre» Jtmikor Segmettit of Circles^ being upon equal Right 
Lifiesy are eqnal ta one another ; Which was to be de- 
monftrated. 

« 

PROPOSITION XXV. 

P R o'b L E M. 

A Segment of a Circle being given, to defcribe the 
Qrtle whereof it is thi Segment. 

T ETABCbea Segment of a Circle given. It 
■*^ is required to defcribe a Citde, whereof A B C i« 
a Segment. 

Bifea * A C in D, and let D B be drawn f from* lo. i., 
the Point D at Right Angles to A C ; and join A B. f ii. i. 
Now the Angle A B D is either greater, equal, or lefs^ 
than the Angle BAD. And firft let it be greater, 
and make % the Angle B A £ at the given Point A,t 23* '• 
with the Right Line B A, equ;»l to the Angle A B D j 
pro(iuce B D to £, and join EC. 

Tlipn, becaufe the Angle A B E is equal to the 
Angle B A£, the Right Line B E will be * equal to* ^* »• 
£ A. And becaufe A D is equal to D C,, and D E 
common, the two Sides A D, D E, are each equal to 
the two Sides C D, DEj and the Angle A'D E is 
fqual to the Aiigk C D E ; for each is a Right one, 
TherefoFe the Bafe A Eis equal to the Bafe £ C. But 
A E has been proved to be equal to £ B. Wherefore 
3 £ is. alfo equal to £ C. And accordingly the three 
Rfgbt Lines A E, £ B, E C, are equal to each other. 
Therefore a Circle dcferibed about the Centre E, with 
either of the Diftances A E, £ B, EC, f fl^all pafs 1 9 */'^' 
thfo' the pther Points, and be that required to be de- 
scribed. But' it is manifeft, that the Segment ABC 

G 4 is 
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is lefs than a Semicircki becaufe the Centre thereof 
is without the fame* 

But if the Angle ABD be equal to the Angle 
B A D s then if A D be made equal to B D, or DC, 
the three Right Lines AD, B D, DC, are equal be- 
tween themfelves, and D will be the Centre of the 
Circle to be defcribed, and the Segment ABC is a 
Semicircle. 

But if the Angle A B D is lefs than the Angle 
BAD, let the Angle B A E be made, at the given 
Point A, with the Right Line B A, within the Seg- 
ment ABC, equal to the Angle ABD. 

Then the Point E, in the Right Line D B, will, 
by firguing as before, appear to be the Centre, and 
A B C a Segment greater than a* Semicircle. There- 
fore, a Circle is difcribed^ whereof ft Segment is given | 
yrhich was/to be done. 

PROPOSITION XXVI. 

Theorem. 

In equal Circles^ equal Angles Jiand upon equal 
Circumferences^ whether they be at their Cen- 
tres^ or at their Circumferences^ 

LET ABC, DE^, be equal Circles; and let 
BGC, EHF, be equal Angles at their Cen- 
tres; and B AC, EDF, equal Angles at their Cir* 
cumferences. I fay, the Circumference B K C is 
equal to the Circumference ELF. 

For, let B C^ E F, be joined. Becaufe A B C, 
D E F, are equal Circles, the Lines drawn from their 

X Def, I. Centres will J be equal. Therefore the two Sides 
B G, G C, are equal to the two Sides EH, H F ; 
and the Angle G is equal to the Angle H. Where- 

• 4. 1. fore the Bafe B C is * equal to the Bafe E F, Again'^ 
becaufe the Angle at A is equal to that at D, the 

f Dtf, u. Segment B AC will be f fimilar to the Segment 
EDFj and" they are upon equal Right Lines B C, 
E F. But thofe fimilar Segments of Circles, that are 

t %^oJ tbiu^?on equal H>ght Lines, are % equal to each other, 

'^ Def, 11, Therefore the Segment BAC will be f equal to 
the Segment EDF. But the whqle Circum- 
fprpnce ABivCA is equal to the whole Circumference 
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DELFD. Therefore the remaining Circumrerence 
B K C fhail be equal to the rematniag Circumference 
ELF. Therefore, in e^ual Circlis^ $qual AngUs Jiand 
up^n equal Circumferences ^ whether they be at their Cen-^ 
ires J or at their Qircumferences ; whicii was to be de- 
monftrated. 

PROPOSITION XXVII. 

Theorem. 

Angles^ that ftand upon equal Circumferences in 
equal Circles^ are equal to each other ^ whether 
they be at their Centres y or Circumferences. 



L 



E T the Angles B G C, E H F, at the Centres of 
the equal Circles ABC, DEF, and the Angles 
B A C, E D F, at their Circumferences, ftand upon 
Hie equal Circuniiferences B C, E F. I fay, the An- 
gle BGC is equal to the Angle EHF; and the 
Angle B A C to the Angle E D F. 

For if the Angle B G C be equal to the Angle 
EHF, it is manifeft, that the Angle BAC is alfo 
equal to the Angle E D F : But if the Angle B G G 
be not equal to the Angle EHF, let one of them be 
the greater, as B G C, and make * the Angle B G K, * *S* «• 
at the Point G, with the Line BG, equal to the An- 
gle € H F. But equal Angles ftand f upon equal t*^ •/'*«• 
Circumferences, when they are at the Centres. 
Wherefore the Circumference B K is equal to the Cir- 
cumference E F. But the Circumference E F is 
equal to the Circumference B C. Therefore B K is 
equal to B C, a lefs to a greater, which is abfurd. 
Wherefo^e the Angle BGC is not unequal to the 
Angle EHF, and fo it muft be equal to it. But the 
Angle at A is pne half of the Angle BGC} and the 
Angle at D is one half of the Angle EHF. There- 
fore tthe Angle at A is equal to the Angle at D. 
Wherefore, Angles ^ that Jiand upon equal C&rcumferences 
in equal Circles^ are equal to each otber^ whether they be 
fit their Centres, or Circurriferences \ which was to be 
()e|Qpni|ra(ed> 
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PROPOSITION XXVIIL 

Theorem. 
In equal Circles^ equal Right Lines cut off equal 
Parts of the Circumferences ; the greater Pari 
of the one Circumference equal to the greater 
Pari of tik other ^ and the Uffer^ equal to the 
lifer. 






E T A B C, D E F, be equal Circles, in which 
' are Che equal Right Dnes BC, £ F, which cue 
cff the greater Circumferences B A C, £ D F, and 
the Icffcr Circumferences B G C, E H F. I fay, the 

Jrealer Circumference B A C is equal to the greater 
circumference £ D F| and the lefler Circum&renct 
B G C to the le&r Circumference £ H F. 

For afTume the Centres K and L of the Circles ;. 
andjoifiBK,KC, EL, LF. , 

Becaufe the Circles arc equal, the Lines drawn 
^Def.i. from their Centres * are alfo equal* Therefore the 
two Sides B K, KC, are equal to the two Sides E Lt 
L F ) and the Bafe B C is equal to the Baie £ F. 
1 1» I. Therefore the Angle B K C is f equal to the Angle 
t i6^ff ilr'f.E L F. But equal Angles ftaod X upon equal Cir* 
cumferenccs, when they are at the Centres. Where- 
fore the Circumference B G C is equal to the Circum^ 
ference £HF» and the whole Circumference ABGCA 
.equal to the whole Circumference DEHFD ; and (o 
the reiaaining Circumference B A C fhall he equal to 
the reosaifling Cincun^fo'ence £ D F. Therefore, im 
equal CircUi^ equal Right Lines cut eff equal Parts $f the 
Cmum/erences i which was to be demooftrated. 

PROPOSITION XXIX- 

Theorem* 

Jn equal Circksy the Right Lines ^ which fuhiend 
equal Circumferences^ are equal. 

LE T there be two equal Circles, A B C, D E F i 
and let the equal Circumferences B G C, £ H F, 
be aflumed in them, and B C, £ F, joined. 1 fay, 

the 
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the Right Line BC is equal to the Right Line 
EF. ' 

For, find * K and L, the Ontr^s of the Circlet }• s ^Oiu 
tindjoin B K> K C, £ L, L F. 

Then, becaufe the Ciirumference B G C ifi equal 
py the CircumfervBce £ H P, the Angle B K C fiiall 
be t equal to the Angle ELF. And becaufe theCilr-t«7*/<^ 
cles ABGCA, DEFU^D, are equal, the Lines drawn 
from their Centres (hall be J equal. Therefore thet ^f' «• 
two Sides B K, K C) are equal to the two Sides £ L, 
i< F-j and tbejrcdnfiain equal Angles : Wherefore the 
Bafe. BC 18 t equal to the Bafe £F. And fo, iJif 4.U 
fqual Circlis^ the Right Lints^ which fuhund equal Cir^ 
ftfofmi^iSii^'i 9fwUy wlioh was to hedcmonftratedL 

PROPOS.ITIQN XtX, 

■ . . , ... 

pR.O.Bi.1 M. 

T(i cHt 'gimn^ Circumference inig iioa eqwd 

Parfs. 

* « 

T £T tbe^ivaii Qr^umftreoce bf A D B» It is re- 
4^ quired to cut the fame int^ two equal Parts. 

Join A B, wbich Wt& ''^ in C ; and let the RiglH* ^' <• 
line C P l^ drawn fror^^ the Point C at Right An^es 
to A B t > *iid join A D, D B. f ,1. ,. 

' If oW| biecauie A C is equal to C B» and C D ia 
jCOjxipAn, the two l^ide^ A C, CD^ are equal to th^ 
|W9 Sid^sB C, C Di but the Angle A C D ia equal 
p the Angle BCD; for each of tbem is a Right 
An&le: Th<erefore the Qate AD is f equal to thet4*'« 
BateBD. But equal Right Lines cut toff equal (xSi/iM 
Pir^umferences* Wherefore the Circumference AD 
£ball be equal to the Circumference B D. There-* 
lore, a given Circumfer$ni$ u cut inU IW9 iffial Parts i 
^hich was to be done. 
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PROPOSITION XXXI. 

Theorem. 

/» a Circle^ the Angle that is in a Semicircle^ ilr a 
• Rigb4 Angle ; tut the Angle in a gfeatef Seg^^ 
■ ment is kjs than a Ri^bt Angle ; and the Anglt 

in a lejfer Segment,^ greater than a Right Angle :. 

Morc6v€r\ . tHe Ar^gle^ofr a greater Segment is, 
'J greater thfin a Right Angle j and the Angle af^ 

a leffer .Segment is lejs. ihanxsRighl AjfgU. ... 

T £ T there hC' a Circk A« B DtC, » whofe . Diameter' 
^--^ is B C, and Centre E j and join B A, A C, A D, 
DC. I ,fay,, the, Angle, wl^icb k M^ tfee Scinicirclc 
B A C is a Right Angle i ^it Which is fn the Seg- 
ment ABC being greater than a bemicircle, viz, the 
Angle A B C is lefs than*a' Rvglk Angle ; and that 
ivhich is in the Segment A D C being lefs than a Se> 
irticircle ■; that is, the Angle A DC' fe greater tharf i 
Right Angle. 

For, join A E, and produce B A to F. 
- Theft, bccaof^ BE is equal to EA, the'Artgli^ 

• 5- »• E A B Ih'all be. * equal to the Angfe E B A. And 

'» • " bccaufe A 'E is'cqualto E C, the Ar»gle AC E ^111 be 

^ equal to the Angle C A E. Therefore the Whole 

,i.'i ;Angle BAC, is equal tothe two Angles A B C,* 

A C B '; but the Angle F A C, being without the Tri- 

+ 3t. X. angle A B C, is + equal to the two Angles A B C, 
A C B ; therefore the Angle B A C is equal to the* 

J Z)«/ 10,1. Angle FAC; and fo each of tftf^m'is J a Rjgh't An- 
•' * gie. 'Wherefdiei thlf An^le B A C^ in a Semicircle^ is^ 

•;» -. a Right Angle.'- And becaufe the two Angles A BC, 

•17. X. BAC, of the Triangle ABC*, are lefs than two 
Right. Angles^ and BAC is a Right Angle ; theny 
A B C-/V lep than a Right Angle ; and is^ in the Segment 
ABC, greater than a Semicircle,- ... 

And fince A B C D is a quadrilateral Figure in a 
Circle, and the oppofite Angles of any quadrilateral 

1 22 j/'/'/5. Figure defcribed in a Circle are f equal to two Right 
Angles ; the Angles ABC, AD C, are equal to two 
Right Angles j and the Angle A B C is lefs than a 
Right Angle. Therefore, the remaining Angle ADC 

4 will 
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' tuiU hi greater than a R^ht Angle y and is in the Seg^ 
ment A JL> C, which is U/s than a Semicircle. 

I fay, moreover, the Angle of the greater Segment 
contained under tbe Circumference ABC and the 
Right Line A C, is greater than a Right Angle; and 
.the Ahgle oi the lefler Segment, contained under the 
Circuoiference A D C, and the Right LiiteAC, is 
. lefs than a Right Angle. This manifeftly appears ; . < 
/or, bccaufe the Angle contained under the Right • 

Lines B A, AC, is a Right Angle \ the Angle con- 
tained under the Circumference ABC, and the Right 
Xine A£, will be greater than a Right An^le. Again, 
- becaufe the Angle contained under the Right Lines 
C A, A F, is a Right Angle, therefore the Angle 
which is contained under the Right Line AC, and 
the Circumference ADC, is lefs than a Right An- 
gle. Therefore, in a Circle^ the Angle that is in tbe 5^- 
piicircle is a Right Angles hut the Angle in a greater Seg" 
ment is lefs than a Right Angle ; and the Angle in a lefjer 
Segment^ greater than a Right Angle : , Moreover, the 
.Angle of a greatiK Segment is greater thqn a Right Angle ; 
and the Angle of a leffer Segment is lefs than a Hight Aru^ 
^le ; which was to be demonftratedr 

PROPOSITION XXXfL 

Theorem. 

If any Right Line touches a Circle^ and a Right 
Line be drawn fuom the Point of Contact cutm 
ting the Circle ; the Angles it makes with the 
Tangent Line^ will be equal to tbofe which are 
made in the alternate Segments of the Circle. 

T E T any Right Line E F touch the Circle A B C D 
-■^ in the Point B, and let the Right Line B D be* 
any how drawn from the Point B, cutting the Circle. 
I fay, the Angles which B D mak<^ with the Tangent 
Line E F, are equal to thofe in the alternate Segments 
of the Circle \ that is, the Angle F B D is equal to aa 
Angle made in the Segment DA B, viz, to the Angle 
DAB; and the Angle DBE equal to the Angle 
D C B, made in the Segment DC B. For,^ 

Draw 



* II. X. Draw * B A, from the Point B, at R«gbt Angles to 
£ F ; and take any Point C, in the Ctrcumferenoe 
B D ( and join A D, D C, C B. 

Then, becaofe the Right Line £ F touchet the Ciiw 
de A B C D in the Point B ; and the Right Line B A 
19 drawn from the Point of Contact B, at Right An* 
gles to the Tangent Line j the Centre of t^ Circle 

Yx9«/'Ai*i.ABCD will t be in the Right Line BA} and (b 
B A is a Diameter of the Circle, and the Aingle 

1 31 •/rA/f. A D By in a Senicircle is t a Right Angle. There- 

•3ft. i« fofc ^^^ other Angles, B A D, A B D) are * equal to 
one Right Angle. But the Angle A B F is «]fo » 
Right Angle : Tlierefore the Angle AB F is equal to 
the Angles BAD»ABD; and if A BD, whicfais 
common, be taken away, then the Angle DBF, re* 
maioing, will be equal to that which is in the alternate 
Segment of the Circle, viz. equal to the Angle B A Ou 
And becaufe A B C D is a quadrilateral Figure in t 

fsaf^fiff. Circle, the oppofite Angles thereof are f ^ual so two 
Right Angles ; therefore the Angles D B F, D B £, 
will be equal to the Angles B A D, B C D. But 
BAD has been proved to be equal to D B F ; there* 
fore the Angle D B £ te equal to the Angle made in 
D CB, the alternate Segment of the Circle, viz* equal 
to the Angle D C B. Therefore, i/ any Right Ling 
Uucbis a CinUj and a Right Line be drawn from the 
Point ofContait cutting the Circk ; tbi jfnglos it makes 
tuifb the Tangent Line^ will be equal to thoje which are 
' made in the alternate Segments ef the Circle i which was 
to be demonftrated. 



PROPOSITION XXXIIL 

Problem. 

ST^ defcrihe upon a given Right JJrie^ a SegmiMl 
of a Circle^ which jhall contain an Angle j equal 
. t$ a given Right' lined Angle. 

L£ T the given Right Line be A B, stnd C the gi ten 
Ri^t-ltned Angle. It is required to deicribe the 
Segment of a Circle upon the given Right Line AB9 
containing an Aiigley equal to the AAglc C 

At 
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At the Point A, with the Right Line A B, make 
X the Angle BAD equal to the Angle C, and drawt sj* i« 
• A E from the Point A, at Right Angles to A D,* ii. u 
Likewife bifed f A B in F, and let FG be drawn f i«. g. 
from the Point Fy at Right Angles to A 6 ; and join 
GB. 

Then, becaufe AF is eoual to FB, and FG b 
common, the two Sides A F, F G, are equal to the 
two Sides B F, F G s and the Angle A F G is equal 
to the Angle B F G. Therefore the Safe AG is 1 1 4* •• 
equal to the Bafe G B. And fo, if a Circle be de* 
fcribed about the Centre G, with the Diftance A G» 
this (hall pafs thro' the Point B. Defcribe the Cif* 
ck, which let be A B £, and join £ B» NoW, be- 
caufe A D is drawn from the Point A, the Extremity 
of the Diameter A £, at Right Angles to A £, . the 
faid AD will * touch the Circle. And fince the^Ci''*^^*^ 
Right Line A D touches the Circle A B £» and the^' 
^.ight Line A B is drawn in the Circle from the PoiQt 
of Contad A, the Angle D A B is f equal to the An- f 32 ^tii»^ 
gle made in the alternate Segment, vi%. equal to the 
Angle A £ B. But the Angte D A B is equal to the 
Angle C. Therefore the Angle C will be equal tQ 
the Angle A £ B. Wherefore, ibe Segment 9f a Circh 
A £ B /V defcribed upon the given Right Line A B, con^ 
tinning etn Angle A£B, equal i9 a given Angle C$ 
which was to be done. 

PROPOSITION XXXIV. 

Problem. 

To cut off s Segment from a given Circle^ thai 
Jhall contain an /fngle^ equal to a given Right* 
lined Angle. 

T E T the given Circle be A B C, and the Right- 
^^ lined Angle given D. It is required to cut oS a 
Segment from the Circle ABC, containing an Angle 
equal to the Angle D. 

Draw 1 the Right Line £ F, touching the Circle in 1 17 ^ttk. 
the Pcint B, and make ♦ the Angle F B C, at the Point • 2.3. 1, 
B, equal to the Angle D. 

Then, becaufe the Right Line £ F touches the Cir- 
tie A B C in the Point B, and B C is drawn from 

the 
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* 32 ^ihii.Ac Point of Contaa B ; the Angle F B C will be * 
equal to that in the alternate Segment of the Circle; 
but the Angle F B C is equal to the Angle D. There* 
fore the Angle in the Segment B A C will be equal to 
the Angle D. Therefore, the Sigment B A C is ctd 
»ff from the given Circle ABC, cintmning an Angk 
equal to the given Right-lined Ai^k D i which was to 
be done. 

PROPOSITION XXXV. 

Theorem. 

If two Right Lanes in a Circle ntutually cut each 
otber^ the ReBatigle contained under the Seg^ 
ments of the one is equal to the ReSangle under _ 
the Segments of the other. 

I N the Circlc^A BCD, let two Right Lines mutu- 
^ ally cut each other in the Point E I fay, the Re<3- 
angle contained under A £ and £ C is equal to the 
Re(^ngle contained under D E and E B. 

If A C and D B pafs through the Centre, fo that E 
be the Centre of the Circle A B C D ; it is manifeft, 
fince A E, E C, D E, £ B, are equal, that the Rc6l- 
angle under A £ and £ C is equal to the Redangle 
under D £ and £ B. 

But if A C, D B, do not pafs through the Centre, 
aflume the Centre of the Circle F; from which draw 
FG, FH, perpendicular to the Right Lines AC^ 
DB; and join F B, F C, F £. 

Then,becaufe the Right Line G F, drawn through 
the Centre, cuts the Right Line A C, not drawn thrb' 

*3«/i^ff. the Centre, at Right Angles, it will alfo blfe£t*the 
fame. Wherefore A G is equal to G C : And be- 
caufe the Right Line A C is cut into two equal Parts 
in the Point G, and into two unequal Parts in £, the 
Red^angle under A £ and EC, together with the 

t 5* *• Square of £ G, is f equal to the Square of G C. And 
if the common Square of G F be added, then the Redl^ 
angle under A £ and £ C, together with the Squares 
of £ G and G F, is equal to the Squares of C G and 

1 47* ?• G F. But the Square of F E is J equal to the Squares 
0/ £ G and G F, and the Square of F C equal X to the 

I Squares 
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Squares 6f C G and GF. Therefore the Re<5langte 
' .under A £ and £ C, together with the Square of F £, 

is equal to the Square of F C ; but CF is equal to 

F B. Therefore the Re<£tangle under A £ and £ Cy 

together with the Square of £ F« is equal to the Square 

ofFBi For. the fame Reafon, the Redangle. under 

D £ and JE B, . together with the Square of F £( is 

equal to the Square of F B. But it has been proved* 

that the.Re^angie under A E and £ C^ together with 

the Square of F £» is alfo equal to the Square of F B* 

Therefore the Rcftangle under AE and EG, toge- 
ther with the Square of FE^ is «qual to the Reflangle 

under D £ and £ B, together with the Square of F£. 

And if the common Square of F £ be taken away» 

then there will remain the Re&angle under A £ and 

£ C, equal to the Re£langle >under D £ and £ 0> 

Wherefore, ifftuif Right Lines in a Cinle mutually cut 

tick other i the ReUangk^ cmtaihed under the Segments of 
the oney is equal to the Redfangle^ under the Segments of 
th£ other i ^hich was to be demonftrated. 

P R O P O S I T I ON XXXVL 

..Theorem. 

tf fome Point bt taken withaut a Circle, and f torn 
that Point two Right Lines fall to the Circle^ 
one of ivbich cuts, the Circle^ and the other 
toucbis it ; the ReSiangle cdntained under the 
whole Secant Line^ and its Part between iB^ 
Convexity of the Circle and the affunted Pointy 
will be equal to the Square of ibe Tangent Line ^ 

LE T any Point D be aflumed without the Circle. 
. A B C^ and let two Right Lines D C A , D 3, fall 
from the, faid Point to the Circle ;' whereof D C A / 

cuts the Circle, and D B touches ft. I fa)^, the Red-, 
angle under AD and DC- is cqjal to the Square of 
DB. 

Now D C A either pafles thro* the Centre, or not.; i 
In the firft Place, let it pafs thro' the Centre of the 
Circle A B C, which let be fi, and join £ B. Then 

the Angle E B D is * a Right Angle. And fo, fmce* 18 aftbik* .| 

the Right Line A C is bifed^ed In E, and C D is added 

H thereto, 
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thereto, the Rectangle under AD and DO^-togffkkt 

• 6. 2. with t?he Square of E C, (hail * be «qutil lo tbe Sq«afe 

of £ D. ButE CIs ck)iial td E B$ wherefore the ^tdt- 
ftti^e undbr A D and D C, together with the Sqttase 
of £ fi 9 is equai to the Square df £ D. But the Sotiaiie 

1 47* X* of E D is t equal 16 the Squans of £B aiid B Di for 
the Angle E B D is a Kight Angle : Tbewfoce tbe 
Re6liingte under A D and D C, together With tfan^ 
Bquareof E B, is equal to the Squares of Ed and BD; 
•and if the cooimon Square of £B be taken away^ the 
ReAangle under A D and D C remaining^ wiii be 
^qual to the Square of the Tangent Liiie B IX, 
Now, Jet D C A not pafs thro' the Centre of the 

X I ofibiu Circle ABC; and find % the Centre E thereof, and 
draw E F perpendicular to A C, and join £ B, £C» 
E D. Therefore E F D is a Right Angl^. And be- 
caufb a R^ht Line EF, drawn thro' the Centre, cuta 
a Right Line A C, not drawn thro' theCentre» at Right 

• 3 oftbiu Angles, it will * bkiefb the fame ;. and fo AF iaequletl 

to F C. Again, fince the Right Line A C is bife^ied 
in F, and C D is added thereto, the Re£bangle under 
A D and D C, together with die Sc^are of jF C, wiU 

• 6. X. be * equal to the Square of F D. And if the com- 

mon Square of EF be added, then the Re£tangle 
tinder A D and D C, together with the Squares of F C 
and F £» is equal to the Squares of D F and F £• But 
the Square of O £ is equal to the Squares of DF and 
F E i for the Angle E F D is a Right one \ and the 
f 47. 1.. Square of ^ E is f equal to the Squares of C F And 
F E. Therefore the Rcfiangfe under A D and DC, 
together with the Square of C E, is equal to the Square 
of E b 5 but C £ is equal to E B. Whercfcire the 
IR-eftangle under A L) and D C, together wjtb the 
Square of £ B, is equal to the Square of £ D« But 
the Squares of £ B and B D are f equal to the Square 
of £ P ; fince the Angle £ B D is a Right one. 
Wherefore the ReSan^le under A D atid D C, toge- 
ther with the Square of £ B, is equal to the Squares of 
E B a^d B D. And, if the common Square of £ B be 
taken away, the Rcflangle under A D and D C, re- 
maining, will be equal to the Square of D B. There* 
fore, tf any Point be taken without a CircU^nndfrmi tha^ 
Point two Right Lines fall to the Circle^ om of which cuts 
the Circle f and the other tamhex it j. the Rt^langk contained 

unfikn 



pnJet ibe wbtU Svcam ILmj and its P^t bHWHn ihe 
.£WiVM/^ bf^ ike Qiy^ and tbi a^medPdrt^ wiil he 
)trififai t9 the SfmN ^fthi TitngeiH Line i whicii was to 
i« <leinobftrafie(k 

PRpfOS.ItiON XXXVII. , 

Theorem. 

iffom Point he taken without a Circle, and twd 
'^ :Ri^'bt Lines be drafX>nfrotn it tts the Circle^ fo 
that one cuts if, nni the other falls upon it ; 
^nd if the ReSangle under the whok S^^ant 
Line^ and tie Pari ihreaf without ih Circle^ 
ie tqual to the Sqmnt of the Linefaltinr upon 
r*f Cirek % then this iafi Line wit toneb the 
tfrcle. 

t E T fomfe Point D be aflumcd without tb« Orcle 
•■^ A B Cj and from it draw two Right Lines D C A, 
D B^ to the Circle, in fuch manner, that D C A cuts 
the Circle, and D B falls Upon it : And let the Red- 
angle under A D and D C be equal to the Square of 
DB. I fayj the Right Line t> B touches the Circle. 

For^ let the Right Line D E be drawn * touchingii lirfthH^ 
the Circle ABC, and find F the Centre J of the Cir- + , ^y,^-, 
tie; andioinEF,FB, FD. 

Then the Angle F £ D ia f a Right Ao^e; And| jg rfthi% 
Ibecaufe D £ touches the Circle ABC, and D C A 
cuts it, the Re£langle under A D and D C will be 
^ual to the Square of D £. But the Rectangle under 
A D and D C is :t^ equal to the Square of D, B. t Bj Ifyf^ 
Wherefore the Square of D £ (hall be equal to the 
Square of D B. And fo the Line D £ will be equal to 
the Line D B. But E F is equal to F B : Therefol-e 
the two Sides D£, EF, are equal to the two Sides 
D B, B F; and the Bafe F D is common. Where- 
fore the Angle D £ F is equal * to the Angle D B F : • i t* 
But D £ F is a Right Angle ; wherefore D B F is alfo 
a Right Angle, and F B produced is a Diameter. But 
a Right Line drawn at Right Angles, on the End of 
the Diameter of a Circle, touches the Circle } there- 
fore Bp neceffarily touches the Circle. We prove 
this in ihe fatiii manner, if the Centre of the Circle be 

H 2 in 
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in the Rrght Line C A« Ify therefore, any Point in tf- 
fumtd tvitbotii « Circle^ and two Sight lAms bt drawn 
from it to the Qrckyfo tbat^sm ^ts it y and the other folk 
upon it$ and if the Reff angle under the whole Seiont 
Liniy and the Part thereof ^ without the Circle ^ he equal to 
the Square of the Line falling upon the Circle i then this 
U^ Jaine will touch the Circle \ which was to be de* 
monftrated. 

C^ro//. Hence, if from any Pointy without a Circle, 
. ieveral' Right Lines A B, AC, are drawn, cutting 
the Circle, the Redangles copiprehended under 
the whole Lines A B, A C, and their external Parts 
A E^ A F, are equal between thetr/elves* For, if 
the Tangent A D be drawn, the Re^angle under 
>^ B A and A £ ii equal to the Square of A D ; and the 
Rediangie under C A and A F is equal to the feme 
Square of A.D: Therefore the Re^anglb fhall be 
equal. 



^be End of the Thtird Book. 
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DEFINITIONS. 

» - * 

L J Right Ainei Figure is f aid io It infcribedin 
a Right' lined Figure ^ when tvery one ef 
the Angles of the infcribed Figure touches every 
6ne of the Sides of the Figure wherein' it is tn^' 



II. In like Manner a Figure isfaidto be defcribed 
about a Figure^ when every one of the Sides of 
the Figure^ circumfcribed, touches every one of 
the Angles of tie Figure^ about which it is cir^ 
cumfcnbed. ' ^ . .■ > 

III. A Right-lined Figure is faidjo be infcribed 
in a Cirdey ijohen every one of the Angles of 
that Figure which is infer ibed^ toff^hes theCir^ 
cumfjerence of the Circle. 

IV. A Right-lined Figure is faid to be defcribed 
about a Circle ^ when every one of the Sides of 
the circumfcribed Figure touches the Circum- 
ference of the Circle. 

V. So likewife a Circle it faid to be infcribed in a ' 
Right-lined Figure^ when the Circumference of 

\: H3 ibe 
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the Of^le touches all the SiJ^s of th^ Fig§^ in 

Hjifhick it is infcribed* 
VI . A Circle is /aid to be defcribed about a Figure^ 

when the Circumference of the Circle touches all 

the Angles of the Figure which it ^rcumfcribes. 
VIL ARigbilJiie is faid to ie appBed in a Cir^ 

clCj when its Extremes are in the CircumfercHct 

of the Circle. 

PROPOSITION I. 

Problem. 

7o apply a Right Line in a git/en Circle^ equal fa 
a given Right Line^ whofe Length ddes not 
exceed the Ijiameter of the Circle. 

LE T the Circle given be A B C, and Ac given 
Right Line, not ^cater than this ' Oiaineterl 
be D. It is rrqutrcd to apply a Rig:ht Line in 
tie Circle A B C, equal to the Right Line D. 

Draw B C the Diametidr of the Circle ; tbeit» if 
B C be equal to D, what w^s required t9 4^i)e : For 
in the Circle ABC there is applied the Right Line 
B C, equal to the Right Line D : But if not, t)ie Dt* 
► 3. X. aincter B C is greater than D, and put ♦ C E equal to 
p ; and about the Centre C, with the DKtance C E, 
Iw the Chtrie A E P be defcribed ; and join C A.^ '" 
Then, becaufe tke Point C is the Centre ottht Cir- 
cle A E F, C A will be equal to C E ; but D is o^al 
lo C £. Wherefore C A is equal to D. And fo, i» 
the Circle ABC, there is applied a Right Linf C A, 
ejual to the given Right Line D, not greater than the /)/• 
ameter ; which was to be doriC.' 



PRO- 
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PROPOSITION 11. 

Problem. 

In a givtn Circle io defer ibe a Triangle equian* 
gular io a given Triangle. 

T E T A B C be a Circle given, and D E F a given 
^^ Triangle, It is require^ to defcribe a Triangle 
in the Circle A fi C, equiangular to the Triangle 
DE F, Draw the Right Line G A H touching • the* 17. 3. 
Circle A B C in the Point A ; and with the Ri&ht 
Line A H, at the Point A, make f an Angle H A C,t »3- » 

. equal to the Angle D^t. Likewife, at the fame 
Poiot A, with the Line A G, make the Angle GAB 
equal to the Angle D F E ; and join B C. 

Theii, became the Right Line HAG touches the 
Circle A B C» and AC is drawn from the Point of 
ContaA in the Circle, the Angle H A C (hall be ]:t 3** 3« 
equal to A B C, the Angle in the alternate Segment of 
the Cirt;le. But the Angle H A C is equal to the An- 
gje D E F ; therefore affo the Angle A B C is equal to 
the Angle D E F, For the fame Rcafon, the Angle 
ACS IS likewifc equal to the Angle DFE. Where- 
fore the other AjTgIc B A C (hall be f equal to the t Cor. %. 
other Angle E'D F. And, codfequently, thi Triangle 3^' »• 
ABC is equiangular to the Triangle D £ F, and is de* 

foribedin tbeX^ircle A 6 C j which was to be done. 

PROPOSITION III. 

Problem. 

jfffouf a given Circle to defcrih a Triangle ^ equi- 
angular io a Triangle given, 

T E T A B C b^ the given Circle, and D £ F the 
•*^ given Triangle. It is required to defcribe a Tri- 
angle about the Circle ABC, equiangular tu the 
Triangle DEF. 

Produce the Side E F, both Ways, to the Points 
G and H, and find the Centre of the Circle K, and 
a^y bow draw the Line K B. Then ac the Point K, 

H 4 with 
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• 23. 1, with K B make * the Angle B K A equal to the Angle 
D E G ; and the Angle B K C, at the fame Pqint K 
on the other Side the Line K B, equal to the Angle 
tnS' D F H ; and thro' the Points A, B, C, J let the Right 
Lines LAM, MBN, NCL, be drawn, touching 
the Circle ABC. 

Then, becaufe the Lines L M, M N, N L, toueh 
the Circle A B C in the Points A, B,C,and theLine^ 
K A, K B, KC, are drawn from the Centre JC to the 
Points A, B, C ; the Angles at the Points A, B, C, 
1 1^-3' will be f Right Angles. And becaufe the four An- 
gles of the quadrilateral Fjgure AM B K are equal to 
four Right Angles (for it may be divided in^o two 
TrianiJ.Iesj, and the Angles K A M, K B M, are 
each Right Angles ; therefore the other Angles 
A K B, A M Brare equal to two Right Angles. But 
DEG, DEF, are equal to ^wo ?.ight Angles; 
therefore the Angles A K B, A M B, are equal to the 
Angles P E G, DEF, whereof A K B is equal to 
D £ G. Wherefore the other Angle A M B is equal 
to the other Angle D EF. |n like manner we dcr 
monftrate, that the Angle L N B ^ equal to the An- 
lC*r.^. gle DFE. Therefore the other Angle M LN is :(: 
?*• '• equal to the oth^r Angle E D F. Whcr^/ore, the 
Triangle L N M is equiangular to the Triangle D E Fjj 
and is d^Jcribed (\botit the Circle A B C ^ which wa^s tq 
be done. 

PROPOSITION IV, 

Problem. 
To infcribe a Circle in a given Triangle. 

T E T A B C be a Triangle given. It is require^ 
■*^ to infcribe a Circle in the far^ie. 

* 9' >• Cut * the Angles ABC, B C A, into two equal 

Parts by the Right Lines B. D, DC, meeting each 
other in the Point D; and froni this Point drawDE^ 

t la* ?• D F, D G, t perpendicular to the Sides A B, B C, A C. 
. Now, becaule the Angle E B D is equal to the An- 
g'C F B D, and the RiiTht Angle B E D is equal to the 
Ri^ht Angle BFD; then the two Triangles E BD,j 
DBF, have two Angles of the one, equal to two An- 
gles of the other, and one Side D B common to boih, 

viz. 
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viz. that which fubtends the equal Angles ; therefore 
the other Sides of the one Triangle ihall be ♦ equal to*»f' »• 
the other Sides of the other ; and fo D £ (hall be equal 
to P F. And, for the fame Reafon> D G is equal to 
D F; therefore DE is alfo equal to D G : And fo 
the three Right Lines D E, D F, D G, are equal 
between themfelves. Wherefore a Circle defcribed 
about the, Centre D, with either of the Diftances D E^ 
DF, DG, will alfo pafs thro* the other Points. And 
the Sides A B, B C, A C, will touch it ; becaufe the 
Angles at J^, F and G, are Right Angles. For if it 
(hould cut them, a Right Line, drawn on the Extre- 
ipit^ of the Diameter of ^ Circle at Right Angles, 
will fall within the Circle ; which is • abfurcj. ♦ i<« t* 
Therfsfprc a Circle defcribed about the Centre D, 
with cither of the Diftances D E, D F, D G ; will 
liot cut the Sides A B, B C, C A ; wherefore it will 
touch them, and will be a Circle defcribed in the 
Jriangic ABC, Therefore, the Circle EF G is di- 
fcrtheiin the given Triangle ABC; which was to be 
done, 

PROPOSITION V. 

Problem. 
To deferihe a Circle about a given Triangle. 

TETABCbea given Triapglc It is required 
•*^ to defcribe a Circle about the fame. 

Bifeft * the Sides A B, AC, in the Points D, E ; • lo. i. 
from which Pointslet D F, E F, be drawn t at Right f n. i. 
Angles to A B, A C, which will meet either withia 
the Triangle ABC, or in the Side B C, or without 
the Triangle. 

Firft, Let them meet in the Point F within the 
Triangle ; and join B F, F C, F A. Then, becaufe 
A D is equal to D B, and D F is common, and at 
Right Angles to A B ; the Bafe A F will be % equal J 4.1. 
to the Bafe F B. And after the fame manner we 
prove, that the Bafe C F is equal to the Bafe FA. 
Therefore alfo is B F equal to C F : And fo the three 
Right Lines F A, F B, F C, are equal to each other. 
Wherefore, a Circle defcribed about the Centre F, with 
' either of the Dijiances, FA, FB, EC, will pafs al/a. 

tbrf 
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thro' thi other P$ints^ $ni mil beaCircU difcrihU 
tiffQUi the Triangle ABC. . 

Secondly, Let D F, E F, meet each other in the 
Point F,, m the Side B C, as in the fecond ¥1^111^ ^ 
and joio A F, Then we prove, as before, ibat ih$ 
Point F ixthe Centre §f^ Circle defcribed about tbeTri* 
emgk ABC. 

IWUy, L«t the Right Lines D F, E F, meet one 
aootiier ag^in in the Point F, without the Triangle, 
a» in the third Figure ; and join A F, F B, F C. 
And beqaufe A D is equal to t> Bf and O F is com- 
mon, and at Right Angles, the Bafe A F fl^all be 
equal to the Bafe B F. Sp . likewife we prove, that 
C F is al& enual to A F. Wherefore B F is equal to 
C F. And U> ?gain, ;/ a Circle be de/cribed en the Cen- 
tre Y, witheithfroftbeDiftancesFA^ FB, FC, it 
willpqfs thro* the other PtiniSyandw^ll be defer ibedabej^ 
the Trhngle A B C | which was to be done, 

CoroIL ti a Triangle be Rlg^ht-ai^ed, the Centre 0/ 
the Circle falls in the bide oppoflte to the Right 
Angle ; if acute-angled, it falls within the Tri- 
angle ; and if obtufe-angl«d, it faUs wiihout the. 
Triangle. ' 

■ 

PROPOSITION VI. 

Problem. 
^0 i9^mhe a Sijtiau in a given Circle. 

T E T A B C D be 8 Circle given. It is required 
"*^ tp infcribe a Squ^e within thjc fame. 

Draw AC, D B, two Diameters of the Circle^ 

f II. I, cutting one another at Right Angles f ; and join A B> 

BC,CD,DA. , 

Thftn, becaufe B E is equal to E D (for E is the 

Cemre), and E A is comm^n^ and s^t Right Angles 

•4, 1. to B D, the Bafe B A &all be * equal to the Bafe 

AD; aind for the fame Reafon BC, CD, B A, and 

A D^ are all equal to each other. . Therefore the 

quadntJateral Figure A B C D is equilateral. I fay, 

k is alfo r«&atlgular. For, becaufe the Right Lipe 

D B it It Dian^ter. of th< (^'ndfi A B C P^ therefore | 

BAD 



BAD will be a Semicircle. Wherefore the Ang^ 
B A D i? * a Ri^t Angle. Anil for the fame Rea-* 3«* 3* 
ion, every one of the other Angles ABC, BCD, 
C D A, is a Right Ai^le. Therefore A B C D is a 
re£langgl9r quadrilateral Figure : But it has altb been 
proved to be equilateral. Wherefore, // fl>aU neeeC* 
purify be a Squareyond if infer ibed in the Circle A B C D | 

^bich was to be done. 

»• • ■ 

PROPOSITION VII. 

Problem. 
^0 d^crih a Square about a given Cirele. 

TETABCDbea Circle given. It is require* 
-r^ to dcfcribe a Soiiare about the fame. 

Dravf A C» B 0, two Diameters of the Cirde, 
cutting each other at Right Angles f ; and thro' thef 1 1. 1^ 

t^oints A, B, C, D, draw ♦ F G, G H, H K, K F, • „. 3. 
Tangents to the Circle A B C D. 

Tben, bfcaufc F G touches the Circle A B C D, 
and E A is drawn from the Centre £ to the Point of 
ContaA A, the Angles at A will be f Right Anises, f xS. 3. 
or the fame HeaH)n, the Angles at the I^oints 
, C9 D, are Right Angles. And fince theAngle 
£ 6 is a Right Angle, as aifo E B G, G H (ball Xt s3. i. 
bie parallel to A C, and for the fame Reafon, A C to 
K F. In this manner we prove Irkewife, that G F 
and H K are parallel to B E D ; and fo G F is pa- 
rallel to tt K. Therefore G K, G C, AK, F B, B K, 
are Parallelclgrams ; and fo G F is f equal to HK,t 34« '• 
and G H to F K. And fihce A C is equal to B D^ 
and ACteqiiil to either GH or FK; and BD 
equal to either G F, or H K ; G H, or F K, is equal 
to G F, or H K. ' Therefore F G H K is an equila- 
teral quadrilatetal Figure : I fay, it is alfo equiangu- 
lar. 'For, becaiife G B £ A is a Parallelogram, and 
A £ B is a Right Angle ; then AG B (hall be alfo a 
Right Angle; ' In lilce manner we demoni^rate, that 
the Angles at the Point» H, K, F, are Right Angles. 
Therefore the quadrilateral Figure F G H K is redan- 
^ular ; bnc it has been proved to be eqiiijateral like- 
wife. Wherefore, it muft necefariiy he a Square^ and 
i§ defcrihti ahsut the Cirde A B C D \ which was to 
be done. ' ' 

PRO- 
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PROPOSITION VIII. 
Problem. 

. To de/frih a Circle in a given Square. 

T E T the given Square be A B C D. It Is required 
"■^ to defcribe a Circle within the fame. 

• lo. 1. Bifea* the Sides AB, A D, in the Points F, E ; 

1 11 X. si"d ^i^i^^ t £ H thro' £, parallel to A B» or D C ; 
and F K thro' F» parallel f to B C, or A D. Then 
AK, KB, AH, HD, AG, GC,BG, GD, arc 

} 34. 1. aU ParaUelograais, and their oppofite Sides are % equaL 
And becaufe D A is equal to A fi, and A £ is half of 
A D, and A F half of A B, A E (hall be equal to A F; 
but the oppofite Sides are alio equal. Therefore F G 
is equal to G £• In like manner we demonftrate^ 
that G H, or G K, is equal to either F G, or G E. 
Therefore G £, G F, G H^ G K, are equal to each 
other : And fo a Circle, being defcribed about the Cen- 
tre G, with either of the Difiances G £« G F, G H^ 
G ILy will alfo pafs thro' the other Points, and (hail 
touch the Sides D A, A B, B C, C D ; becaufe the 
Angles at E, F, H, K, are Right Angles. For if the 
Circle fhould cut the Sides of the Square, a Right 
Line, drawn from the End of the Diameter of a Cir- 
cle, at Right Angles, will fall within the Circle ; 

•i6»}. which is • abfurd. Wherefore a Circle defcribed a- 
bout the. Centre G, with either of the Diftances G E, 
G F, G H, G K, will not cut DA, AB, B C, CD, 
the Sides of the Square* WherefQre, // JhaU mceffarilyi 
touch them^ and will be dcfcribid in the Square A B C D j 
which was to be done. 

PROPOSITION IX. 

Problem. 
Te defcribe a Circle about a Square given. 

LET ABCD bea Square given. It is required 
to drcumfcribe a Circle about the fame. 
Join A C, B D, mutually cutting one another in 
the Point E. 

And 
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And fince Q A is equal to A B, and AC is com- 
mon, th^ two Sides DA, AC, are equal to the twp 
Sides B A, A C j but the Bafe D C is equal to the 
Bafe B C. Therefore the Angle D A C will » be^ S. U • 
equal to the Angle B A C : And confequently the An- 
gle D A B is iyifeaed by the Right Line A C. In the 
. fame manner we prove, that e^h of the other Angles 
ABC, BCD, CD A, are bifeaed by the Right 
JJnesAC, DB. 

\ Then, becaufe the Angle D A B is equal to the 
Angle A B C, jand the Angle £AB is half of the .. 
.Angle D A B, and the Angle A £ B half of the An* 
gle A B C $ the A^gle £ A B (hall be equal to the 
, Angle £ B A : And fo the Side £ A is f icqual to thfe f 6. r. 
.Side £ B. In like manner we demonftr^te, that each 
of the Right Lines £ C, £ D, is equal to each of the 
Right Lines £ A, £ B. Therefore the four Right 
Lines £ A, £ B, £ C, £ D, are equal between them- 
felves« Wherefore, a Circle being defiribed about the 
Centre £, with either oftheDiflances E A, E B, £ C, ' ' '' 
£ D, wHla(fo pafs thro' the ather Point i^ and will be de^ ^ . * 
fcribed about the Square A B C D ; which was to be 
done. 

« 

PROPOSITION X. 

. ■ ' « 

P a O B L E M. 

« 

^0 make an Ifofceles Triangle^ having eiacb of the 
Angles at tbeSafe double to the other Angle. 

/^ U T ♦ any given Right Line A B in the Point C, • n. 2. 

^ fo that the Redangle contained under A B and 

B C be ^qual io the Square of A C ; then about the 

Centre A, with thci Diftancp A B Jet theCircle B D £ 

be defcribed ; and fin the Circle B D £ apply the Right f i ofthu* 

Line B D equal to A C ; which is not greater than the 

Diameter. This being done, join D A, D C, and de- 

fcribe % a Circle A C D about the Triangle A D C. t ^^fthit. 

Then, becaufe the Rectangle under A B and B C is 
equal to the Square of A C, and AC is equal toBD, 
the Redangle under A B and B C fball be equal to 
the Square of BD. And becaufe fome Point B, is 
taken without the Circle A C D, and from that Point 
there fall two Right Lines, B C A, B D, to the Cir- 



cle^ one of ivfaidi-cuts the Circle^ and the other falh 
on it ; and finee thckeftangle utkdtt Alt and BC is 
equal to the Sqnkte of Bt>^ the l^ight Line 6 D fliall 

• 37. 3. ♦ touch the OiTcIe A C D. And fihec B D tdtichei 

it, and D C is drawn froni the P&M t>f ContaA D^ 
the Angle B D C it equal to the Angle in the altef- 

tai* 3* nate Segment of the Cirde, viz. equal f to tfte Angle 
D A C. And fince the Angle B D C is- e^ual to tM 
Angle D A C ; if C D A, which is comtnon-, ht addei, 
the whole Angle B D A is equftl to the two Ahgles 

S 3»* I- C D A, D A C. But cbe outWaH Ai^e ^ C O b $ 
equal to C D A and D A C. Therefore B D A h 

• 5* I* equal to BC D. But the Angle B D A * is equal to 

the Angle CBD, becaufethe Side AD is equal to 
the Side A B. Wherefore DBA Ihail be tqual w 
BCD: And fo the three Angles BDA, DfiA'j 
BCD, are equal to each other* And fince the An*- 
|le D B C is equal to the Angle BCt^i the Side^B^ 

t 6. T. IS t ^ual to the Side D C. But 3 D it put equal to 
C A. Therefore C A is equal to C D. And fo thfc 

1 5. !• Angle C D A is t equal to the Angle DAG. There^i 
fore the Angles C D A, D AC, taken together, are 
double to the Angle D A C. But the Angle BCD 
is equal to the Angles C D A, and D A C> There-^ 
fore the Angle BC D is double to the Angle D A C* 
But B C D is equal to B D A» or D B A. Wherefore 
fi D A, or D B A, is double to D A B. Therefore, 
the Ifofceles TriangU A B D iV mad$^ having each Qfth'i 
Jfigtes at the Btifi douMe to ihi other Ahgte \ v^hicb was 
to be done. 

PROPOSITION XI. 

To defcrihe an equilateral and equiuftguUr P^a* 

ti^im in a given Circle^ 

LE T A fi C D E be a Circle given. It is required 
to defcribe an eqqilateral and eqttiat^gular Penta- 
gon in the faitie. 

• fi/tbls. Make an Ifofceles Triangfe F O Hi having ♦eatfh 

of the Angles at the Bafc<fH, doobfe tt> the othef 

Angle F J and defcribe ihc Triangle A DC in the 

fioftiiu Circle AB'CDE, equi^gulat t ta the Trtangle 

FGHj 
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1^ <^ H ; fo that the Angk C A D be €fquat t« thttfat 
F, and A C D, C D A, each eduil to the An|le3 O 6r 
H. Wherefore the Angles A C D; CD A^ir^ Jeadi 
dotthid to the Angle CAD. This being ^6ne^ We& 
tlic Angles* AC D, CD A, by the Rigte Lines* 9* t« 
CE, DB, andjoinAB, BC,DE, EA. 

Then, becamfe each of the Angles A C D^ C D A, 
is dbubte to CAD, and they are bife£ted by the 
Right Lines C£, DB; the five Anglei DAC» 
ACfe, ECD, CDBi BDA, are equk! toeiich 
other. But equal Angles ftand f upon eqaal Cif-t*^« Jt 
cumferences. Therefore the five Ciricumferences 
A B, B C, C D, D E, E A, are etjttal to «ifch other. 
But equal Circumferences fubtend % eqtitfl Ri^}>9*$« 
Lines. Therefore the five )R.ight Lines A B, BC^ 
C D, D E, E A, are equal to each other. Wherefore 
A B C D £ is an equiiateral Pentagon. I fay, it is 
alio equiangular : For becaufe the Circumference A B 
f« equal to the Circumference D E ; by adding th* 
Circumference BCD, which tscommon) the whole 
Circiumference A BCD is equal to the^holeCir- 
cuntfference EDCB: But the Angle AED'fiands 
oh the Circutnftrence A B C D, and B A E on\he 
Circumference EDCB; therefore the Angle B A JC 
is equal to the Angle A E D. For the fame Rleaf6n, 
each of the other Angles A B C, B C I>, C D £, k 
^qual to B A E, or A E D 5 wherefore the Pentagon 
A B C D E is equiangular. But it has been |>rove4 
to be alfo equilateral : And, consequently^ ibert is^ft 
equilateral and equiangular Pentagon infcribed in a given 
Circle', which was to be done. 

* 

PROPOSITION XIL 

pROBsLB.M. 

To defcrike an efuihteral and eqtdan^dar Pm^ 
' tagm aiouf a Circle given. 

T ET ABCDE be the given Circk. It is re- 
^^ quired to deferibe an equii^tieral and equiangular 
Pentagon about the fame. 

Let A, B, C, D, E, be the angular Points of a Pen- 
tagon fuppofed to be infcribed ♦ in the Circle ; fo that* By ii»f 
the Cifcumfef ences A B, BC, CD> DE, £A, bei^^^. 

equal i 
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aual ; at)d Jet the Right Lines G H,H Kf K L, LrM, 
G> be drawn, touching f the Cirde in the Points 
A, B, C, D, E : Let F be the Centre of the Circle 
ABCDE; andjoinFB,FK, FC, Ft, FD. 
. ^« Then, becaufe the Right Line K L touches the 

Circle A B C D E in the Point C, and the Right Line 
F C is drawn from the Centre J to C, the Point of 
} iS. 3. ContaS ; F C will be X perpendicular to K L ; and 
fo both the Angles at C are Right Angles, For the 
fame^ Reafon, the Angles at the Points B, D, are 
Right Angles. And becaufe F/C K is a Right An- 
• 47* x» gl€, the Square of F K will be * equal to the Squares 
of FC, CK: And for the fame Reafon, the Square 
of F K is equal to the Squares of F B, B IC. Thtt€*- 
fore theSquares of F C^ C K, are equal to the Squares 
of F By B K. But the Square of F C is equal . to th« 
Square of FB : Wherefore theSquare of C K fhall be 
equal to the Square of B K ; and fo B K is equal to 
C K. . . And becaufe F B is equal to F C, and F K is 
common^ the two Sides B F, F K, are equal to the 
two Sides C F| F K» and the Bafe B K is equal to th^ 
t 8. X. Bafe KC $ and fo the Angle B F K (hall be f equal 
to the Angle K FC, and the Angle B K F to the An- 
gle F K C. Therefore the Anjle B F C is double to 
the Angle K F C, and the Angle B K C double to the 
Angle F K C : For the fame Reafoti the Angle C F D 
is double to the Angle C F L^ and the Angle C L D 
double to the Angle CLF. And becaufe the Cir« 
cumference B C is equal to the Circumference C D, 
t »7- 3- the Angle B F C ihall be Jequal to the Angle CFD. 
But the Angle B F C is double to the Angle K F C, 
and the Angle DFC double to LFC. Therefore 
the Angle K F C is equal to the Angle C F L. And 
fo FKC, FLC, are two Triangles, having two An- 
gles of the one equal to two Angles^of the other, each 
to each, and one Side of the one equal to one Side of 
the other, viz. the common SideF C j wherefore they 
t a6. 1. fhall have t the other Sides of the one equal to the 
other Sides of the other ; and the other Ang)e'of th^ 
one equal to the.oxhcr Angle of the other. There- 
fore the Right Line KC is eqt^al to the Right Line 
C L, and the Angle F KC to the Angle JF LC; And 
fince K C is equal to C L, K L ihall be double to K C* 
Aivd by the fame Reafon, we proye that H K is double 

to 
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to B K. Again, becaufc B K has been proved equal 
to K C, and K L the double of K C, as alfo H K the 
idoublc of B K $ H K (hall be equal to K L. So like- 
wife we prove« that G H, G M and M L, are each 
equal to H K, or K L : Therefore the Pentagoa 
G H K L M is equilateral. I fay^ alfo it is equiangu* 
]ar. For becaufe the Angle F K C is equal to the 
Angle F L C, and the Aneje H K L has been proved ' 
to be double to the Angle F K C ; and alfo K L M 
double to F L C : Therefore the Angle H K L (hall 
be equal to the Angle K L M. By the fanoe Reafon 
we dejnonftrate, that every one of the Angles K H Gi 
H G M, G M L, IS equal to the Angle H.K L, or 
K L M. Therefore the five Angles, G H K, H K L^ 
K L M, L M G5 M G H, arc equal between them- 
felves. And fo, ihi Pentagon G H K L M i; tquiangu* 
lar \ and it has been proved likewife to be iquilateral^ and 
defcribed about the Circle A B C D £ j which v(ras t€t 
be done. 

PROPOSITION Xlil. 

Problem. 

To defcrthe a Circle in an equilateral and eqiiian'^ 

gular Pentagon. ^ 

T £ T A B v! D £ be an equilateral and'equiangu^ 
^^ lar Pentagon. It is required to infcribe a Circle 
in the fanne« 

Bifea ♦ the Angles BCD* CD Ej by the ftieht* 9. u 
Lines C F, D F ; and from the Point F, wherein CTF, 
DF, meet each other, let the Right Lines F B, F A* 
^ £, hp drawn. Now, becaufe B G is equal to C D^ 
and C F is common, the two Sides B C, C F, are 
equal to the two Sides' DC, CF -, and the Ang}« 
B C F is equal to the Angle D C F. Therefore the 
fiafe B F is t equal to the oafe I* D ; and the Triangle f 4' <• 
BFC equal to the Triangle D C F* and the other 
Angles of the one equal to the other Angles of the 
other, which are fubcended ~ by the equal Sides : 
Therefore the Angle C B F fhall be equal to the An* 
gle CDF. And becaufe the Angle C D £ is double 
to the Angle CDF, and the Angle C D £ is equal 
to the Angle ABC, as alfo C D F equal to C B F ; 

I the 
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the Angle C B A will be double to the Angle C B Fi 
and (o the Angle A B F equal to the Angle C B P: 
Wherefore the Angle ABC is bifcfted by the Right 
Line B F. After the fame manner we prove, that 
cither of the Angles B A E, or A E D, is bifed^cd hy 
the Right Line A F, or F E. From the Point F dravir 

• n. I, ♦ F G, F H, F K, F L, F M, perpendieular to the 
, Right Lines A B, B C, C D, D E, K A : Then, fince 
the Angle HCF is equal to the Angle KCF, an* 
the Right Angle FHC equal to the Right Angle 
F K C J the twoTriangles F H C, F K C, (hall have 
two Angles o+ the one equal to two Angles of the 
other, and one Side of the one equal to one Side of 
the other, viz* the SideF C common to each of them r 

t 26. I. And fo the other Sides of the one will be f equal to, 
the other Sides of the other, and the Perpendicular 
F H eqnal to the Perpendicular F K. In the fame 
manner we demonftrate, that F L, F M, pr F G, i» 
equal to FH, or F K. Tlierefore the five Right 
' Lines F G, F H, F K, F L, F M, are equal to each 
other, and fo a Circle defcribed on theCentre F, with 
either of the Diftances F G, F H, F K, F L, F M, 
will pafs thro' the 6ther Points, and (hall toucb the 
Right Lines AB, BC, CD, DE, EAj fince the 
Angles^at G, H, K, L, M, are Right Angles. For,, 
if it does not touch them but cuts theoi^ a Right Line 
drawn from the Extremity of thc'EMamcter of a Cir- 
cle, at Right Angles to the Diameter, will fall within 

J 16. 3» ^the Circle ; which is % abfurd* Therefore, a Circl^ 
defcribed on the Centre F, with the Dijiance $f any one of 
the Points G, H, K, L, M, will Hot cut the Right Lines 
AB, BC, CD, DE, EA, and fo will' necefari/f 
touch them f which was to be done* ' 

EorolL If two of the neareft Angles of arnr ecf^ilateral 

and equiangular Figure be bifefied, and, from the 

"^ Point in which the Liheibife<aing the Angles meet, 

there be drawn Right Lines to the other Angles of 

the Figure, all the Angles of the Figure will be 

• bifcdcd. 



PRO- 



PROPOSITION XIV. 

P k O B L £ M. 

i'v defcribe a Circle about a given equilateral and 

equiangular Pentagon. 

T ET ABCDE be an equilateral and equiangu* 
^^ lar Pentagon. It is required to defcribe a Circle 
about the fame* 

Biftd both the Angles B C D, C D E, by the Right 
Lilies C F, F D 5 and draw F B, F A, F E, from the 
Point F, in which they meet. Then each of the other 
Angles C B A, B A E, A E D, fliall be bifeded * by * C^* 4 
the Right Lines B F, F A, FE. And fince the An.^*"*^' 
gle B C O is equal to. the Angle C D £, and the An- . 
gle F C D IS half the Angle B C D j as lilcewife CDF, 
half C D E ; the Angle F C D will be. equal to the 
Angle F D C ; and fo the Side C F f equal to the Side t «• i* 
F D. We demonftrate, in like manner, that F B, 
Fa, or F E, is equal to F C, or FD. Therefore 
the five Right Lines F A, F B, F C, FD, FE, are 
equal to each other. And fo, a Circle being defcrihed 
on the Centre F, with any of the Dijiances V A, F B, 
F C, F D, F E, will pafs thro' the other Points^ and 
will be defcrihed about the equilateral and equiangular 
Pentagon A B C D £ ^ which was to be done^ 

PROPOSITION XV. 
Problem. 

^0 infcribe an equilateral and equiangular Hex^ 

agon in a given Circle. 

TETABCDEFbca Circle given. It is rc- 
-^ quired to infcribe an equilateral and equiangular 
Hexagon therein. 

Draw A D, a Diameter of the Circle A B C D E F*^ 
and let G be the Centre ; and about the Point D, as a 
Centre, with the Diftailce D G,lct a Circle, E G C H, 
be dcfcribcd ; join EG, G C, which produce to thd 
Points B, F : Likcwifc join A B, B C, C D, D £, E F* 
. I 2 FAi 
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FA: I (ay, A B C D £ F is an equilateral and equi- 
angular Hexagon. , 

For, fince the Point G is the Centre of the Circle 
ABCDEF, GEwillbecqualtoGD. Again, be- 
caufe the Point D is the Centre of the Cirde £ G C H, 
1> E fh?ll be equal to D G : But G E has been proved 
equal to G D ; therefore G E is equal to £ D. And fo 
£ G D is an equilateral Triangle ; and confequently 
the three Angles thereof, E G D, G D £, D E G, arc 

• C«ri 5. 1.* equal between themfelves. But the three Angles of 
1 3*. I. a Triangle are f equal to two .Right Angles ; there- 
fore the Angle E G D is a third Part of two Right 
Angles. In the farne manner we demonftrate, that 
D G C is one third Part of two Right Angles : And 
fince the Right Line CG, ftanding upon the Right 

J 13.1. LineEB, makes J the adjacent Angles EG C, CGB; 
therefore the other Ajigle, C G B, is alfo one third 
Part of two Right Angles. Therefore the Angles 
E G D, D G C, C G 8, arc equal between them- 
felves : And the Angles that are vertical to them, viz. 

• 15. 1. the Angles B G A, A G F, F G E, are * equal to the 

Angles E G D, D G C, C G B. Wherefore the fix 
Angles EGD, DGC, CGB, BGA, AGF,FGE, 

1 26. 3, are equal to one another. Burt equal Angles fland f 
on equal Circumferences : Therefore the fix Circum- 
ferences' A B, B C, C D, D Ei EF, F A, are equal to 

J 49. 3. each other. But equal Right Lines fubtend J equal 
Circumferences : Therefore the fix Right Lines are 
equal between themfelves ; and accordingly the Hex- 
agon ABCDEF is equilateral. I fay, it is alfo 
equiangular. For, becaule the Circumference AF n 
equal to the Circumference £ D^ add the common 
Circumference A B C D, and the whole Circumference 
FA BCD is equal to the whole Circumference 
EDCBA. But the Angle FED Hands on the 
Circumference F A B C D ; and the Angle A F E, 
on Ihe Circumfereiice EDCBA: Therefore the An- 

• 27. 3. gle A F E is * equal to thie Angle D E F. In the 

fame manner we prove, that the other Angles of the 
HexaQ;on A B C D E F are fcverally equal to A F E» 
or F E D. Therefore, the Hexagon ABCDEF is 
equiangular. But it has been proved to be alfo equilateral^ 
and is infer ibed in tU Circle ABCDEF; v\micb was 
to bt done. 
V JCmll, 
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CorolL From hence it is xnanifeft, that the Side of the 
Hexagon is equal to the Semidiameter of the Cir- 
cle. And if we draw, thro' the Points A, B, C, D, 
£, F, Tangents to the Circle, an equilateral and 
equiangular Hexagon, will be defcribed about the 
Circle, as is manifefti from what has been fa'id con* 
cerning the Pentagon. And fo likewife may a Cir*- 
' cle be infer ibed and circumfcribed about a given 
Hexagon ; which was to be done. 

PROPOSITION XVI. 

Problem. ' 

7*^ dejcribi an equilaUral and equiangulat ^in- 
decagon in a givetr Circle. 

T ET ABCD be a Circle given. It is required 
^^ to defcribe an equilateral and equiangular Quin* 
decagon in the fame. 

Let A C be the Side of an equilateral Triangle in- 
&ribed in the Circle ABCD, and A B the Side of a • 
Pentagon. Now, if the whole Circumference of the v 

Circle ABCD be divided^ into fifteen equal Parts, 
the Circumference ABC, one Third of the Whole, 
fhall be five of the fatd fifteen equal Parts ; and the 
Circuifiference A B, one Fifth of the Whole, will bq 
three of the faid Parts : Wherefore the remaining Cir- 
cumference B C will be two of the faid Parts. And 
if B C be bifcfted in the Point E, then BE, or EC, 
wiil be one fifteenth Part of the whole Circumference 
ABCD. And fo, i/* B E, E C, be joined^ and either 
EC, or E B, be continually applied in the Circle^ there 
Jhall be an equilateral and equiangular ^indecagon de^ 
firibed in the Circle ABCD; which was to be done. 

If, according to what hath been faid of the Pentagon, 
Right Lines are drawn thro' the Divifions of the 
Circle touching the fame, there will be defcribed 
about the Circle an equilateral and equiangular 
Quindecagon. And, moreover, a Circle may be 
- infcribed, or circvimfcribed, about a given equila- 
tcrs^I and equiangular Quindecagon. 

I 3 EUCLID*^ 



EU C L I Z)'s 



ELEMENTS. 



■^y^— ^w— ■^^f»^— — *"y^i* ■!■ — — ^— — ^— i— ^^»— ^w^pM^—iw^ 



BOOK V. 



w ^m^ 



DEFINITIONS. 

I. A Part is a Magnitude of a Magnitude ^ the 
^ Lefs of the Greater ^ when tbeLeffer mear 
fures the Greater. 

I I. But a Multiple is a Magnitude of a Magni- 
tude^ the Greater of the Lejfer^ when the Lefr 
fer meafures the Greater. 

|IJ. Ratio is a certain mutual Hahitude of Mag- 
nitudes of the fame Kind^ according to Quan- 
tity. 

IV. Magnitudes are faid to have Proportion to 
each other ^ wbich^ being multiplied^ can exceed 
one another. 

y. Magnitudes are faid to be in the fame Ratio ^ 
the firfi to the fecondj and the third to the 
foHrth\ when the Equimultiples of the firfi and 
thirdy (compared with the Equimultiples of the 
fecond and fourth^ according to anyMuliipli* 
Ration whatfoever^ are either both together^ 
^r eater ^ equals or lefs^ than the Equimultiple!^ 
of the fecond andfouirtb^ if tbofe be taken that 
4infw^r each other. 
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That iS) if there be four Magnitudes, and you take 
any Equimultiples of the fiiA and third, and alfo any 
Equimultiples of the fecond and fourth ; and if the 
Multiple of the fir ft be greater than the Multiple of 
the fecond ; and ;itIfo (he Multiple of the third greater 
than the Multiple of thefourth; or, if the Multiple 
of the firft be equal to the Multiple ct the fecond ; 
and alfo the Multiple of the third equal to the Mul* 
tiple of the fourth 4 or, laftly, if the Multiple of the 
firft be lefs than the Multiple of the fecond ; and alfo 
that of the third lefs than that of the fourth, and thefe 
Things happen accordingtoevery Multiplication what- 
focver : Then the four Magnitudes are in the fame Ra- 
tio ; the firft to the Second, as the third to the fourth. 

VI. Ma^niiudes^that have the fame Proper iion^ 

are called Proportionals. 

Expounders ufually lay down here that Definition, 
for Magnitudes, which Euclid has given for Numbers, 
only, in his Seventh Book, viz. That 

Numbers are proportional^ when the firjt is either the 
fame Multiple of the fecond^ as the third is of the fourth^ 
tr elfe the fame Part^ or Paris^ 

But this Definition appertains oidy to Numbers, 
and commenfurable Qijanttties ; and fo, (ince it is not 
univerlal, Euclid did well to reje£l it in this Element, 
which treats of the Properties of ail Proportionals ; 
and to fuUftitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean Time, Expoun- 
ders very much endeavour to demonftrate the Defifii- 
tion here laid down by Euclid^ by the uf^ial jreceived 
Definition of proportional Numbers ; but this m^ch 
eafi^r flows from that, than that from this | which 
may be thus demonfbated^ 

F/V/?, Let A, B, C, D, be four Magnitudes, whicfc 
are in the fame Ratio, according to the Conditions thac 
.Magnitudes in the fame Ratio muft have according 
to the fifth Definition ; and let the firft be a Multiple 
of the fecond : I fay, the third is alfo the fame Mul- 
tiple of the fourth. For Example : Let A be equal 
tojB: Then C fliall be equal to^D. Take any 

I 4> Num* 
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Numl^cr, for Example, 2, by which let 5 be mul- 
tiplied, and the Produffc will be a t> . p n 
jo: An(J let 2A, 2C, be Equi- ^ - ^ ' - ^^ - ^ 
multiples of the firft and thiid ^^ ,-.0-0 .^r% 
Magnitudes A and C : Alfoy *^' '°^' *^' **'^ 
let loB and loD be Equimultiples of the (econd and 
fourth Magnitudes B and D. Then (by D^k 5.) 
jf 2A' be equal to loB, 2C (hall be equal to* loD. 
But fince A (from the Hypothefis) is five Times B, 2«^ 
fhall be equal to loB ; and fo 2C equal to i6D\ 
and Q equal to 5D ; that is, will be five Timef 
D. W. W. D. • 

Secondly^ Let A bc any Part of B ; then G will be 
the fame Part of D. For, becaufe P^ is to B, as C is 
to D ; and (ince A is fome Part of B ; then B wiH bc 
^ Multiple of A : And (b (by Cafe i.) D will be the 
fame Multiple of C ; and accordingly C (hall be the 
fame Part of the Magnitude D, as A is of B. W. W, D. 
" Thirdly^ Let A be equal to any Nuniber of wliat^ 
foevcr Parts of B. 1 fay, C is equal to the fame 
Number of the like Parts of D. For Example : Lei 
^ be a fourth Part of five Times B ; that is, let A bc 
^qual to i.B. 1 fay, C is alfo equal to 4D. For, 
becaufe A is equal ^B, each of them being multir 
plied by 4, then 4A will be equal to 5B. And fo, if 
the Equimultiples of the firft a 11 r V\ 

and thitd, viz. 4A, 4G, be'af- ^ • ^ • : ^i U 
fumed ; as alfo the Equfmulti-? a R P H 
pies of the fecond and fourth, ^ ' "^ * ^' ^-^ 
viz* 5B, 5D i and (by the Definition) if 4 A is equal to 
5B ; then4C is equal to 5D. Biit 4A has been proved 
equal to 5B, and fo 4C (hall be equal to 5D, and C 
equal to 4D. W. W. D. n 

'^nA univerfally, if A be equal to — B, C \vill be 
■ ' n ' m 

equal to — D. For let A and C 

ri A. : B : : C ; D, 

be multiplied by m^ and B and 
P by 77. And bccaiife A is equal 
' « w A , »B, mCy «p 

' to — B J mA (hall be equal to 

»B'i wherefore (by Def. 5} mC will be equal to wDi 

' ' ■ ' . n • . ■ • ' 

and C equal to— D. W. W. D. 

^ Vir, When, 



fiookV. E«r///s Elements. 121 

VIL ff^ben, $f Equimultiples j the Multiple of the 
" Jirft exceeds the Multiple of tbefecond^ but tbe 
'Multiple of tbe third does not exceed tbe Mul* 
fiple of tbe fourth ; then thefirft to thefecond 
is [aid to have a greater Proportion^ than fbc 
third to the fourth. 

VIII. Analogy is a Similitude of Proportions. 

IX. Analogy at leaft conjifis of three Terms. 

X. When three Magnitudes are Proportionals^ the 
firft is faid to have^ to tbe thirds a duplicate 
Ratio to what it has to thefecond. 

XI. But when four Magnitudes are continued 
Proportionals^ tbe firfi ftiall have a triplicate 
Ratio fo the fourth of what it has to thefe^ 
cond % andfo always one more in Order^ as tbe 
Proportionals fball be extended. 

XII. Homologous Magnitudes^ or Magnitudes of 
a like Ratio ^ are faid to befucb wbofe Ante^ 
cedents are to the Antecedents^ and Confequents 
to tbe Confequents. 

Xni. Alternate Ratio is tbe comparing of tbe 

Antecedent with tbe Antecedent^ and tbe Con- 

fequent with tbe Confequent. 
3^iy. Inverfe Ratio isy when tbe Confequent is 

taken as tbe Antecedent^ andfo compared wiiff 

the Antecedent as a Confequent. 
X; V. Compounded Ratio is^ when tbe Antecedent 

and Confequent^ taken botb us one^ is compared 

to tbe Confequent itfelf. 
XVI. Divided Ratfo is^ when tbe Excefs^ wbere-^ 

by the Antecedent exceeds tbe Confequent^ is 

compared with tbe Confequent. 
J(V{I- Converfe Ratio iSy when tbe Antecedent is 

fompared with the Excefs^ by which tbe Ante^ 

eodent exceeds tbe Confequent. 
X VIU. Ratio of Equality is^ where there are taken 

moro than two Magnitudes in one Order ^ and a 
^ ' like 
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tike Number af Magnitudes in anaiber Order, 
CQUlparing two to two being in the fame Pro^ 
portion \ and it fi>all be in tbejirfi Order of 
Magnitudofy as tbefirji is to the laft, fo in the 
fecond Order of Magnitudes is the fir fi to the 
laji : Or otberwife^ it is tbe Comparifon of tbe 
Extremes tfgetter^ tbe Means being omitted. 

XIX. Ordinate Proportion is, when as tbeJnte- 
cedent is to. tbe Confequent^fo is tbe Antecedent 
to tbe Conjequent \ and as tbe Confequent is to 
any otber, fo is tbe Confequent to any other. 

XX. Perturbate Proportion is, when tbere are 
three or more Magnitudes, and others alfo, that 
are equal to theje in Multitude^ as in the fir fi 
Magnitudes the Antecedent is to the Confe* 
quent ; fo in tbe fecond Magnitudes is tbe An- 
tecedent to tbe Confequent : And as in the firfi 
Magnitudes tbe Cenjequent is to fome other, fo 
in the fecond Magnitudes is fome other, to tbe 
Antecedent, 



AXIOMS, 

X.J^^imuUiphsoftbefame^ or of equal Mag- 
''^ nitudes, are equal to each other. 

II. 7bofe Magnitudes that have tbe fame Equi- 
multiple, or wbofe Equimultiples are equals are 
f^ual to tacb other ^ 
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^ PROPOSITION I. 

X H E O R ? M. 

Jf there bi any Number of Magnitudes EquimuU 

tiples of a like Number of Magnitude^^ each 

of each j "wbatfoever Multiple any one of the 

. former Magnitudes is of its eorreffondent one^ 

. the fame Multiple are all the former Magni^ 

tudes of all the latter. 

LE T there be any Number of Magnitudes A B, 
C D Equimultiples of a like Number of Mag- 
nitudes E, F, each of each, I fay, what Mul- 
tiple the Magnitude A B is of £, the fame Mul* 
tiple AB, and CD, together, is of E and F to- 
gether. 

For, becaufe A B and C D are Equimultiples of £ 
and F, as inany Magnitudes equal to 
£, ^hat are in A B, fo many (hall be A 
equal to F in C D. Now, divide A B 
into Parts equal to E, which let be AG, 
GB; and CD into Parts equal to F, 
v/z. C H, H D. Then the Multitude of 
Parts, C H, H D, fliall be equal to the 
Multitude of Parts A G, G B. And fince 
AG is equal to E, and CH toFj AG 
and C H, together, fliall be equal to E 
and F together. By the fame Reafon, 
becaufe G B is equal to E, and H D to F, 
G B and HI), together, will be equal to 
and F together. Therefore, as often as 
is contained in A B, fo often is E and F, 
together, contained in A B and C D, to- 
gether. And fo as often as F is contained 
m C D, fo often are E and F, together, contained in 
AB, and C D together. Therefore, if there are any. 
Number of Magnitudes Equimultiples of a like Number 
gf Magnitudes^ each of each ; u/hatfoever, Multiple any 
one of the former Magnitudes is of its cor ref pendent one^ 
the fame Multiple are all the former Magnitudes of all 
thf latter ; which was to be demonftrated. 
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PROPOSITION n. 

Theorem. 

Jf ihe firjk he the frmeMaUipU •f ibifeeond^ 
as ibe tbird is of tbefowrtb \ and if the fifth 
be i be fame MuUiple of tbefecond^ as ibejixib 
is of tbefouftb ; tbenfiall tbefirfly added to 
ibefiftb^ be the fame Muliipk oftbefecokd^ ds 
J be tbirdy added to tbefixtb^ is of tbe fourtb. 



D 



B + 



E+ 



GC HF 



T ,ET the firfl A B be the fune Multiple of tbe fe- 
^ cond C, as the third D £ is of the fourth F ; and 
let the fifth B G be the fame Mul- 
tiple of the fecond C, as the fixtb 
£H is of tbe fourth F. I fay, 
tbe firft added to the fifth, viz, 
AG, is the fame Multiple of the 
fecond C, as the third Ikided to 
the fixth, vi'SL, D H, is of the fourtb 
.F. 

For, becaufe AB is the fame 
Multiple of C, as D £ is of F i there s(re as many 
Magnitudes equal to C in A B, as there are Magni^ 
todes equal to F in D £. And, for the fame Reafon, 
there are as many Magnitudes equal to C in B G, as 
there are Magnitudes equal to F in JE H. Therefore 
there are as many Magnitudes equal to C, in the 
whole A G, as there are Magnitudes equal to F in 
D H. Wherefore A G is the fame Multiple of C, as 
D H is of F. And fo the firft, added to the fifth, 
^ G» is the fame Multiple of the fecond C, as the 
third, added to the fixth, D H, is of the fourth F. 
Therefore, if the firjl be the fame Multiple of ihe fe- 
cond^ as the third is of the fourth \ and if the fifth be the 
fame Multiple of the fecond^ as the fixth is of the fourth \ 
thenfhall thefirjly added to the fifths be the fame Multiple 
of the fecond^ as the thirds added to the fixth y is of tb% 
fourth \ which was to be demonftrated. 
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PROPOSITION III. 

T H E O it. £ M. 

ffihefirfi he the fame Multiple oftbefecond^ as 
the third is of the fourth^ and there be taken 
Equimultiples Qf thefirfl and third ; then will 
the Magnitudes fo taken be Equimultiples of 
the fecund and fourth. 

LE T the firft A be the fame Multiple of the fecond 
B, as the third C is of the fourth D v atid let £ F, 
GH, be Equimultiples of A p 

9nd C. I hy^i £ F, is the fame 
Multiple of a as G H is of D. 
For, becaufe £ F is the fame 
Multiple of A, as GB is of C, 
there are as many Magnitudes 
equal to A in £ F, as there are 
Magnitudes equal to C in G H. 
Now dividq £ F into the Mag- 
nitudes E K, K F« each equal 
to A, and G H into the Mag- 
nitudes G L, L H, each equal 
to C. Then the Number of the Magnitudes £ K, 
K F, will be equal to the Number of the Magnitudes 
G L, L H. And becaufe A is the fame Multiple of 
B, as C is of D, and £ K is equal to A, and G L to 
C ^ £ K will be the fame Multiple of B, as G L is of 
D. For the fame Reafon, K F (ball be the fame Mul- 
tiple of B, as L H IS of D. Therefore becaufe the firft 
£K is the fame Multiple of the fecond B, as the third 
G L is of the fouith D, and K F the fifth, is the fame 
Multiple of B» the fecond, that L H, the fixth, is of 
D the fourth : Therefore the iirft added to the fifth, 
£ F, fliall be * the fame Multiple of the fecond B, as* at •fdn%. 
the third added to the fixth, G H, is 6f the fourth D. 
If^ therefore, the firft he the feme Multiple of the fecond^ 
as the third is of the faurth^ and there he taken EquimuU 
tiples of the fir ji and third j then will the Magnitudes fa 
taien^ be Equimultiples of the fecond and fourth i which 
was to be demonllratcd, 

PRO- 
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PROPOSlXrOFN IV. 

T H £ O R E If . 

Jf thtfrfi have the fame Prop^ttim to tbtfecond^ 
as the third to the fourth ; then alfojball the 
E^imultipUs df the firft and third have the fame 
Proportion to the Equimultiples ^fthefuond and 
fourth^ according to anj Multipiication tobatfo^ 
ever J if they be Jo taken as to anfwer each other. 

T E T the fifft A have tHc Tame Pioporf ion to xh^ 

**^ fecond B, as the third C hath to the fourth D j 

and let £ and F^ the Equimultiples 

of A and C, be any how taken ; as 

alfo G and H, the Equimultiples of 

B and D. I fay, £ is to G as F is 

toH. 

For take K and L, any Equimul- 
tiples of £ and F ; and alio M and 
N, any, of G and H. 

Then, bedaufe £ is the fame 
Multiple of A, as F is of C, and K 
and L are taken Equimultiples of £ . 
•3 •ftyt, and F ; therefore K will be * thtf 
fame Multiple of A, as L is of C, 
For the fame Reafon, M is the fame 
Mukiple of B, as N is of D. And 
iince A is to B, as C is to D, and 
K and L are Equimultiples of A 
and C ; and alfo M and N Equi- 
. multiples of B and D ; if K exceeds 

Ikii. ^^'^^> then t L will exceed N 5 \f K 
be equal to M, L will be equal to 
N ; and if K is lefs than M, then L 
. will be lefs than N : But K and 
L are Equimultiples of E and F, 
alfo M and N are Equimulti- 
ples of G and H. Therefore, as 
t lOrf. 5. E is to G, fo, Ihall J F be to H. 
Wherefore, if the firji have the fame 
Proportion to the fecond^ af the third j 
to the fourth ; then alfojhall the Equi* 

multifies 
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muhiples 0f the fir/i and third have the f tarn Propiorfigm 
t$ the Equimultipks of the fecond and fourth^ accerdiitg 
to any Multipiication whatfotver^ tf they he fo taken as /^ 
emjivef each bther \ which was to be demonftratcd. 

Becaufe it is tietA>nftrated^ if K exceeds M^thenL 
will exceed N ; dm) if K be et]ual to M, L-will be 
equal to N ; and if K be lefil than M, L will be left 
than N : It is nf>antfeft, likewife, if M exceeds K, 
that N (hall exceed L ; rf equal, equal ; but if lefs, 
kfs. And therefore, as G is to E, fo is ♦ H to F. • />«/• s* 

Corelli From hence it is manifeif, if four Magnitudei 
be proportional, that they will be rifo inverfelj 
proportional. 

PROPOSITION V. 

• • • . 

Theorem. 

Jf one MagnUude be the fame MuUipie of ana- 
tber Magnitude^ as a Part taken from the 
one is of a Part taken from the other \ then 
the Rejidue of the one fb all be the fame Mul- 
tiple of the RtfidMe of the other ^ as the Wbok 
is of the IVbok. 

LE T the Magnitude. A B be the fame Multiple of 
tlK Magnitude C D, as the Part taken away A E^ 
is of the Part taken away C F. I fay^, 
thai the Refidue £ B is the fame Mul- B 



tiple of the Refidue' FD, as*thr Whole 
ABisoftheWhdeCD. 

For, let £ B be &di » MuUpie of 



CG, as AEisolCF. . E+ f 



G 

\ 



■fF 

I 



1 cfthiu 



Then, becaufe A £ is the fame Mul- 
tiple of CF, as £ B Is of C G, A £ wilt 
be * the fame Multiple of C F, as A B is 
olf G F. But A £ and A B are p^t Equi- A D 
muhiples of C F and C D : Therefore 
A B is the fame Multiple of G F, as bf C D ; and fa 
GF is t equal to CD. Now, let C F, which is»^xa^</ 
common^ be taken away; thea tbe Refidue GC is'^'«- 

equal 



equal to the Refidue D F. And then, becaufe A £ i> 
the fame Multiple of C F, as £ B is of C G, and C G 
is equal to D F ^ A £ fliall be the fame Multiple of 
C F, as £ B it of F D. But; A £ is put the fame MmU 
tiple of C F, as A B is of C D : Therefore £ B is 
the fame Multiple of F D, as A B is of C D $ and fo 
the Refidue £ B is the fame Multiple of the Refidue 
F D, as the Whole A B is of the Whole C D. 
Wherefore, if one Magnitudi h$ thi fameMultipU of 
. amiber Magnitude J as a Part taken from the one is of a 
Part taken from the other ; then the Refidue of the one 
fbaU he the fame Multiple of the Refidue tf the other ^ as 
the WhoU » $f thi If^ole % which was to be de< 
monfirated. 

PROPOSITION VI. 

Theorem.* 

If two Magnitudes be EquimuUiples of two Mag'- 
nitudeSyandfome Magnitudes EquimuUiples of 
the fame^ he taken away ; then the Refidues 
are either equal to thofe Magnitudes^ or elft 
Equimultiples of them. 

T £ T two Magnitudes A B, C D, be Equimultiples 
"■^ of two Magnitudes £, F; and let the Magni- 
tudes A G, C H, Equimultiples of the fame, £, F, be 
taken from AB, C D : Ifay, thcRcfidues G B, H D^ 
are either equal to £) F, or are Equimultiples of 
them. 

For, firft, Let G B be equal to E. I fay, H D b 
clfo equal to F. For let C K be 
equal to F. Then, becaufe A G is A 
the fame Multiple of £, as C H is K 

of F ; and G B is equal to £ ; and | 

• I tjthlu C K to F ; A B will be * the fame -f C 

Multiple of E, as K H is of F. But 
A B and C D are put Equimultiples 
of E and F. Therefore K H is the G+ + H 
fame Multiple of P, as C D is of I 
F. BD E 

And becaufe K H and C D are 
Equimultiples of F ; K H will be equal to C D< Take 

away 



K 



+C 



G+ 
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^way C H) which is common ; theq 
the Refidue K C is equal to the Re- 
Jidue H D. But K C 15 equal to F. 
•Th/erefore H D is equal to F ; and 
Xo GB ihall be equal to £, and 

HDtoF. 

In lil^e manner we demonftrate, 
if G B was a Multiple of £» that 
HD is a Uke Multiple of F. There- 
fore, if two Magnitudes be Eqrn^ 
multiples of two Magnitudes^ and 
fome Magnitudes^ Equimultiples of 
the famey be, taken away 5 then the Refsduis Are either 
equal to thofe Magnitudes y or elfe Equimultiples of them \ 
which was to be demonftrated. 
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PROPOSITION VII. 

Theorem, 

Equal Magnitudes have the fame Proportion to 
the fame Magnitude ; and one and the fame 
Magnitude have the fame Proportion to equaf 
Magnitudes. 

T £T A, Bf be equal Magnitudes, and let C be 
■■^«ny other Magnitude. I fay, A and B have the 
fame Proportion to Cj and likewife 
C has the fame Proportion to A as to 

For take D, and E, Equimultiples of 
A and B ) and let F be any other MuN 
tiple of C. 

. Now, becaufe D is the fame Mul- 
tiple of A, as £ is of B, and A is equal 
to B, D {hall be alfo equal to £ ; but 
F is a Magnitude taken at Pleafure. 
Therefore if D exceeds F, then £ will 
exceed F 5 if D be equal to F, E will 
be equal to F ; and if lefs, lefs. But 
D and £ are Equimultiples of A a/id B ; and F is any 
other Multiple of C. Therefore it will be * as A is • ^^f* s- 
tp C, To is B to C. 
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I fajr, moreoT^r, that C has the fame Proportion to 
A as to B. For the fame Conftrudion remaining, we 
prove, in like manner, that D is equal to £« There* 
fore, if F exceeds D, it will alfo exceed £ ; if it be 
equal to D, it wi!l be eqval to £ ; and if it be lefs than 
D, it will be lefs than h. But F is a Multiple of C ^ 
and D and £, any other £quimultiple8 of A and B i 
» P«/* 5* therefore^ as C is to A, to fhatl * C be to B. Where- 
fore, equal Afagnittides have tbi fame Proportion to tbt 
fame Magntiuii^ and tbefami Magnitude to equal ones i 
which was to be demonftrated. 

PROPOSITION VIIL 

Theorem. 
fbe greater of any two unequal Magnitudes has 
a greater Proportion tthfome third Magnitude^ 
than the lifs has \ and that third Magnitude 
bath a greater Proportion to the teffer of tht 
two Magnitudes^ than it has to the greater. 

L£T AB and C be two unequal Magnitude^^ 
whereof A B is the greater ; and let D be any 
third Magnrtudt, I fay, A B has a greater Propor- 
tion to D, than C has to D ; and D has a greaten 
Proportion to C, than it has to A Bi 

Becaufe A B is greater than C, make B£ equal t» 
C, that is^ let A B exceed C 
by A£; then A£^ noultiplied F 

fome Number of Times, wiU 
be greater than D. Now let 
A £ be multiplied ' until it ex- 
ceeds D, and let that Multiple 
of A£ greater than D be F G. 
Make GH the fame Multiple 
of £ B, and K of C, as F G 
of A£. Alfo, affiime L 



A 
f G^-E + 



i 



I 



IS 

double to D» M triple, and fa 
on, until fuch a Multiple of 
X) is had, as is the neareft 
greater than K \ let this be N, 
and let M be a Muliiple of D, 
the neareft left than N» 

Now, becaufe N is the 
Aeareft Multiple of D greater N M 



\ 



than 
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. than K ; M will not be greater than K ; that \$i K 
wilJ not be lefs than M. And fince F G is the fame 
Multiple of Ail, asGHiSofEB; F G (hall be«*i|r^lKrf 
the fame Multiple of A E, as F H is of A B ; but FG 
is the fame Multiple of A E, as K is of C : Where- 
fore F H is the fapie Multiple qf A B as K is of C j 
that is, F H and K are Equimultiples of A B and C« 
Again, becaufe G H is the fame Multiple of £ B, as K 
is of C, and E B is equal to C ; G H (hall be f equal t ^* >* 
to K. But K h riot lefs than M t Therefore G fi 
ihall not be kfs than M. But F G is greater than D : 
Therefore the whole F H will be greater than M and 
D ; but M and D, together, are equal to N, becaufe 
M is a Multiple of D, the neareft lefTer than N : 
Wherefore F H is^greater than N. And fo, fincc F H 
exceeds N, and K does not ; and F H and IC ara 
Equimultiples of A B and C, and N is another Mul- 
tiple of D ; therefore A B will have ;[ a greater Ratio i Dif. /, 
i% D, than C h^s to D. I fi^y, moreover^ that D has 
a greater Ratio to C than it has to A B : For the 
fame Conftrudion fetitiaining, ^e demonftrate, as be- 
/qrc^ that N. exceeds K. but not FH. And N is a 
Multiple of £), and FH and K are Equimultiples of 
A B and C. Therefore D has a greater Proportion 
to C, than D hath to A B. Wherefore, the greater of 
any two unequal Magnitudes has a greater Proportion ta 
form third Magnitude than the lefs has ; and the third 
Magnitude hath a greater Proportion to the lejjer of thi 
two Magnitudes than it has to the greater % which '^w, 
to be demonftcatedj 

PROPOSltlON IX; ~ 

TilEOREM. 

Mjtgnifudes which have the fame Proportion tit 
one and the Jame Magnitude^ are equal t9 one 
another 5 and if a Magnifude has the fame Pro^ 
portion to other Magnitudes y tbefe Magnitudes 
are equal to one another. 



L 



£ T the Magnitudes A and fi have tke fit ns Pre- 
portion to C. I fay, A is equal to B« 

K 2 For, 



^i^i Euclid's Element*. Book VI 

^t^ftkU* For, if it was not, A and B would not * have lite: 
fame Proportion to the fame Magni- 
tude C ; but they have. Therefore A 
is equal to B. 

Again, Ilet C have the fame Propor- 
tion to A' at to & { fay, A is ei|uat { 
toB. 

For, if it be not, C will not * have I I C 

llie fame Piroportion to A as to B ; but 
it hath : Therefore A is neceflarily B 
equal to B. Therefore^ Jliag,ntiudis 
that havi the Ami Proportion to one 
and the fame magnitude^ are eqmd to one another ; ana^ 
if a Magnitude^ has the fame Proportion to other Magni" 
emdesj thefe Magnitudes are equatte^one another; whicjii 
was to be demonftrated. 



PROPOSITION X. 



T H' E O R E IBf. 

Of Magnitudes having Proportion to the fame 
Magnitude^ t%at which has the greater Pro- 
portion^ is the greaier Magnitude : And that 
Magnitude to which the fame bears a greater^ 
Froportion^ is the lejfer Magnitude. 

T £ T A have a greater Pt-oportion to C, than B hae^ 
, ^^ to C. I fay, A is greater than B» 

For, if it be not greater, it will either be eqjual' or 

)ef»b But A is not eq^uai to B, becaufe 
9f$/ttiiu then both A and B would have * the 

fame Proportion to the Magnitude C; 

but they have not. Therefore A is 

not eq^I to E : Neither is it fefs than | 
•fZfftkm B^ for then A would have f a lefs 

Proportion to C» that B would have ; 

but it hath not a lefs Proportion. There* 

fore A is^ not lef^ than B. But it has. 

been proved like wife not to be equal to 

it : , Therefore Afliall be greater than B. 

Again, let C have a greater P^pofCion^ t<y B than t^ 

A» I %)& is left than A,. 
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For, if it be not lefs, it is greater, or ecftial. Now, 
fi is not equal to A» for then C would have * thc*7!^'*^'« 
iame Proportion to A as ro B ^ but this it has not. 
Therefore A is not equal to B ; neither is B greater 
than A ; for if it was, C would. have f a lefs Propor- 1 *•/'*«• 
tion to B than to A > but it has not: Therefore B \% 
fiot greater than A. But it has alfo been provedf not 
to be equal to it. Wherefore B (hall be iefs t^an A. 
Therefore, nf Magnitudei having Proportion to the fame 
Magnitude y ihat which has the greater Proportions ts the 
greater Magnitude : And that Magnitude to which ii» 
Jhme tears a greater Proportion ^ is the leffir Jida^nitiede ^ 
«vhicb was to lie demonftrated, 

PROPOSITION XI. 

Pr O BL £ m« 

proportions ^hat are ^ne and the fame io any 
ihirdy ar^ alfo the fame to one another. 

J E T A be to fi, a« C 4s to D ; and C to D, a« 
-•^ E to F. I fay, A is to B, as E is to F. 

For, take G, H, and K, Equimuluples of A, C, and ' 



Vt ■ ' ' ■ " H ■ 't" ■ ■ ■ ■ ».' 

^ C £- 

B D F- 

L—, M N- 
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£ \ and L, M, and N, other Equimultiples of B, D, 

and F. Then, becaufe A is to B, as C is to D, and 

there are taken G and H, the Equimultiple's of A and 

C, and L and M, any other Equimultiples of B and ^ 

D ; if G exceeds L, ♦ then H will exceed M ; and if* ^(^ S<^ 

G be equal to L, H will be equal to M ; and if Msy'^^ 

it{%. Again, becaufe a" C 'v% to D, fo is E to F ; and 

H and K are taken Equimuhiples of C and E ; as 

likewife M and N, any other Equ mult,i,?les of D and 

F ; if H exceeds Ml *, then K will exceed N ; and if 

H be equal to M, K will be equal to N ; and if lefs, 

l^fs. But if H exceeds M, G will alio exceed L ; if 

equal, eqnal ; and if lefs, lelk. Wherefore, jfGex« 

ctcdh L, K Will alio exceed N ; aad if G be equal t9 

K3 i^ 



\ 
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L, K will be equal to N ; a ul 1^" Ici j , Ici^. H;/ G and 
K are Equimultjples ot A aiid E ; ^.;d L and N arc 
Equimultiples of B and P\ Coi.fc u:'ji«1\ i> A is to 
f p#/. 5-«/B,fo * is E to F. Therefore, Pr.^ ;» r* ns iLu are cng 
'^* find the fame to any thirds are alfo t.\' ;.{me to one anC'^ 

ther\ which was to be demonrtrate*!. 

P R O P O S I T I o W XII. 

Theorem*. 
If any Number of Magnitudes be proportional^ as 
one of the Antecedents is to one of the Confe^ 
quentSy fo are all the Aniecedents to all the 
Confequents. 

T E T there be any Number of Proportional Magnl^ 
"•^ tudes, A, B, C, D, E, Fj whereof as A is to Bf 



G-, =— H ^-r— ^ K- 

A C— — — — E. 

B D— F. 

L — .. M— ^ g>' N' 



fo C is to D, and fo E to F. I fay, as A is to B, fo are 
all the Antecedents A, C, and E, together, to all the 
Confcquents, B, D, and F, together. 

For, let G, H, and K, be Equimultiples of A, C, 
and E ; and L, M, and N, any oth^r Equimultiples 
of B, D, and F. 

Then, becaufe as A is to B, fo is C to D, and foE 
to F ; and G^ H, and K, are Equimultiples of A, C, 
and £ ; and L, M, and N, Equimultiples of B, D, 
f Btf. 5.#/^"d F ; if G exceeds L, H * will alfo exceed M, and* 
if I. K will exceed N ; if G be equal toX, H will be equal 

,to M, atid K to N ; and if lefs, lefs. Wherefore, alfo, 
if G exceeds L, then G, H, and K, togeth'er, will 
likewife exceed L, M, and N together ; and. If G be 
equal to L, then G,H, and K, together, will be equal 
to L, M, and N, together; and if lefs, kfs : But G, 
and G, H, and K, are Equimultiples of A, and A, C, - 
and E ; becaufe, if there are any Number of Magni- 
tudes EquimuU'ples to a like Number of Magnitudesj^ 
each to the other, the fame Multiple that one Magni- 
« ^ tfthi'. (ude is of Qi\e^ (o fliall -jl- ail the Magifitudes be of all. . 

And^ 
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And, for the fame Reafbn, L, and L, M, and N, are 

Equimultiples of B, and B, D« and F. Therefore, as 

A M to B, fo ♦ is A, C, and E, together, to B, D^*^^- 5« • 

and F, together. Wherefore, j^/Afr/*/ anf Number * 

4^ Magnitudes propertionai^ Js $ne of tie Amecedenis is 

t9 one of the Confequents^ fo are ail the Antecedents to aU 

the Gonfequents -, which wa« to be deoionftrated. 

PROPOSITION XIIL 

Theorem* 
Iftbefirft has the fame Pzeportion to thefeconi^ 
MS the third to the fourth \ und if the third has 
a greater Proportion to the fourth^ than the 
J^b to tbefixtb -, then alfofiall tbefirji have 
a greater Proportion to the fecoiid^ than the 
jifth bay to the/txtb. 

T ET the fiift A have the fame Proportion to thefe- 
**^ cood B, as the third C has to the fourth D ; and let 
the third C have a greater Proportion to the fourth D» 
Chan the fifth £ to the fixth F. I fay, likewife, that the 



M * G H- 

A C E- 

B . D F- 

N-— — — K L- 
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firft A, to the fecond B, has a greater Proportion, than 
Che fifth E, to the fixth F. 

For, becaufe C has a greater Proportion .to D, than 
EhastoF; there are •certain Equimultiples of C*P^*7«lf 
and £, and others of D and F, fuch that the Multiple' "* 
of C may exceed the Multiple of D ; but the Multiple 
of E not that of F. Now let thefe Equimultiples of 
C and £ be G and H ; and K and L thofe of D and 
F ; (o that G exceeds K, and H'not L : Make M the 
fame Multiple of A, as G is of C ; and N the fame of 
B^ as K is of D. 

Then, becaufe A is to B, as C is to D ; and M and 
G are Equimultiples of A and C ; and N and K of B 
and D : If M exceeds N, then f G will exceed K ; and f ^cf« $• 
if M be equal to N, G will be equal to K i and li Jefs, 

K 4 lefs. 
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left*' But G does exceed K : Therefore M will alfp 

exceed N. But (1 does not exceed L. And M and 

H are Equimultiples of A and £ ; and N and L any 

• D/. ^. o/others of B andF. Therefore A has a * greater Pro* 

tbit* portion to B, than E has to F. Wherefore, if ihtfirft 

has the fame Proportion to the fecond^ as the third to the 

fourth \ and if the third has a greater Proportion to the 

fourth^ than toe fifth to the fixth\ then^ al/o^ Jhall th$ 

firfl have a greater Proportion to the fecond^ than the fifth 

has to thefi>,th \ which was to be demonilrated. 

PROPOSITION XIV. 

Theorem. 

If the firfl has the Jame Proportion to thefecond^ 
. as the third has to* the fourth ; and if the firfl 
he greater than the third \ then will the fecond 
he greater than the fourth. Buty if thejirjl ie 
equal to the thirds ihenihe feiondfhkll be e^ual 
to the fourth \ and^ if the firjt be kfs than the 

thirds then ihe fecond vjill be lef than the fourth. 

» ^^ . . • .... 

T ET the ill ft A have the fame Proportion to the 
~^ fecond B, as xhe third C has to the fourth E) ; . 
and let A be greater than C* I fay, B is alfo greater 
than D. 

^Foxj b»;caijf^ A is greater than C, and 
B is any other Magnitudej A will have a 

*t$fikk» ♦ grtater Proportion to B, th^n C has to ^ 
B : But as A is to B, fo is C to D ; there- 

J 13 '/'^''•for€, aWb, C (hall J have a greater Pro- 

\ portion to I), than C hath to B But 

' ihat Magnitude to which the fame bears 

1 10 tftbii.z greater Proportion, is f the Jefler Mag- 
nitude. Wherefore D is lefs than B i and 
confequently B will be greater than D. 
In like manner we demonftrate, if A be A B C D 
equal to C, that B will be equal to D ; 
and if A be Icfs than C, that B will be lefs than D, 
Therefore, ifthefirfi has the fame Proportion to the fe-> 
coridp as the third has to the fourth ; and if the firjl he 
greater than the third \ then will the fecond be greater 
than the fourth. But if the firji he equal to the thirds 

then 



BookV. Butlii% Elements. 

then the ftcondjball be equal to the fourth ; and ifthefirfi 
he lefs than the thrrd^ then the feand wiU be leji than ibg 
fifurth i which was to be demonftrated. 

PROPOSITION XV. , 

Th £ O R £ M. 

Paris have the fame Proportion as their Uh 
Multiples^ if taken correfpondently. 



£ T A B be the fame Multipls of C, as D £ is of 
F. I fay, as C is to F, fo is A B to D E. 



G + 



H+ 



D 



L 

For, beca'ufe A B and D £ are 
Equimultiples of C and F, there 
ihall be as many Magnitudes equal 
to C in A B, as there are Magnitudes 
equal to F in D E. Now, let A B 
be divided into the Magnitudes AG, 
G H, H B, each equal to C ; and 
E D into the Magnitudes D K, IC L, 
L E, each equal to F ; then the 
Number of the Magnitudes A Q, 
GH, HB, will be equal to the 
Number of the Magnitudes D K, 
K L, L E. Now, becaufe A G, 
G H, H Bt are equal, as likewife O K, K L, L E ; it 
toll be ♦, as A G is to D K, fo is G H to K L, and'*^ •//«#. 
To is H B to LE. But as one of the Antecedents is 
to one of the Confequents, fo f all the Antecedents tot i*«/'^« 
all the Confequents. Therefore, as A G is to DK, 
fo is A B to D E. But A G is equal to C, and D Kl 
to F. Whence, as C is to F, fo fliall A B be to D E. 
Therefore, Parts have the fame Proportion as their like 
Multiples^ if taken correfpondently j which Was to bt 
4emonftratedt 
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PROPOSITION XVI. 

T H £ O R. 2 M. 

Jf four Magnitudes of the fame Kind are prapoT' 
iionaly tbey Jball alfo be ahernauly propor^ 
tionaU 

« 

T ET four Magnitudes A,B, C, D, be proportion- 
•■^ al ; whereof A is to B, as C is to D, I fay, like- 
V^ife, that they will be alternately proportional ; vix, 
as A is to Ct fo is B to D : For take £ and F, £qui* 
multiples of A and 

B i and G and H, E G — 

any Equimultiples A — — — C — -— 

of C and D. B D 

Then, becaufe F , ■ ■* H * 

Eisthefame Mut- 
tipie of A, as F is of B, and Parts have the fame Pro- 

^ 15 •//^ii« portion * to their like Multiples, if taken corref^ton- 
dently ; it (hall be, as A is to B, fo is £ toF. But as 
A is to B, fo is C toD. Therefore, alfb, as C is to 

f ii^/^M.D, fo t is E to F. Again, becaufe G and H are Equi- 
multiples of C and D, and Parts have the fame Pro- 
portion with their like Multiples, if taken correfpon- 
dently, it will be, as C is to D, fo is G to H ; but as 
C is to D, fo is E to F. Therefore, alfo, as £ is to F^ 
fo is G to H ; and if four Magnitudes be proportional^ 
and the firfl greater than the third, then the (econd 

S 14 ofibiuWiW be X greater than the fourth ; and if the firft be 
equal to the third, the fecond will be equa)^ to the 
fourth ; and if lefs, lefs. Therefore, if E exceeds G, 
F will exceed H ; and if E be equal to G, F will be 
equal to H ; and if lefs, lefs. But E and F are any 
Equimultiples of A and B ; and G and H, any Equi- 
multiples of C and D. Whence as A is to C, fo (hall 

•^' 5« B be ♦ to D. Therefore, if four Magnitudes of the 
fame Kind are proportional^ they /ball alfo be altirnatelf 
proportional 3 which was to be demonftrated. 
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PROPOSITION XVIL 

T H £ O R £ M. 

ff Magnitudes compounded are proportional^ they 
Jball alfd be prpportianal when divided. 

LE T the compounded Magnitudes A B, B £, C D, 
D F, be proportional; that is, let AB be to B£» 
;i8 C D is to D F. I fay, thefe Magnitudes divided are 
proportional ; vi%, as A £ is to £ B, fo is C F to F D« 

ForletGH,HK,LM,and 
M N, be Equimultiples of A£» 
EB, CF,andFD; andKX, 
and N P, any £quimultiple$ of 
DBandFD. 

Becaufe GH is the fame 
Multiple of A E, as H K i« of 



X 



K+ 



£ B ; therefore G H * is the 



H4. 



G 



B 
I 

eI 

I 

A 



P 



•ffttbi 



D 

F-i-M-f. 

I 
I 

c 



i 



fame Multiple of A £, as G Kl 
is of AB. But GH is the 
fame Multiple of A £3 as L M 
isofCF. Wherefore G K is 
the fame Multiple of A B, as 
L M is of C F. Again, becaufe LM is the fame 
Multiple of C F, as M N is of F D, L M will.be * the 
fame Multiple of C F, as L N is of C D. Therefore 
GKis the fame Multiple of A B, as LK is of CD. 
And fo GK and LN will be Equimultiples of AB 
and C D. Again, becaufe H K is the fame Multiple 
> of £ B, as M N is of F D ; as likewife K X the fame 
Multiple of £ B, as N P is of F D ; the compounded 
Magnitude H X is f alfo the fame Multiple of E B, as f * ^thu* 
M P is of F D. Wherefore, fmce it is, as A B is to 
B£,foisCDtoDF; and G K and L N are Equi- 
ipultiples of A B and CD; and alfo H X and M P 
apy Equimultiples of £ B and F D ; if G K exceeds 
HX, then LN will t exceed MP; and if GK bet^'/.f. 
equal to H X, then L N will be equal to M P; if lefs, 
lefs^ Now let G K exceed H X ; then, if H K, which 
is common, be taken away, G H fliall exceed K X. 
3ut when G K exceeds H X, then L N exceeds MP; 
therefore L N does exceed M P.' li M N, which is 

^ common^i 
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common, be taken away, then L M will exceed N P. 
And fo, if G H exceeds K X, then LM will exceed 
NP* In like manner we demonftrate, if G H be 
equal to K X, that L M wiU be ^qual to N P ; and if 
lefs, hfs, ButGH and L M are Equimultiples of 
A£ and CF ; and K X and N P are any Equimul-* 

• I>rf. 5. tiples of E B and F D. Whence, * as A £ is to £ B^ 

fo is C F to F D. Therefore, if Magmtudis com- 
pdunded are proportional^ they Jhali alfo bo proporiionMl 
when divided I which was to be demonftrated* 

PROPOSITION XVIII. 

T HE O R £ M. 

If Magnitudes divided hh propcriional^ the fame 
alfo being cokpounded^ fball be proportionaU 

I' E T the divided proportional Magnitudes be A Et 
■^ £ B, CF, F D ; that is, as A E is to E B, fo i» 
C F to F D. I fay, they are alfo propor- 
tional when compounded $ viz* as AB ii A 
toBE,foisCD toDF, 

For, if A B be not to B E, as C D is to 
DF, A B ftiall be to B E, as C D is to a 
Magnitude, either greater or left than E-f F+ 
FD. 

. Firft, Let it be to a lefler, viz. to G D. G +• 

Then, becaufe A B is to B E, as C D is to 
D G, compounded Magnitudes are pro- B I> 

• i7(5/'/ittf.portional; and condqiicntly * they will 

he proportionkl when divided. Therefore A E is to 

EB, as CGistoGD. But (by the ^yp.) as A E 

., . is toEB, fo isCF toFD. Wherefore, alfo, as 

tii oftlti.CG\^ to G D,fo t is C F CO FD. But the firft CG 

is greater than the third CF; therefore the fecond 

1 14 •//*'*• D G (hall be J greater than the fourth D¥. But it is 

lefs, which is abrurd. Therefore A B is not to B E, 

.1 as C D is to DG. We demonftrate in the fame 

manner, that AB to BE is not as CD to a greater 

than D F, Therefore A B to B E mud neceflarily be 

as C D is to D F. And fo, if Magnitudes divided be 

proportional^ they will alfo be proportional when com'* 

pounded'^ which was to be demonftrated* 

PRO- 



PROPOSITION XIX. 

Theorem. 

If the Whole he to the Whole, as u Part takep 
away is to a Part taken away % tbenjhall tha 
Refiiue be to the Rejidue^ as the Whole is ta 

. the Whole. 

T E T the Wbpfc A B be to the Whole C D, as the 
^^ Part taken away A E, is to the l^art taken away 
C F. I fay» the Hefidue £ &is to the Refidvie F D, 
as the Whole A B is to the Whole C D. 

For, becaufe the Whole A B is to the Whole C D, 
as A E is to C F ; it (halt be * akerhately, as A B is to* i^^tlMk 
A £,.fo is C D to C F. Then, becaufe coixipoun^d 
Magnitudes^ being proportional, will be ^ 
t alfo proportional when divided ; aS B £ jf + »T 1^«*t# 
is to £ A, fo is D F to FC : And again, 
it will be by * Alternation, as B £* is to 
DF, foisEAtoFC, ButasEAisto ^1 ^ 
FC, fo (by the Hyp.) is A B to C D. ^t , 
And therefore the X Rcfidue £ B ihall be I ^ i t > < «/ 'A^ 

totheRefidueFD, astheWholeABto j ^J 

the Whole CD. WhtTcforCy if the WhoU I 1 
ie to the WbcUt as a Part taken ^way is to A> 

a Part taken away ; then Jball the Kjftdue he ta the Re^ 
JidtUy as the Whole is to the Whole i which was to be 
iJemonflrated. 

CoroR. If four Magnitudes be proportional, they wilt 
be likewife converfly proportional. For let A B be 
to B E, at C D to D F ; then (by Alternation^ ie 
fliall be, as A B is to C D, fo is B £ to D F. 
Wherefore, fince the Whole A B is to the Whole 
C D, as the Part taken away B £ is to the Part 
taken away D F; the Refidue A £ to the Refidue 
C F (hali be as the Whole A B to the Whole C D. 
And again, (by Inverfion and Alternation) as AB 
is to A £, fo is C B to C ¥. Which is by coa- 
verfe Ratio. 

The Demonjiration of converfe Ratio^ laid down in 

this Corollary^ is only particular. For Alternation 

{which is ufed herein) cannot he applied but when the 

four. prjDportionat Magnitudes are all of the fame Kind^ as 

• • 3 wilt 
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UnUappHirfrom the \ih and i 'jth Definitions if this Booh 

But eonverji Ratio may be uftd when the Terms ofthefirjt 

Ratio are not of the fame Kind with the Terms of the lai* 

ter* Therefore^ inftead of that ^ it may n$i be improper to 

add this Demonflration following: If four Magnitudes ate 

proportioTtali they will be fo confer fly : For let A B be ta 

• 17 •/«*"» B E, as CD to DF. And then dividing^ iUs^ • as 

t C$r. 4. tfA E is to B E, A is CF toDF: And this inverflyis^ f 

<*«'• <?; B E IJ ttf A E,yi /i D F /« C F 5 which by cofnp6und^ 

tit»/ tbii.ing becomes^ t^^ A B is to A Ejfi is CD to CF; which 

by tbg I J th Definition J is converfe Ratio : By S. Cunn. 

PROPOSITION XX. 

Theorem. 
If there he three Magnitudes^ and ethers equal td 
them in Number^ which ^ being taken two and 
two in each Order^ are in the fame Ratio 5 
and if thefirft Magnitude be greater than the 
thirds then the fourth will be greater than thi 
fixth : But if the firft be equal to the thirds 
then the fourth will be equal to the fix tb ; ana 
if the firft be lefs than the thirds the four tk 
will be lefs than thefixtb. 

T £ T A, 6, C, be three Magnitudes, and 
•■^ D, E, F, others equal to them in Num- 
ber, which being taken two and two in each 
Order, are in the fame Proportion, viz* let 
A be to B, as D is to £ ; and B to C, as 
£ to F ; and let the firft Magnitude A be 

greater than the third C. I fay, the fourth 
\ is alfo greater than the fixth F. And if ABO 
A be equal to C, D is equal to F. But if 
A be lefs than C, D is lefs than F. | 

For, becaufe A is greater than C, and B 
is any other Magnitude; and iince a greater 
^%»fihh* Magnitude hath * greater Proportion to 
the fame Magnitude than a lefler hath ; A 
will have a greater Proportion to B, than C ( 

f Sy Hyp, hath to B. But as A is to B, fo is D to £ f ; D £ 
therefore D hath a greater Proportion to £, 
than C hath to B, Now inverfly, as C is to B, fo is f 
%Q £• Therefore alfo D will have a greater Propor« 

tioa 



fiook 
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tion to £, than F has to £. But of Magnitudes harm- 
ing Proportion to the fame Magnitude, that which has 
the greater Proportion is f the greater Magnitude. fio^fM^ 
Therefore D is greater than F« In the fame manner 
we demonftrate, if A be equal to C, then D will be 
alfo equal to F ; and if A be lefs than C^then D.will 
be lefs than F. Therefore, // there be three Meigm'^ 
tudeSt and others equal to them in Number^ which being 
taken two and two in each Order ^ are in the fame Ratio ; 
i/thefirfi Magnitude be greater than the thtrdj then th§ 
fourth will be greater than theftxth: But if the firft h§ 
fqual to the thirds then the fourth will be equal to th§ 
Jjxtb ; and iftbeprjl be lefi than the thirds the fourth will 
he lefs than theftxth \ which was to be demonftrated* 

PROPOSITION XXL 

Theorem. 

If tbire he three Magnitudes ^ and others equal t9 
them in Number^ which taken two and two^ are 
in the fame Proportion^ and the Proportion be 
pert ur bale ; if t he frjl Magnitude be greater than 
the thirds then thefourthwill be greater than the 
Jixtb\ but if the firfi be equal to the thirds then 
is the fourth equal to thefixth \ if lefs, lefs. 

T £T three Magnitudes, A, B» C, be proportional i 

^^ and others, D, £, F, equal to them in Number. 

Let their Analogy likewife be perturbate ; 

vi%. as A is to B, fo is £ to F ; and as B is 

to C, fo is D to £ : If the firft Magnitude 

A be greater than the third C, I fay, the 

fourth D is alfo greater than the fixth F. 

And if A be equal to C, then D is equal to 

F i but if A be lefs than C, then D is lefs 

than F. 

For, fince A is greater than C, and B is 
^me other Magnitude, A will have * a ^Irfthin 

Sreater Proportion to B, than C has to B. 
iut as A is to B, fo is £ to F ; whence £ 
has a greater Proportion to F^ than C hath 
to B : Now inverfly, as C is to B, fo is £ to 
D ; Wherefore alfo, £ ihall have a greater 
Proportion to F, than £ to D. But that £> E f* 
Magnitude to w^ich the fame MagnitudjB 

bearji 
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f io«//^/i.bears a greater Proportion, t " the leffcr Magnitude^ 

Therefore F is lefs than D j and fo D fliall be greater 

than F. After the fame manner we demonftra^e, if 

A be equal to C, P will be alfo equal to F ; and ijf 

A be lefs than C, D will alfo be lefs than F. If^ 

therefore,' then are three Magnhfddesy and others 

iqual to them in Number ^ whichy taken two andtwo^ 

4> ere in the fame Proportion^ and the Proportion.be per^-^ 

iurbate ; if the firjl Magnitude he greater than the thirds 

then the fourth will be^ greater than thefixth\ hut if 

the firjl be equal to the thirds then is the fourth equal 

t^ the ftxth \ if Ufsj lefs ; which. was tQ be demon** 

flrated. 



PROPOSITION XXII. 

T H E O R E Af . 

if there he any Number of Magnitudes and others 
equal to them in Number ^ which^ taken two and 
twoy are in the fame Proportion ; then they 
fhall be in the fame Proportion by Equality. 

T E T there be any Number of Magnitudes, A, B, 
-•^ and C i and others, D, E, and F, equal to them in . 
Number, which, taken two and two, are in the fj^me 
Proportion; that is, as A is to B, foisDtoEs and 
as B is to C^ fo is E to F. I fay, they 
are alfo proportional by Equality, 
v/z. as A is to C, fo is D to F. 

For let G and H be any Equimul- 
tiples of A and D; and K and L any 
Equimultiples of B and E ; and 
likewife M and N, any Equimul- 
tiples of C and F. Then, becaufe A 
is to B, as D is to E ; and G and 
H are Equimultiples of A and D ; G K M H L N 

•^ . and K and L Equimultiples of Band { j \ 

^^•fthiu E, it flball be, * as G is to K, fo is H 
to L. For the fame Reafon, alfo, it 
will be as K Is to M, fo is L to N. 
A nd fince there are three Magnitudes 
G, K, and M, and others H, L, and 
N, equal to them in Number, which 
being taken two and two, in each - . 

Order, 
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Order, are in the fame Proportion ; tbcrcforc if G ex- 
ceeds M, * H wfll exceed N j if G be equal to M, •ao •ffif** 
then H (hail be equal to N $ and if G be lefs than M, 
H (hall be lefs than N. ButG and H are Equimul- 
tiples of A and D ; and M and N, any other Equi- 
multiples of C and F. Whence as A is to C, fo (hall 
D t be to F. Therefore, if there be any Number off '>'/• 5* •/ 
Magnitudes^ and others equal to them in Number^ which^^"' 
taken two and tivo^ are in the fame Proportion ; then 
they Jball he in the fame Proportion by Equality ; which 
was to be demonftrated. 

PROPOSITION XXIII. 

Problem. 

ff there he three Magnitudes ^ and others equal to 
them in 'Number ^ whicb^ taken two and tivo^ 
are in the fame Proportion ; and if their Jna^ 
logy be perturbatey then fljall they be alfo in the 
fame Proportion by Equality. 

T £ T there be three Magnitudes 
^^ A, B, and C ; and others equal 
to them in Number, D, E, and F, 
which, taken two and two, are in 
the fame Proportibn, aivd their Ana- 
logy be perturbate ; that is, as A is 
to 6, fo is £ to F } and is B is to 
C, fo is D to £. I fay, as A is to A B C D £ F 
C, fo is D to F. 

For, let G, H, and L, be Equi- G H K L M N 
mukiples of ^ B, and D ; and K, 
M, and N» any Equimultiples of 
C, £, and F. 

Then, becaufe G and H are Equi- 
multiplea of A and B,and (Ipce Parts 
have the fame Proportion as their 
like Multiples, when taken corre- 
(pondently ; it (hall be *, as A is to B, (b is G to H ; * 15 •fthk. 
and, by the fame Reafon, as E is to F, fo is M to N. 
But A is to B, as E to F. Therefore, t ^s G is tot 'i ^ttiu 
H, fo is M toN. Again, becaufe B is to C as D is 
to £ i and H asi L are EquimuUiplqs of B and D \ 

L as 
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as Irk^wire K and M any Equimultiples of C and E ; 
it (hal! be, as H is to K, fo is L to M. But it has 
been alfo proved, that as G is to H, fo is M to N-. 
Therefore, becaufe three Magnitudes G, H, and Ky. 
and others, L, M, and N, equal to them in Number^ 
which, taken two and two, are in the fame Propoiu 
tion, and their Analogy is perturbate j (Hen if G cx- 
•'*» •/'*'*• cceds E, alfo L * will exceed N j. and if G be equaf 
to K, then L will be equal to N } and if G be [tti 
than K, L will Iikewife be lefs than H* iSut G and" 
L are Equimultiples of A and D ; arid It arid N Equi- 
multiples of C and F. Therefore, as A* is to Cy ft> 
Ihall D be to F. Wherefore, if thirt ht thrtts Magni*^ 
iudesy and others equal ta item in Numker^ tvhieh^ takers 
* two and twOy are in the fame Proportion ; and if their 
Analogy he perturbate^ then fiall they he ajfo i* the famt 
Proportion by Equality ; which was to bc dembrtfiratedw 

PRO POSIT ION XXIV. 



ttl 



The or e vt. 

J^ tbejirfi Magmttide has the fame PrcppfticH /t* 
the fecond^ as the third to the fourth ; 'ttfid if 
the fifth has the fame Propoftion td the ftcond^ 
as the ftxib has to the fi^urth ; then jhall tJ^ 
^rfi comjbotindedwith the fifths 
have the fame Proportion to 
tbefecondy as the thirds coin- 
founded with the fix tb^ has to 
the fourths 

i E T the fi?ft Magnitude AB havk 
-*^ the fame Proportion to the fe- 
oond C, as the third D'E has to tfcfc 
fourth F. Let alfo the fifth BG havfe 
the fame Proportion to the fbcorkk 
G, as the fixth E H has'tothc fourth 
P. 1 fay^ AG,- the firft com- 
pounded with the fi^h ha^ the famre 
Proportion to the fecond C, as 
DHj the third compounded with 
the fixthy^ ha& to the fourth ff; 



' 



B-F 
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For, Ucaufe' B G is f o C, as E H is to P ; ft (bill 
be (invQrfly)* V C i& to B Q, To U F t^ E H- Then* 
fmcc A B is ro C, as D £ is to F ; ^pd as C is tf> 
BQ, fo isF to EH; itfl)a)lbe, » by Equality, a»*i»#/rM*. 
A B is to B G) ib. i^ D E to £ H. An;i b^paufc Mag- 
Ditud^Si b^iog'^ivided, are proportiona], )h$y (hall alfo 
be t proportional Wh^n compounded. Thereforp, ast 18 a/riti. 
AGistoGB, fpisDH c HE: But j^s GB isJtPt/y/jw 

Ci fo ^Ifo is H E to F. Wherefore, by Equality *, k 
ihall bf , as A G is to C, fo |s P H to F .. . Tb^rprore^ 
ifihefirjl Magnitude has the fame Proportion tq the fi^ 
cond^ as the third to the fourth ; and if the fifth has thi 
fame Proportion to the fecond^ as the fixtb has to tht 
fourth ; then Jhall the firfi^ compounded with the fifth ^ 
have the fame Proportion to the Jecond^ as the thirds 
compounded with the Jixth^ hets to the fourth -^ which Was 
to be demonfirated. 



PROPOSITION XXV. 

Theorem. i 

if four Magnitudes be proportional ; thegreatefi^ 
and the leaft oftbeth^ will be greater than thi 
Iftber two. 

LE T four Magnitudes, A B, C D j E, F^ be pro- 
portional, whereof A B is to G D, as E is to F | 
]et AB bp the greateft of them, and 
F the leaft. I fay, A B and F^ arc B 
greater than C D and £• 

For, let A G be equal to £, and 
CHtoF. Then, becaufe AB is 
to C D as £ is to F ; and fince AG G-f- 
and C H are each equal to E and D 

F J it fhall be as A B is to D C, fo 
5$ AG to CH. And becaufe the [ H+ 

Wholc A B is to the Whole C D, 
as the Part taken away AG is to 
the Part taken away C H ; it fliall ' 
alfo be *, as the Refidue G B to the 
kefidue HD, fo is the Whole A B 
to the Whole CD. But A B is A C £ F 
l^^aicer thati ^ D J therefore, alfQ> 

L 2 GB 
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G B fhall be greater than H D. And fince A G is 
equal to E, and C H to F; A G and F will be equal 
to C H and £• But if equal Things are added to un- 
equal ThingSythe Wholes (hall be unequal. There- 
fore G B, H D, being unequal, for GB is the ^eater* 
if AG and F are added toGB; and CH and £ to 
H D ; then A B and F will neceflarily be greater than 
CD and £• Wherefore, if four Mogniiudis hi tro^ 
fQTtional ; tbi guateft^ and thi leaft of them will kt 
gnater than the other tWQ s which was to be demon* 
ftrated. 



fie E n D of ihe Fifth Book,^ 



EUCLIDfsr 



EU C L I D's 



ELEMENTS. 



■W—— — »»*■—»—— —>—^*«»— — ^^IM.^— ^— ^ 



BOOK VL 



DEFINITIONS. 

I.QIMILAR Rigbt'tined Figures are fucb 
^ as have each of their federal Angles equal 

. to one anoiber^ and the Sides about tbe equal 
Angles proportional to each other. 

II. Figures are [aid to be reciprocal^ when tbe 
antecedent and confequent Terms of tbe Ratios 
are in each Figure. 

III. A Right Line is faid to be cut into mean and 
extreme ProportioUy when tbe fVbole is to the 
greater Segment^ as tbe greater Segment is ta 
tbe lejfer. 

IV. Tbe Altitude of any Figure is a perpendieu-- 
tar Line drawn from tbe Top^ or Vertex^ ta 
tbeBafe. 

y. /i Ratio is faid to be compounded of Ratios^ 

, when the Quantities of tbe Ratios^ being mul* 

tiplied into one another^ do produce a Ratio. 
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i? R (5 p o s I T ^o K I. 

Theorem, 

Triangles and Parallelograms^ I bat have the fam$ 
Aliittttk^ ^e io each other as ihfir Ba/es. . . 

'ET*lhe 'fiia-hgk^ A BC, 1\ Cp, aird The Pa^ 

r illelograms E C, C F, have the fame Altitude, 

viz. the Perpendicular drawn from the Point ^ 

fG-«©. Ifzj, ^sthr-Bit re B C is te the Bafc G j>, 

, fo is the Triaiml^ A RC» to the Tiijngle A C D ; 

^nd (q is the Ptrtllelograin fcl^ W theiParalielogram 

CF. 

* For, produce BtTBTStTi "Way sHfo tte "PstTiTS H anxj 
L ; and take G 13, G H, any Number of Titir^es equal 
to the Bife BCj and D K, KL, any Number of 
Times equal tfeWfi^iR- <^U:s'anll j4n ^LH^ A G, 
AK, AL, 

. Then, becaufe C B,. B Q,. Q FI,,art^qua1.to on^ 
Another, the'TnrfngJes A'H G, A^-fc^Vi ^C» a^fo^ 
• jt. I. WHI be* t^qiKal *d or>^ atiother :^ 'Fte|rcfe^ 'the fame 
)i^ulti^le that^he 'Safe H^i; m.of t^^.fiafe-£-C\ <(kaU 
the Tiiangle A^H U te; of t^e- tViwigl«^ BC. By 
%ht famtRealon, the fame.Myltv^ale that the Ba'feL0 
Vit)f the Bafe CD, (hall che'TnVgle aX'C be 'oF 
the Triangle AC D". And if tHe B::^e ft C be equal 

!o the Bafe C L, the Triangle A H C is ^Ifo ^ ^qual 
b Vh^ Triarule A L CV And if \b*^Hlii H C excei^i 
fhfr BHfe Cl>, thcnthcTi-iaitgte Ati-C tiriU^^ecteed 
Ihe Trfai^e A-LC. A"4 tf.thl?.e«<eH€ i>e 4eft 
than C L, then the Triangle A H C will -telefs than 
A-LC, Tiierefoi:e,,lince .thc^rc are- fouc JiH^nrtude«j 
viz, the two.Bafc^'B C, C D, and the^wo TrianglcM 

A B'C, AC^D ; ^n-a firic^ the feafe ft C, ind the 

Triangle A H.C, are Equimultiples of the mfe B'C^ 
HW the triangle 'A B€ : And 'the Bifc C L, and the^ 
'^n^\\y\t ALtC/. are '£<)u1mttltfpte« of th^ Brfc C D, 
and. the .Tfiwgle • A I) C : AmLit ,h#s,i>6cii pr^v^ed, 
that if the Bafe H CVxceeds the Bafe C L, the Tri- 
angle A H C will exceed the Triangle A L C ; and if 
equal, equal ; if lefs, lefs : Therefore, as the Bafe 
t ^/ 5 5- B C l^ to the E^fe CD, fo f U ^he Tfiapgle A B C 
(c^ ^hc Tiiangle A C D. 
- - * i o • i An4 



SookV^ £W//s Elements. 151 

Andbccaufe the ParaJleJogram EC is f double tot 4 i-i. 
the Triaogl.e ABC; and the Parallelogram KC, 
, -double t to tKe Triangle A C D4 and Farts have the 
iame Proportion * as ^hcir like Muhiples : There-* 'i* *• 
iore, as the Triangle A B C is to the rnangle AC D, 
jfo is the Parallelogram E C to <he Parallelogram C F. 
And fo, iince it Ms bceji proved that the Bafe BC i« 
«to the Bafe C D, as the Triangle ABC is to the 
Triangle AGO; and the T«*Jaiigle A B C is to the 
Triangle A C D, as ihe Paralltiogram E C is to the / 
?aralldogra9i C F4 it fhall be J, as the Bale B C isj". 5* 
to the Bafe CD, (o is the Parallelogram EC to tl)c 
Parallelogram F C Wnercfore, Triangles and Pa- 
rallelograms^ that have the fame Altitude^ sre to each 
<^ir as their JBafts i which was to be dcmondratcd. 

PROPOSITION IL 

Theorem, 

If a Right Un£ be drawn parallel to vne j>f /fe 
^des of a Triangk^ it fhalt cut the Sides of tie . 
Trraftgle prcportionally ; and if the Sides of tba 
^rungle be cut proportionally^ then a Right 
Line, joining the Points of SeSicn^ fhall be 
parallel to the fibber Side .of ^e Triangle. 

LET D E be drawn parallel xo B C, a Side of the 
Tr laiigle ABC. I fay, D B is to D A, as C E is 
jtoEA. 

For, KtBE, CD be joined. 

Th<n the Triangle B D £ is * equal to the Tri-*37. u 
i^ingle C D !p i for they ftand upon the fame Bafe 
X) E, and are between the lame Parallels D E and 
B C , and AD £ is fome other Triangle. But equal 
Magnitudes have f the fame Proportion to one andtT-S* 
»the fame Magnitude, Therefore, as the Triangle 
- B D E is to the Triangle A D £, fo is the Triangle 
C D t: to the Tfiaogie^A Dl^. 

But as the Triangle B D E is to the Triangle t » •/«*^. 

A D E, ib :J: i^ S I^ to D A -, for fince they have the 

,<^ime Altitude, viz* a Pfrpe.n.liciilar drawn from tl>e 

point E to A B, they are to each other as their JJafeiJ, 

'And, (or tiic i^m; R^albn, as the Tiianglc C D E is to 

L 4. liie 
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^ , the Trxane;le A D E, fo is C E to E A : And diere* 

• "• 3- fore as B D is to D A, fo is * C E to E A, 

And if the Sides A B, A C, of the Triangle ABC, 
be cut proportix>nalIy ; that is, fo that B D be Co 
DA, as C E is to E A J and if D E be joined j I fay, 
D E is parallel to B C. 

For, the fame Conftruftion remaining, becaufe B D 

f I •fthiu is to D A, as C E is to E A ; and B D is f to DA, 
as the Triangle B D E is to the Triangle A D E ; 
and CE is to E A, as the Triangle CD E is to the 
Triangle A D E ; it fhall be as the Triangle B D E is 
to the^Trianglc A D E, fo is * the Triangle C D E to 
the Triangle A D E. And fince the Triangle B D E, 
C D E, have the fame Proportion to the Triangle 

t 9' 5- A D E, the Triangle B D E fliall be f equal to the 
Triangle C D Ej and they have the fame BafeDE: 

J 39. 1. But equal Triangles, being upon the fameBafe, % are 
between the fame Parallels; therefore DE is parallel 
to B C. Wherefore, if c Right Line be drawn parallel 
to one of the Sides of a Triangle^ it fhall cut the Sides of 
the Triangle proportionally j and if the Sides of the Tri- 
angle be cut proportionally^ then a Right Lvie^ pining 
the Points of Se^iion^ Jhall he parallel iQ the other Side of 
the Triangle j which was to be demonftrated. 

PROPOSITION m. 

The o r £ m. 

Jf one Angle cf a Triangle he bifeSfed^ and the 
Right Line, thai bifeSs the Angle , cuts the 
Bafe alfo \ then the Segments of ,the Bafe will 
have the fame Propottion as the other Stdes of 
the Triangle. And if the Segments of the Bafe 
have the fame Proportion that the other Sides 
of the Triangle have ; then a Right Line^ 
drawn from the Vertex^ to the Point of Sexton 
of the Bafe^ will bifeS the Angle of the ^ri^ 
angle. 

T E T there be a Triangle ABC, and let its Angle 
•9-1. ^^ B A C be * bifefted by the Right Line AD. X 
Uy, as B is to D C, fo is B A to A C. 

For, 
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For, thro' C draw * C £ parallel to D A, and pro- ^ 31. tn 
duce B A, till it meets C £ in the Point £* 

Then, becaufe the Right Line A C falls on the 
Parallels A D, £ C, the Angle A C £ will be t equal t M* >• 
to the Angle CAD: But the Angle C A D (by the 
Hypothejis) is equal to the Angle BAD. Therefore 
the Angle B A D will be equal to the Angle ACE. 
Again, oecaufe the Right Line B A £ falls on the Pa- 
rallels A D, £ C, the outward Angle B A D is f equal f 7- 5* 
to the inw^ Angle A £ C ; but the Angle A C £ 
has been-f^roved equal to the Angle B Al5: There^ 
fore AX: £1faill be equal to A E C s and fo the Side 
A £ is equal { to the Side AC» And beeaufe thet^*fNr 
Line A O is drawn parallel to C £, the Side of the 
Triangle B C E, it fhall be, • as B D is to D C, fb is*a/A^ 
B A to A £ ; but A £ is equal to A C. Therefore, 
as B D is to D C, fo is t B A to A C. 

And if B D be to D C, as B A is to A C ; and the 
Right Line A D be joined ; then, I fay, the Angle 
B A C is bifeaed by the Right Line A D. 

For, the lame Conftrudion remaining, becaufe B D 
is to D C, af B A is to AC ; and as fi D is to DC, 
fo IS J B A to A £ ; for A D is drawn parallel to one X t *f iMb 
Side E C of the Triangle B C £ j it fhall be, as B A 
is to A C, fo is B A to A E. Therefore A C is equal 
to A E t ; and, accordingly, the Angle A £ C is equal f 9* 4* 
to ths Angle EGA: But the Angle A £ C is equal 
* to the outward Angle BAD; and the Angle • ag. !• 
ACE equal to the alternate Angle CAD. Where- 
fore the Angle BAD is alfo equal to the Angle " 
CAD; and fo the Angle B A C is bifeaed by the 
Right Line A D. Therefore, if one Angle of a Tri^ 
angle be htfeSfedy and the Right Line^ that bUeSfs the 
Jn^Ut cuts the Bafe alfo 5 then the Segments of the Baft 
turf I have the famt Proportion as the other Sides of the 
■T^irmgle, And tf the Segments of the Bafe have the ' 
fam^Propof iion that the other Sides of the Triangle have ; 
then a R't^ht Line^ drawn from the Vertex^ to the Point 
of SeiUi'.n of the Bafe J will bife£f the Angle of the Tri^ 

'finale -f which was to be demonftrated. 
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PROPOSITION IV/ 

T H EOR E M- 

The Sides about the equal Angles of equianguldr 
Triangles are prop9rtional \ and the Sidsf^ 
which are fubtended under ibe ^uaj AngUs^ 
are homologous^ or of Uke Ratio. 

F' ET ABC, DEC, be equiaoguJaj* TriangleJ^^ 

r^ having the Ajjgle A|B C equal to the Angle 

DCE, the Angle, A C B equal t6 the Angle DEC, 

^, and the Anjle ^ A C «qwal to nbe^r^le C D E. I 

hy^ the Sides thftt are about the eq^uil Armies of tlic 

., } Triangles A B C, D C E, arc proportional ; and the 

Sides that are A^btpoded un4?r ithc equal Angles, are 

liomologous, orol like Ratio* - . 

Set the Side B C iii the faiqe Ri^t ^ine with the 

Side C £ i and becaufe the Angles* 4 B C, A C£, aie 

• «;• !• « lefs than jtwo Right Angles, ar>d,the Angle A C 3 

'is equal to the Angle DEC, the Angles ABC, 
DEC, are lefs than two Right Angles. And ^ 

f^id** M. B A, £ D,, produced, will ipeet rf ^ach other ; let 
thfm be produced, i*nd meet in the P,9int F. Then, 
becaufe the Angle D C £ i^ eqiial ,to the Angle 

%%%, I. ABC, BF (hall be % paiallel ip ,DC. Agaip, be- 
caufe the Angle A C B is equal p t)ie Angle D E CJ, 
the Side AC will he J parallel t.> ,tUe Side F»E}; , 
therefore F A C. D is a Parallelogrfiin^ and cGBfe'^ 

• 34- X. quently F A is * equal to D C, ^aiid A»C to F D ; an4 

becaufe A C is drawji parallel to F £, |he Side of t?hfe 

izofthii. Triangle F B E, it fhallf be, as B A i^.to A F, fo 9s 

B C to C E : But C D is e^ua*) tt) A F, and ( by Al* 

.ternation) as B A is to B C^ Xo is C t^ to C £. Again, 

.becaufe C D is paralkl to B F, it (hall be t ^J> B.C U 

toCE, fo is F D toDE, ..but^F D is vqual to AC. 

+ 7- 5- Therefore as B C is to C E, u» ts J A C tf, D E: 

And fo by Aiternanon, as B C is (o C A, fo is C E to 

Ji D. Wherefore, b<^^cauf«' it is d t me nfl raited, tha^t 

A B is to B C, as D C is to C E ; and as £ C is tp 

• *'• 5* C A, fo is- C E to E D ; it (hall be, * by Equality, as 

B A is to A C, fo is C D to D E. Therefore, the 
Sides about the equal Articles of equiangular Triangles are 
fropGitionoht and the Side ^'^ which are fubtended under 

thi 
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ibe tqual Anj^n^oTM bomohg9tu^ or rflih Ratio i whioh 
was to be demonftrated. 

PROPOSITION V. 

T H E O B, E M, 

^^ the Sidts of two "Jriangles are proportUnat^ 
the Triangies Jhail bt equiangular \ snd their 
Angles^ under which the komologeus Sides art 

^ fitbt^nded^ are^uaL 

T E T there be two Triangles A B C, DEF,* hav* 
^^ ihg their Sides proportiooal i that is^ let A B bo 
to B C, Jis D E is to E F ; and as B€ to C A, fo is 
EF to F D ; And, alfo, as B A to C A, fo E D to 
X) F. I fay, the Triangle A B C is equiangular to 
the T'riartgle D E F ; and the Angles are equal,' un- 
tier which the homologous Sides are fubtendcd, tuz, 
the Angle ABC eotial to the Angle D E F ; and the 
jllog^e B C A equal t^ the Angle E F O s and the An- 
g^c B A C equal to the AQgle E D F. 

t'or, at the Points E and F, with t?he Line E F, 
make * the Angle F E G equal to th6 Angle A B C ; • «3« »• 
a«d th^ Aftgle £ F G equal to the Angle B C A : 
Then the remaining Angle fi A C is f is equal to tbetCfr.3t«t| 
remaining Angle E G F. 

And fo. the Triangle ABC is equiangular to the 
Triangle £ G F ^ and, cpnfequently, the Sides that ^ 
ire (iibtended under the ^qoal Angles^ are propor- 
|io»al. Therefore, as A B i^ to B C,, fo is4:GE tot4ef '*«»• 
E F ; but (by the H^.) ats AB is to B C, fo is DE 
•e E F>. Therefore, as D E is to E F, fo is** G £ to* n. f*. 
£ F* ^«d Jince DE, EjG, have the fame Pxopor- ; 

%V(Hk^o^¥^ D E fliaJl be.f equal to EG. For the t *• Jh 
fame Reafon D F is equal to FG ; but £F *is com^ 
IBidn« Then,' becaufe^the two Sides DE, £ F, are 
eq:i*al to the two Sides G E, E F, and the Bafe^ D F is 
equal to the Bafe.F G, the Angle D E F is J equal tot i* % 
the' Angle G E F ; and the Triangle -D E F equal to -. ^ - 
the Tnangle G E F ; and the other Angles of the 
•ne ^qual to the other Angles of the other, which are 
iiibtenfied by the equal Sides. Therefore the Angle 
p'F E ia.equal to tjie Angle G F E, and the Angle *' * 

ji P f ec[i;ifll to tbe Angle £ Q F» And bccaufe jhe 
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Angle DEF is equal to the Angle GEF; and the 
Angle GEF equal to the Angle ABC; cherefoie 
the Angle ABC Oiall be alfo equal to the Angle 
D £) F- For the fame Reafon, the Angle A C B (hall 
be equal to the Angle D F £ ; as alfo the Angle A 
equal to the Angle D : Therefore the Triangle ABC 
will be equiangular to the Triangle DEF. Where- 
fore, if tht Sides of two Triangles an proportional^ the 
Triangles fhall be equiangular i and their Angles^ under 
fvUch the homologous Sides are fubtonded^ an ifuai i 
which was to be demooftrared. 

PROPOSITION VI. 

Theorem. 

If two Triangles have one jingle of the one equal 
Jo one Angle of the other ; and if the Sides 
about the equal Angles be proportional^ then the 
Triangles are equiangular ; and have tbofi 
Angles equals under which are fubtended (hi 
homologous Sides. 

T E T there be twd Triangles ABC, DEF, hav- 

4 X^ j„g ^jjjg Angle B A C, of the one, equal to the 

Angle £ D F of the other $ and let the Sides about 

the equal Angles be proportional, v/z« let A B be to 

A C, as £ D is to D F. I fay, the Triangle ABC 

is equiangular to the Triangle DEF; and the Angle 

ABC equal to the Angle DEF; and the Angle 

A C B equal to the Angle D F £. 

'^ ^ for, at the Points D and F, with the Right Line 

• %y s. D F, make * the Angle F D G equal to either of the 

^' AnglesBAC, ED Fs and the Angle DFG equal 

to the Angle A C B. 

fCtet^^z.u Then the of her Angle B is f equal to the other 

Angle G ; and fo the Triangle A B C is equiangular 

*^ ^ to the Triangle D G F ; and, confequently, as B A is 

1 4^«^- to A C, fo is } G D to DF : But (by the^^) as 

B A is to A C, fo is E D to D F. Therefore, as 

• "• 5. E D is ♦ to DF, fo is G D to D F; whence E D is 

f 9* 5* t equal to D G, and D F is common ; therefore the 

tviro Sides E D, DF, are equal to the two Sides GD^ 

DFi and ' the Angle £ D F equal to the Angl« 

GDFt 
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O D F : Confeqaently the Bafe £ F is * equal to the * 4* >• 
Bafe F G, and the Triangle D £ F equal to the Tri* 
angle D G F ; and the other Angles of the one equal 
to the other Angles of the other, each to each ; under 
which the equal Sides are fubcended. Therefore the 
Angle D F G it equal to the Angle D F £, and the 
Angle G equal to the Angle £ ; but the Angle 
D F G is equal to the Angle A C B : Wherefore the ' 
Angle A C B IS equal to the Angle D F £ ; but the 
Angle BAG is J alfo equal to the Angle £ D F :t ^y Hjp. 
Therefore the other Angle at B is f equal to the other t 3** ** 
Angle at £ ; and fo the Triangle A B C is equiangu* 
lar to the Triangle D E F. Theicfore, if two Tri» 
anglis bavi one AngU of tht om equal to one Angle of the , 
9thir ; and if the Sides about the equal /ingles be propor* 
tional ; then the Triangles are equiangular ; and bavi^ 
ibofe Angles equals under which are fuhtended the homo^ 
kgous Sides ; whkh was to be demonftrated. 

PROPOSITION VII. 

Theorem. 

If there are two Triangles^ having one Angle of 
the one equal to one Angle of the other ^ and I he > 

Sides about the other Angles proportional ; and 
if the remaining third Angles are either both 
le/Sy or both not lefs, than Right Angles i tben^ 
fiall the Triangles be equiangular^ and have 
thofe Angles equals about which are the prof or* 
tional Sides. 

T £ T two Triangles A B C, D E F, hare one An- 
^^ gle of the one equal to one Angle of the other, 
viz, the Angle H^C equal to the Angle £ D F ; and 
let the Sides about the other Angles ABC, D £ F^ 
be proportional, viz. as D £ is to £ F, fo let A B be 
to B C ; and let the other Angles at C and F be both 
Jefs, or both not lefs, than Right Angles. I fay, the 
Triangle A B C is equiangular to the Triangle D E F 5 
and the Angle A B C is equal to the Angle D L F ; ' 
as alfo the other Angle atC equal to the oiher Angle 
at F. 

For, 
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For, if the Angle A B C be not equal to the Angle 
D E F, one of tkem will be the greater, which let bH 
A B C. Then at the Point B with thf^ Right Lino 

?»3* I* A B, make ^ the Angle A B G equal to the Ai^lo 
D£F. 

Now, becaufe the Angle A is equal to the Angk 
D, and the Angle A B G equal to the Angle D £ F ^ 

f Cor, %%,tAht remaining Angle AGB is f equal to the rcmain-r 
ing Angle D F £ : And therefore the Triangle ABQ 
is equiangular to the Trian^ D £ F ; and fo, af A B 

t^cfthii. istoBG, roistD£to£F| but as D£ ia toEF^ 

• ByByf, fo IS * A B to B C. Therefore, as A B is to B C, ib 
} XI. 5. is A B to t B G ; and fince A B has the fame Propor-* 
1 9. 5. tion to B C, that it has to BG, B C {ball be t equal 

* 5. ih to B G ; and, confequently, the Angle at C * equal 

to the Angle B G C. Wherefore each of the Anglea 
iiCG, orBGC, is lefs than a Right Angle; and 
confequently AGB is greater than a Right Angle4 
But the Angle AGB has been proved equal to the 
Angle at F ; therefore the Angle at F is greater than 
a Right Angle : But (by the^^.) it is not greater^ 
fince C is not greater than a Right Angle, which is 
abfurd. Wherefore the Angle A 3 G is not unequal 
to the Angle D £ F ; and fo it muft be equal to the 
fame ; but the Angle at A is equal to that at D ; 
wherefore the Angle remaining at C is equal to the 
remaining Angle at F ; and, confequently, the Tri- 
angle ABC is equiangular to the Triapglf; D £F. 
Therefore, if tb^re are two Triangles having one 4^gli 
9f the one equal U one Angle of the other y and the Stdes 
about the other Angles proportional \ and if the remaining 
third Angles are either both lefs^ or both fut lefsy thati 
Right Angles ; then Jhall the Triangles be equiangular^ 
emd have thoje Angles equaly about which arethepropor^ 
iional Sides i which was to be demanftrated^ 
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PROPOSITION vm. 

TllSORtM. 

^ a Tirpendicular be drawn^ in a Right angledt 
triangle J from the Right Jngle to the Bafe^ 
. then the triangle on each Side of the Perptn^ 
' Hculdr Art fimilar^ both to the ^holi^ and 
dlfo to one nnifther* 

▼ ET ABC be a RighttngJed Triangle, whole 

•*-' Right Angle is B A U ; and let the Perpendicular 

A D, be drawn from the Poim A to the Bafe B C. I 

(ky, the Triangles A B D, A D C, are fimilar to one 

another, and to the whole Triangle ABC. 

' For/ becaufe the Angle B A C is equal to the An« 

g!< A D B, for each of them is a Right Angle ; and 

the Angle at B is common to the two Triansles 

A B C, A B D ; the remaining Angle A C B (hall be 

♦ equal to the remaining Angle BAD, Therefore •c#r. ^,u 

the Triangle A B C is equiangular to the Triangle 

A B D ; and fo, as f B C, which fubtends the Right f 4. ^//i^ 

Angle of the Triangle ABC, is to B A, fubtending 

the Right Angle of thi^Triangh ABD, fo is AB, * 

fubtending the Angle C of the Triangle ABC, to 

D'B} fubtending an Angle equal to the Angle C, t/iz* 

the Angle BAD, of the Triangle A B D ; and fo, 

moreover, is A C to A D^ fubtending the Angle By 

which is common to the two Triangles. Therefore 

the Triangle ABC is J equiangular to the Triangle j Dtfi t,$f 

ABD; and the Sides about the equal Angles are'^»*» 

proportional. Wherefore the Triangle ABC is J 

nmilar to the Triangle A B D. By the fame Way 

'we demonftrate, that the Tria^igie -A D C is alfo 

iftmilar to the TViangle A &C. Wherefore each of • 

the Triangles A B D, A D C,- is fimilar to the whole 

TTriangle. 

I fay, the faid Triangles are alfo fimilar to one 
Mother 

For^becaiife the Right Angle B D A is equal to thor 
!Rlght Angle A D C, and the Angle B A D has bccft 
proved equal to thts. Angle C ; it follows, that the re- 
m^iaifiig Angle at B * ihall be equal to the remainin$r«'C#r.3^.t. 

Angle 
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Angle D A C. And fo the Triangle A B O is equi- 
1 4 #//M. angular to the Triangle ADC. Wherefore as t 
B 6, Aibtending the Angle B A D of the Triangle 
A B D, 18 to D A^ fubteiKling the Angle at C of the 
Triangle ADC, which is equal to the Angle BAD; 
fo is A D, Tubtending the Angle B of the Triangle 
A B D, to D C, fubtending the Angle D AC, equal 
to the Angle B. And, moreover, fo is B A to A C, 
fubtending the Right Anelet at D ; and, confe- 
quently, the Triangle A B D Is fimilar to the Tri- 
angle ADC. Wherefore, ifaPirpendicular be irmun 
in a Rigbi-ahgUd Triangle^ from tbi Right AngU to the 
Bafiy thtn thg TriangUs on each Side of the PerpeniHcular 
ere fimilar y botb to the Wbole^ and alfo to one anotber | 
which was to be deoionftrated. 

C^rolL From hence it is manifeft, that the Perpendi« 
cular drawn in a Right-angled Triangle from the 
Right Angle to the Bafe, is a mean Proportional 
between the Segments of the Bafe. Moreover ^ ei- 
ther of the Sides containing a Right Angle, is a 
mean Proportional between the whole Bafe, and 
the Segpsent thereof, which is next to the Side* 

PROPOSITION IX. 

Problem. 

7o cut off any Part required from a given Right 

Line. 

T E T A B be a Right Line given, from which muft 
-*^ be cut ofFany required Part $ fuppofe a third* 

Draw any Right Line A C from the Point A, mak- 
ing an Angle at Pleafure with the Line A B. AflTume 
• 3. f . any Part D in the Line A C ; make * D E, £ C, each 
1 31. s. equal to A D ; join B C, and draw f DF thro' D9 
parallel to B C. 

Then, becaufe F D is drawn parallel to the Side 

X % •fthiu B C of the Triangle A B C, it (hall be, ]: as C D is to 

D A, fo is B F to F A. But CD is double to D A. 

. Therefore B F ihall be double to F A } and fo B A is 

triple to A F. Wherefore, there is cut off A F, a third 

.Part required^ of the given Right Line A B i which 

wastobedone. 

PRO- 
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PROPOSITION X. 

P R O B L E M.« . 

^6 divide a givtn undivided Ri^ht Line ^ as an- 
* other given Rigb$ Line is divided. 

T ET AWM a given uodWded'jRightrLtfte, and 
'^ AC a divided Line. It is required to divide A B^ 
as A C IS divided. 

Let A C be dryided in the Points D*^2in,d E, and To 
placed, ' as to contain any Anele with A B. Join the 
Points C and B ; through D and E let D F, E G, 
be drawn ^ pajraHelto BCt and through Ddrav^t ii. u 
D H K, parallel to A B. , ... • 

Then F H, H B, ate each of ;bem Parallelograms ; 
ftnd fb p H is t equal to F G, and H IC to G B. Andf 34* >• 
becaufe HE is drawn parallel to the Side KC of the 
Triangle D K C Jl (hall be t as C £ is to £ D,' fo is 1 1 «/ Mh 
KHtoHD. ButKHi;sequaltoBG,andHDto 
G F. Therefore, aa C E is to E D, fo is BG to 
G F« Again» ^beqaufe .F D is drawn parallel to the 
Side £ G of the Trianglf AGE, as £ D is to P A, 
To (hall t G F be to F A. But it has been proved^ 
that C £ is to £ D, as B G is to G F. Therefore, as 
C£ is to ED, foisBGtoGF; and as ED is to 
X) A, fo is G F to F A. Wherefore, the giv0n undi^ 
vided Lim A B ii dividid as tb$ given Lim A C 1/ ; 
which was ta be done* 

PROPOSITION XI. 

P It O t t B M. 

Two Rigbi Lines being given ^ to find a tbir4, 

Proportional So them. 

T ET AB, AC, be two giwn Right Lines, (a 
T^ pjaccd, al^ to make any Angle jwitb each other^ 
It is required to find. a third Proportional to A B, ACi. 
Produce A B^ AC,. to the Points D and £ ; make 
B D equal to A C ; join the Points B, C ; and draw 
1 the Right Line D £ tbro' D, parallel to B C. t ti. u 

M Then, 



Then, becaufe B C is drawn parallel to the Side 
} % BfiUu D £ of the Trian^^ APE, it Siiall be, t as A fi is 
to BD, To is AC to C£. But BD is equal to AC. 
Hence, as A B is to A C> fo ir A;C ito C E. There- 
fore, a third Proporti^ial C£ is.fmnd to tw$ given 
Right Lints A B, A C I which was to be done. 

PROPOSITION XH. 

P K O B L £ M. - ' . . 

Tlree Rigbi Unes Mng ghim^ ufind^of^u&h 

Piroportional to (btfn. 

" T ET Ay B, C, be thitc Rl^ht Utiii givin. It is. 
-*^ required to £nd a fourth PrO{56rtioiiirto thttti. 

Let D E and D F be two Rijght LiA6s, riiakinginy 

Angle E D F with each othci*. Now m^k^e D G equaf . 

ro A, G E equal to B, D H equal to C ; and draw the 

f iV I. Line G H, as a»fo, f E F thro* E, paraltel to G H. . 

Then, betaufe G H is drawi> parallel to E F, the 

Side of the Triangle D E F, it fliaK b«^, as t>G is tb 

G E, fois DH to HF. But DG Is <fqual to A, 

G E to B, and D H to C. ConfeqCiently, as A is to 

B, fo is C to HF. . Therefore, ihi Right Line HF, tt 

fourth Pr§portiofiiil to the three given Right Lines A, B^ 

. C, is found I which was to be done. 

PROPOSITION XIIL 

Problem. 
To find d mean Proporttoftal MiMen Jwo given. 

Right lipef. ^ 

t E*TthetwogifcnRightLme*^AB,BC. It 
•*^ if required to find a mean Proportional between 
them, riace A B, B C, in a dired Line ; and on 
the Whoie A C<ielMbe the" Sdnkitc^k A D C. kni 

I If. i» t <^i^^w B D at Right Angles to A C from the Polnl 
fi ; and let AD, DC, bcjoinei. , 

Then, becauTe the Angle A DC, in a Seinicircley 

t Ji' J» iJ^ t a Right Angle ; and fince the Perpendicular D 
^ drawn ffom the Right Angle to the fiafe i tbtrefflir^ 

DB 
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P B is ^ a mean I^roporlional between the SegmeatsJ Or. s. tf 
pf tneB^feAB, p,C. Whcrcfor^ a mean Proper^ *^* 
tionfil biiTfiemibe tw givin Lines A Jd, B C^ isfoUnd % . 
Which was to be ^one. 



pROPOsiTibt^r XIV. 

.VIZ ITliEORfeM. 

Equal Parallelograms^ having one Angle of thi 
, one jqHfilto i^ne Angle of 4be oiber^ have tbi 
., Sides about tbe equal Angles reciprocal ; an}{ 
V fbo/e Parallelograms tbat have one Angle of 
. ibe on( e^ual to one Angle of ibe other ^ and tbe 

Sides tbaJ are about tbt equal Angles recifro* 

eaJ, are equal. 

L£ T A B, B C, be equal Parallelograms, having 
Che Aiigfes at B equal -, and kc the Sides D B, 
B £, be ijiiane nrait Line ; then alfo will }:the Skies 1 14. <« 
F B, B G» be ill one ftrait Line. I fay, the Sides of 
|he Parallelcgr^s A B^ B C» that are about the equal 
Allies, are /e'ciprocal i that k, as.D & is to B £, io 

isGBtoBF. 

For, let the Parallclograwn FE) be compleatcd. 

f jTben, becante tbe Parallelckmni A B is equal to 

fhp l*a.ra]ldpgram B C, and F E is fome other P^.- 

j|pall^o|raiii i h &aj] be, as A B is to F t, Co i^.t ^ C t i' 5^ 

io FK J but as A B is to F E, fo is IDB to BE ;t i»/r^<« 

Mnd a? B C is to F £, fo is G B to B F. Therefore 

as D B is to B E, fo is G B to B F. Wherefore the 

^ides of the Parsdlelograms A B, B C, that are about 

the equal Angles, are reciprocally proportional. 

And if tbe Sides that are about tbe equal Armies 

are reciprocally proportional, viz^ if D B be to B 1^^ 

as G B is to B F; I fay, the Parallelc^ram AB ia 

jcqtial to the Parallelogram B C* 

. For, fincc DB is to B Et as QB is to B F ; and 

D B to B E^ as the Parallelogram A B t to the Pa- 

Jatklogram F E ; and Q B t Co B F, as tbe Paralle- 
ogram B C to the Paralklc^ragn F £ ; it fiiall be as 
A B is to F E, fo is BC f to F E. Therefore the 
Parallelogram A B is equal to tbe Parallelogram B C. 
Aud (09 equal Parallikirams^ hearing me Angle ef tkt 

Ma" w4 
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* « ' ' 

0ff^ ^ftttf/ to one Angle of the o\her^ bavf the Sides about 
the equal Angles reciprbcal\ and thofePdrallilograms 'theti 
have one Angli'ofthe one equal to one Andeifthe other ^ 
and the Sides that are about thi equal Angles reciprocal^ 
are equal '^ which was to be demonftri^ted^. 






PROPOSITION XV. . 

Theorem. -'* • ^ 

E^ual triangles J havings oneAji^eof'thi'cne 

equal to one Angle of the othify have iteir 

' Sides about the equal Angles reciprocal ^ and 

tbofe "'Triangles that have one Angle of ^tpe ^ne 

' Cfual to one Angle of the otBef^ and have tilfo 

the Sides about the equal Angles reciproial^ 

are equal. , . y ^ 

T ET the equal Triangles ABC, AD E, have 
' ' ^^ one Angle of the one eqiial to one Angle of iht 
other, viz. the Angle B A C equal to the Angle 
DA £. I fay, the Sides about the equal Angles ar6 
reciprocal ; chat is, as C A is to AD, fo is E A to A B* 
For, place C A and A D in one ftraii Line*^ then 

X 24* >• E A and A B (ball be { alfo in one firait Line ; and 
let BD be joined. Then, becaufe'iHe Triangle A*BC 
is equal to the Thangfc A D E, and - A B l> is fomc 

t 7/ 5' ' '^^^^^ Triangle, the Tifangle C A.B ihadl bef tothe 

• Triangle B A D,' as the Triangle A D E is to the 

Triangle BAD. But, as the Triangle C A B is tb 

J 1 fftbii. the Triangle B A Ei, fo is CA J to AD; and asthc 
Ttiangle E A D is to the Triangle B A D, fo t is E A 

• II. 5. to A B. Therefore, as C A is to A D, * fo is E A to 
A B. Wherefore the Sides of the Triangles A B C, 
•A P E, about the equal Angles are reciprocal, 
' And, if the Sides about the equal Angles of'the- 
Triangles A B C, A £) E, be reciprocal, v/z. if C A 
be to A D, as E A is to A B ; I faV, the Triangle 
A B C IS equal W the Triangle A D E, 

For, a2;ain, let B D l)e joined. Then, becaufe C A 
is to A0, as EA is to A B ; and GA*to ADj, as 
the Triangle A B Cto the Triangle B A D ; and E A 
to ABJ, as the Triangle E AD' td'the Triangle 
B A D i > therefore, as the Triangle ABC is to the 

Triangle 
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Triangle B A Di * fa fliall the Triangle E A D be tQ« n. 5. 
the Triangle BAD. Whence the 1 riangles ABC, 
A D £« have - the fame Proportion to the Triangle 
BAD; and fo the Triangle A B C is t equal to the t 7- 5* 
Triangle A D £. Therefore, equalTriangles^ having 
we Angli of the em equal to one Angle of the other ^ hav^ 
their Sides about the equal Angles reciprocal \ and thofe 
Triangles that have oneA/fgle o/the one equal to one An- 
gle of the other ^ and have alfo the Sides about the equal 
Anglfs reciprcc^l^ are equal i w^iich was to be de-« 
monitrated. 

PROPOSITION XVt 

T H £ O R fi M. 

If four Right Lines he proportional the RtHangh 
contained under the Extremes is equal to the 
Reilangle contained under the Means ; and if 

'. the Relbangle contained under the Extremes be 
equal to the ReSangle contained, under the 
Means ^ then art the four Right Lines propor*^ 
tionaL 

T E T four Right Lines A B, Q D, E, F, be pro-i 
-*^ portional, fo that A B be to C D, as E is to F. 
I (ay, the Rectangle contained under the Right Lino 
A B and F/ is equal to the Redangle contained un-< 
der the Right Lines C D and E. 

For, draw A G and CH, from the Points A and 
C, at Right Angles to A B and C i) ; and make A G 
equal to F, and C' H equal to £ ; and let the Paralle- 
lograms B G, D H, be compleated. 

Then, becaufe A B is to CD, as E is to F ; and 
fince C H is equal to E, and A G to F ; it fhajl be, 
as A B is to C D, fo is C H ^o AG. Therefore, the 
Sides that are about the equal Angles of the Paralle- 
lograms BG, DH, are reciprocal; and fince thoff ' 
Parallelograms are equal*, that have the Sides about* Hrf'^t^ 
the equal Angles reciprocal ; tl^erefore the Paralle-. 
logram BG is equal to the Parallelogram D H. But 
the Parallelogram BG is equal to that contained under 
AB and F j for A G is equal to F, and the Paralle- 
logram D H equal to that con taint-dander C D and K, 
fince CH is tqual to £. Therefore the Rectangle 

M 3 contained 
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contained under A B and F, is e^ual to that containe^i 
under C D and E. 

And if the Redangle contained under A B arkl P 
he equal to the keSangle contained under C D and 
£ ; I fay, the four Right Lines are Pr opottbnalsj 
tf/z, as A B is to C D, fo is £ to F. 

For, the. fame Conftru£lion remaining, theftedan-? 

f;le contained under A B and F is equal to that con<^ 
ained unjder C D and £ ; but the Reiftangle coft-» 
tained under AB and F is.theRe£btngfe BG; for 
A G is equal to F ; and the RedangJe contained un-> 
der C p and £ is the Re^angle D H i for C H i^ 
equal to £. Therefore the Parallelograni B G (hall 
be equal to the Paratlelogram D H, and they are equi- 
angular I but the Sides of equal and equiangular Fa^ 
rauelcgramsi which are ^bout the equal Angles^ are 
f f4!^'^'<*^ reciprocal. Wherefbre, as A B is to CD, fo is 
CH to AG; butCH is equal to E, and AG tuFj 
therefore, as A B is to C D, fo is E to F. Where- 
fore, if four Right Lim4 '(e pr9f§rUonat% the Rt&'ifngli 
antalned undir the Extremts is ifuahic thif MiihtigU 
tofitaimd under the Means \ and if the ReSlangleieonkuned 
under tl^e £jctr/pies be egf^af to thf Re(f angle C(mtaine4 
iinder thi li^eansy then are the four Right JAnes, prop^r^ 
tional\ which was to be dcmonftrated. 

PROPOSITION XVII. 

Theorem. 

y thn^ Rigbi Lines be prcportional^ th ReHatu^^ 
gle contained undet the Extremes^ is, eepsdl t§ 
she Square of ^b^ M^an % aful i/4b€ ReHangle^ 
under the Esslr ernes he equal ttf the Square of 
the Mean, then the three Rij[hl Lmes are 
propQrttqnaU 

T £T there be three ^ight Lines, A,.B, ^C, pro<- 
4^ pbrtional ; and let A be to B, as B' is to C. I 
fay, the Redangle,' contained uader A and C, is 
^ual to the Square of B. * 

For, R)»k» D equal tb 3< ' 

Then, becaufe A iar to B as B is to C; and B la 
t Z* 5« eqt^al to D ; it (ball be *, as A is to B fo is D to Q. 
But. if four Ri^t Lioesbe Propoisiofials^the Re£biii • 

8<? 
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gle conCaiileii under tbe Extremes is f equal to thtfi6^{i$ 
Rei9:angle uf)dcr the Means. Therefore the Redt^a- 
glp contained leader A and C is equal to the ReiSangJe 
under B and D : But tbe Re<^ngle under B. and D is 
.flqual to the Squaie of D; for B i« ^qual to £1 ;• 
Wherefore«theiLe<t^angle contained under A» C, is 
«:|ttal to the Square of B« 

And if the Rectangle, contained under A an4 C be .. 
equal to ttvc Square of B : I fay,, as A is to £, fo is B 

For, the faoieCotiiflipiAtofi r^emaining, tbe Re£^an- 

de contained. under A asKl C> is eqjua) to tbe Square of 

/&; but the Square of fi is ibe Redansle contained 

under B and D ; for Bss^equ?) to D; and the Reidan- 

Sle contained under A and C ihali be equal to the 
Lec^flgle contained under B and D. But if the 
Refiangle contained under the Extremes be equal ft> 
febe Reidtangle contained under the Mean$, the four 
.Right Lines Iball be ♦ Proportionajs, Therefore A is* '^ •/'*»< 
to B, as D is. to C ; but B is equal to D. Wherefore 
A is to B^ as B is to C. Therefore, if thru Right 
Lines ke pfpp0ttUn<d^ the Re^angle contaimd under the 
£jtiremes is equql ta the Square of the Me^tn,^ emdiftbe 
RM£iemgle under .the J^xt rentes be equal to the Square af 
the Me^n^ then the three Right Lines are prefiortional i 
which was to be demonilrated, 

PROPOSITION xvm. 

Problem. 

Upon a given Right Line^ to defcribe a Rights 
lined Figure^ Jimilar^ and ftmilarly fttuate^ to 
a RightAined Figure given. 

T ET A B be the Right Line given, and C E the 
.4-^ Right-lined Figure. It is required to defcribe 
upon the Right Line A B a Figure fimilar, and flmi- 
larly fituace, to the Right- lined Figure C £• 
. Join D F, and. make, * at the Points A and B, with * *!• «• 
the. Line A B, tbe Angles GAB, ABG, fevcrally 
equal to the Angles C and CDF. Whence the 
iither Angle QFl) is t eq^^l to the other Angle fc«f. 39. t« 
A G B i and fo the Triangle F C D is equiangular to 
xtf^ Triang!^ GAB: And, confequenilyi a& F D is 

M 4. to 
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^4^'*M. to GB» fo is ^ FC to G A ; and ib is C D to AB. 
Again, make the A^l<^s B G H, G BH, at the Points 
B and G, with the Right Line B G» feverally equal 
to the Angles £ F p> £ D F ; then the remaining An- 

fO,)».i.g|e at £ is f equal to the remaining Angle at H. 
Therefore the Triangle F D £ is equiangular to the 
Triangle G B H ; and^ confequently, as F O is to 

||4'//i^<. G B, fo is g F£ to G H ; and fo £ D to HB. But 
it has. been proved, that F D is to GB, as FC it 
to G A, and as C D to A B. And therefore, as F C 

• si. 5. is to A G, fo is * C D to A3 ; and fo F £ to GH i 

and fd £ D to H B. And becaufe the Angle C F D is 
eq%jal to the Angle A G B ^ and the Angle D F £ 
equal to the Angle B GH i the whole Angle CFE 
fliall be equal to the whole Angle A G H. By the 
fame Reafon, the Angle C D £ is equal to the Angle 
A B H ; and the Angle at C equal to the Angle at A ; 
and the Angle £ equal to the Angle H. Therefore' 
the Figure AH is equiangular to the Figure C£; 
and they have the Sides about the equal Angles pro* 
portional. Confequently, the Right-lined Figure 

• De/. i» »/A H will be • fimilar to the Right-lined Figure C £. 
thii. Therefore, there is difcribed upon the given Right Lihi 

A B the Right ' lined ti^ure A H, fimilar^ andfimilarly 
fit^uate^ t9 the given Right- lined Figure C£i which 
\1v46 to be done. 

PROPOSITION XIX. 

Theorem. 

Similar Triangles art in the duplicate Pr^portiftu 

of fbeir homologous Sides. 

LET ABC, D E F, be fimilar Triangles, haying 
the Angle B tqual to the Ans^le E ; and let A B 
be to B C, as D E is to E F, fo "that B C be the Side 
homologous to E F. I fay, the Triangle ABC, to 
the Triangle D E F, has a duplicate Proportion to 
that of the SiHe B C to the Side £ F. 

• J, ^y.^^;,^ For, takf^ * B G a third Proportion to B C and E F ; 

that is, let BC be to EF as E F is to BG, and join G A. 

Then, becaufe A B is to B C, as D E is to E F j it 

{hall be (by Alternation), as A B is to D E, fo is BC 

to EF i but as B C is to E F, fo is E F to B G. There- 

tn.^. fofc, as ABistoDE, foisjEFtoBG: Confe- 

(jucntlyi 
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^iteotlfy therSides that are about the equal Angles ef 
the Triangles ABG, D£F« are redprocal: But 
thofe Trianglea- that hiire 6iie Angle of the one equal 
'to one Angle of the other, and the Sides abo(U the equal 
Ansles reciprocal, are t equal. Therefore the Triaogie t >1 if flttw 
A G is equal to the Triangle D £ F } and becaufe 
-B C is to £ F^ as^ £ F Is to B G ; and if three Right 
Lines be proportional, the fir ft has * a duplicate Pro- *^« >o«l* 
portion to the third, of what it has to the fecond ; B C 
to B G fhall have a duplicate Proportion of that which •» 

fi C has to £F ; and as B C is to EG, fois the Tri- 
angle A B C to the Triangle A B G ; whence the 
Triangle ABC bears to the Triangle A B G a dupli- 
cate Proportion to what B C doth .to £ F ; but the 
Triangle A B G is equal to the Triangle D E F. 
Therefore the Triangle A B C, to the Triangle DEP, 
ihall be in the duplicate Proportion of that which the 
Side B C has to the Side £ F. Wherefore, fimUt 
TrsangUs an in the dupticaU Pr§p9rtUn of tbtir bom»^ - 
hgous Sidts I which was to be demonftrated. 

CorolL From hence it is manifeft, if three Right Lines 
be proportional ; then, as the firft is to the third, lb 
is a Triangle made upon the firft» to a iimilar and 
fimilarly doicribed Triangle upon the fecond % be- 
caufe it has been proved, that as C B is to B G, fo is 
the Triapgle A B C to the Triangle A B G ; that it, to 
the Triangle D £ F j which wm i$ be demenjtraiid. 

PROPOSITION XX. 
Theorem. 

Similar Polygons are divided intojimilar Trian-^ 
glesy equal in Number^ and homologous to the 
tFboles i and Polygon to Polygon^ is in the du^ 
pUcate Proportion of that which one homolo^ 
gous Side has to the other, 

T ET 4 B C D E, F G HK L, be fimilar Poly- 
*^ gons, and let the Side A B be homologous to 
the Side F G. I fay, the Polygons A B C D E, 
FGH K Lj-are divided into equal Numbers of (imilar 
Triangles, and homologous to the Wholes ; and the 
Polygon A B C D, E, to Ae Polygon F G H K L, is 

m 



(n the duplicate I^H>portiMi cf: thkt^icktbefi^ 

'' For let B £, £ C, 6 L, L H^ bejoined. . 
• ThtftH bcftati& the Rblvgon A-B C D £ is fimilar 
' fhf Potygpn PO H K L, tke Aogfo B A £ is equal 
-^lo dM Angl« G F L ; and B A is so A ^^ as GF is 
•toVL. Now, foice AB£, FGL, aretwoTri* 
angles having one- Angle of the ane<eq^at ta ooe An- 
gle of the other, and the Sides abput'the equal Anglqs 

*6 ^rM» propoFtioHal ; the Tnanp(ic A B £ will be * equian- 
gular to the Triangle F G L, and aMb iimilaf to it. 
Therefore the Angle ABE ta equal ta tJie Angle 

• Drf: I. tf/F G L ; but the wkole Angle A EC k:^ equal to the 

^''^ whole Angle F'G H, becaulb o^the Siniilarity of the 

Polygons; therefore the remaining Angle £BCis 
oquafto the remaining Angle LGH : (And fince hj 
the Similartty of the Triangles ABE, FGL), as 
£ B is to B A, fi> is L G to G F ; and &K;e, alfo, fa^ 
the Simtlarity of th^ Polygons, ABistoBCasF(S 

1 12. 5. '^ ^^ G H $ it &2^ be t« by< Equality o( Proportion, 
as £B isto BC, foisLGtoGH; that is, the Sides 
about the equal Angles E B C, L G H,< are propod- 
fiQnal. Wherefore the Triaiig^'E B C is equiangular 
«ta the Triangle L G H, and, conlequentty^ alfo fimilar 
to it. For the famp BLeafon, the Triangle.EC D is 
llk«\imfe fimilar to the Triangle L H K ; thereforethe 
fiviilar Pdygons ABCDE, FGHKL, are di^ 
vidcd into equal'Nuaibers o£ fimilaa Triaogles, 

I fay, they are alfo homologous to the Wholes ; that 
is, that the Triangles^are proportional^ and ihe Ante« 
cedents are A B £, E B C, £ C D j and their Confe- 
LMenta F G I,, t G H, L H K : And the PcJyga^i 
B C D E, to the Polygon F G H K L, is in the du-- 
plicate. Proportion of an homologous Side of the one, 
to an homologous Side of the other ^ that is, as A B 
f»FG. 

For, becaufe the Triangle A B E is fimilar to the 

• 19 •//*ii. Triangle F G L, the Triangle A B E (hall be ♦ to the 
Triangle F G L, in the duplicate Proportion of B £ |d 
G L : For the fame Reafon, the Trianele B E C, to 
the Trianfile G L H, is * in a d<iplkata Proportion of 

t ". 5. B E to G L : Therefore the Triangle A B £ is f to 
the Triangle FGL, as the Triangle B EC is to the 
Triangle G L H. Again, becaufe the Triangle E B C, 

: . 6 ts 



i" 



U^^hu to AeTriaagtcfLQ^H, tkeTrisnghiSVC^ 
to tlie Triangle L O H, (hali be in the diipl]k:ftte A^o- 
portion of tko Right LiticC £ to the Right LioerHL ; 
pnd fcs iikewife, tbeTrieogle ECD to.tbe Triangle 
L H K, (hall be in the duplicate Proportion of C £ to 
H L, Therefore the Triangle B E C is to the Tri** 
angle L-G », 9(^ the fmi^k C.K ajs ^.Ae Tri- 
angle L ti K. Biit^it has been proved/that the Tri- 
angle £ B C is to 4he Tiiangle LG H, as the Tri- 
Wg\^ A B C ii m th^ Tf iaogle VGl^r Therefore, 
Its the .Triangle A B ^ m. to the Triangle F Q JU <• 
is the Triangle B E C to the Triangle G H L ; and fo 
ia tht.Triaagle £ C D (o the Triangle L fi K, But 
as oqeof the.Anteeedcpts is to one of (heCor^^qurAia^ 
fo are t all ihe Aniec^4ents tq all the Con^eqai^nts, t >^ 5* 
Wherefore, as the Triangle A B £ is tQ |be Tf i^ng^ 
FGL, fo is ihe Polygon! ABCDV lo th^P.^lygoo 
f GHKL: But the Ti:ia«igie AB£, to th^Tsi- 
ang^c F G L, ''is in the duplicate Pfoporjiio^ of the* ^¥^ 
jbomologous Side A 6 ta the homologom Side F G i 
ifor fimiiar Triangles aife in: the d^iplicaie PK>ppr^Q((i o? 
the homologous Sides. Wherefore the P^.gw 
ABCO£.tothePo1ygooFGHKUifiothrdi|* 
^licat^ Proportion of the homolpgoiis Side A Bl ta tl|t 
booEiologous Side F G. Therefore, ^//tfr Polygmsax^ 
^iddid inid fimiiar Trit^kd^ efftat inNumhir.^ and is^^ 
mologftus h it(4 HfbpUi i, and Polygon to Polyg09y if in tb$. 
4^plicat4 Proponifin of thai which om bomalogQi^s Sitd4 kH 
to the otbir ; which ^i^a t^ \^ deinanft^^ti^. 

It may be demonflrated, after the fame manner, 
jhat finxiUr quadrilateral, Figures are tp %^cj^ diher in 
the duplicate Proportion of their homolugous Sides % 
and this has been already preyed in Triangles. 

0orM, I. Therefore, univerfally, (itnllarly Right-line<f A 
Figures are to one another in the duplicate Propor- 
tion of their homologous Sides ; and if X be taken 
a third Proportional to A B aod F G, thei> AB will 
have to X a duplicate Proportion of that whicKA B 
has to F G ; and a Polygon to a Polj^gon^ and a 
quadrilateral Figure to a quadrilateral Figure, will 
pe in the duphcate Proportion of that which nnf ^ 
homblogoMS Side haa to the other \ that is, A B to 
F G i but this has been proved in Triangles. 

a. There* 
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2.^Tfaerefpre, whr^eriallyy ic^is'maniftft, If ^hree Right 
Lines be proportional^ as-^hfefirl^ is to the tiiird; (o 
is a Figure defcritfed upon the' firft^ to a fiiiiitar and 
fimilarfjrtiefcribed'Bigure'OfiChefecoiids tubUbwm 
U ^ demmjirmid. i .\ 
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Figures that are fitnikr to the fame Right •lined 

' Figure^ are alfojimilar to ot^e another. 

• • • • 

T ET each of the Rl^t-lined figures A, B, bo 

^ fimilar to the Right-lined Figure C. I fay, tk« 

' Rtght-iined Figure A is alfo fimilar to theRighc*- 

Jtn^d Figure B. 

' For, becaufe the Right-lined Figure A is fimilar 'to 

•J»5f-i. the Right-lined Figure C, it (hall be ^^equiangular 

/«Mt* thereto ; and the Sides about the equal Anghes proi 

portion^l. Again, becaufe the Right-lined Figure B 

is fimilah to the Right-lined Figure Q it fhall ^ be 

equiangular thereto; and the Sides about the equal 

Angles will be propo^tiona^ Therefore each of the 

Right Hned Figures A, B« trc ^uiangular to C, and 

tbeyhave the Srdes about the equal Angles propor- 

tional. Whcrcfote the Right-lined Figure A is equian-^ 

gular to the Right*lined Figure B; and the Sides^ 

jtfMuc the equal Angles are proportional. Wherefore, 

A isjimiiar to B ; which was to be demonflrated* 

PROPOSITION xxir. 

4 

Theorem. 
. If four Right Lines he proportional^ the Rights 
lined Figure, fimilar and ftmilarly defcribed 
upon them^ Jball be proportional \ and if fimi^ 
lar Right lined Figures fimilar ly defcribed upon 
Lines be proportional^ then the Right Lines 
fball be alfo proportional. 

T E T four Right Lines AB, C D, EF, G H, be 
-»-' proportional j and as A B. is to C D^ fo Icac £ F 
be to G H. . • . . / '^ 

Now-i 
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Now, kt the fimitar Figures IfC AS, LCD> bf fi* 
if^tlarljr drfcribed | upon A B; CD ; Und tdefitliikf) tt^ttk. 
Figures M F, N H, finiiftarly defcribed upon the Rights 
Lines Et^ <y1S. I fay; iivthc Right-lined Figure' 
KAB is to the Right-'Kned Figure LCD, fo is tf^ 
Right-lined Figure M P tb the Right-lincd Figurtf NH. 

For, take*XathWPro{>drtiMa('fb'ABs ODs»is^Mb 
and O a third Proportional to £ F, G H. 

Then, becaufe A Bfil t^C D, sTs £ F is to G H $ 
and as C D is to X^ fo ^ G H to O ; itlbatl he f, by f %u 3. 
iJquilit^of Propottibn, arr'A^'is to X, feis EF ta 
O. ' fitft AB is tO'X, asvthe'Right'iineif Fi^re 
K A B is t to the Right ^liMd Figure LC D ; and as 
EJ:.if.:ea.O; foWt tR^ |ltgji>»in<d figure M F»* tot Or. m. 
the Right-lined Figure^N fl; .Therefoff ,a^ the ^tg^t V**"* 
lined Figure K A B is' to the Right-linei} Figure LCD, 
<b is ^ the Right-lined Figure M F to the Right-liiicd* it. c. 

:;^;'if the Right-lined **lg^^^ KAB be to the 

Slight- fined Figure L C t)^ a; the Righ;- lined Figure 

Mr -is to the Kight->intd Tigurc N iCi I fey, ^ AS 

wtoCJ^.fQisEFtoGH. 

V Fo^, aijfk^ t £ F {o PR, as A B is to CD, and de* f xt<M. 

^ti})e lipon PR a Right 4ined Figure S R fimilar, and 

f|ike.|x|ttat^> to eitber of the Figures M F, N H. 

, Then;, 1^^^ is to C D, as E F is to P R j \ 

ana tho'e are delcribed upon A B, CD, fimilar and 

aKke lit4tafi&Righc»»luie^'Figures^K AB, L C 0.$ and 

upon F'F, P R, fimilar and alike fituate Figures M F, \ 

SR ; it (hall be (by what has been already praved), 

ti^ the Right-lined Figure K A B is to the Right- lihed - 

ffgiif^LCD, fo'isth&Right- lined Figure M F to. ; 

the Right-lined Figure S R't: But (by the Hyp,)\s the ] 

Right-lined Figure K A Bis totheRight- lined Figure 

LCD, fo is the Right-lnied Figure MF.to. the * 

Right- lined Fiojure NH. Therefore, as the Right* : 

lin(rd Figure M F is to the RightUincd Figurt-.N H, ^ • 

fo isthe RTght-lincd Figure Mr to the Right-lined 

Figure S R : And fince the Right-lined Figure M F 

has the fanrie Proportidn to N H, as it hath to S R, 

the Right-lined Figure NH (hall be ]: equal to the t 9- f* 

Right-lined Figure S R ; it is alfo fimilar to it, and 

alike afcribed ; therefore G H is equal -to P R. And 

1>ecauie AB is tb Cp,. as £F iato PR^ andPR 
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is^fiiairtpttKi n*jai be-as >^ ^ iMo q a> is 

poru<i!^i:tbrS^gbtMH$4Fi(^fr^ >F»Af m^ /miilarijr, 
if^iMdit^M t^Hfr^ fimll he frppsrtionff $ ^nd[ ifijimhf^^ 
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Jbpf^thretAight tines A*iJ^ ^-^h^^ghei^l 
An fiittkt af 4be;0,Ai to thi ^ir4j(::t [i* 
inal U Hfi Rati* tmptitidrii «f the Rati* ^ 
ft* firft A to the fetwA Biitmlef ihe RMih-ti 
tbifKbnd'&toii(tifirdQ.' 






•^ or Denominator $f the R(rtio of A /e^ B ^ vM 'i$\ 
Ut A be th-ei Thnes B> and Jet tie ^0nhef A^tr tfyi 
Expmm tf. tit katio of.B td C; ihin ^e fii^^, 
12, ^(fiueei by tbt MuhspRcattm f 4 iffif^^s^^ 
eemfiounded Exponent of the ^tiff of A to C vnfi ^fiiiti 
A cmtdim B'tbricey inidBc6ntain)(Vf^i^Tli^,*A'^iU 
anratiiC thrice /our Times'., Mt »V, n ti)w»; ^ "75b> ^ 
alfo rhii if mrer Jtdultipih^ dy SftbrfimtdiiX'iAt ^ 
Ibiofe^ ji^ be uhiverfaltj d^nj^ 

l^ntity^iii Ratio efAioBi^itlfieiikndnr^w^'^ 

wbi^b^ multiplying the Confegifentt r^odnc^d fbi ^ntoee^^ 

tnti So liiewife the ^ntf(y^of,tiif Ratio of'BtoC^ is 
~. j/ttdfh^ two S^aiitiiki^ kmliijlie^ if ekboberi 

IffroAtci ib$ Number g^^tt/ifoVi^ is fie ^j^^iiyofiib 
t katio'^at the Re^mgle^ tomprehended under tbeSaghf 
ABC £ma 4 ^ttd-Q^ h^ to tht Re£Ian^ comprehended under 
ibe Might lines B and C' ; and jo the faid Ratio of the 
ReGungJe under A vnd B, to (heRoSlangle under a and 
Gi is, thai tA^Mift, in the Sefffe of X>ef. 5* of this BoQk^^ 
is ooa^unded of the Ratios if A to B^ and B U C & but^ 
{1^ i.b.) the Reiff angle eontained under A and jB, is 
to the ReMfangU containod under B and C, as A ts 
i9G^ therffm ths Ratio of ik $0 C9 k i§ual ta 

ibe 



thi Ratio tmfmtultJ »f tht Haiti tfAulB, andtf^ 

u c. -■ "' ;: (j 1 ". 1 ;v '■; j .: '. 

If Mi^ /ow lUght Linti A, B, C, md D, ht prt' 
ftftd, tht Relit t/ tfvjfrj A to th fourth Dy ii ejual 
tt the Ratii. am^amdt4 tf the Rattt of thi^ firfl A tt 
Hitfiand B, wn/ ■•/■ itit SMa ef ibi Jkini B >• t*> 
tbii4Ci tfkitfflifRMit^lietiifiO-titittfiMhD. 

For, in tbrte Right Linei A, C, and D, tht Ratie of 
A»lin tfMtVftifRMig ttmf^kmUd of tit Riiiik if 
AitC, M^i/G^jD^ md it hai homtkeadf titltM^ 
Ji^d, tkit tii-Htilh tf A ttG-h-tpulhtbiRilii 
tmpnntdtd ^tke-Raiitr tf A ft^Bi cK^tt/'BACj 
VteivJintiitJtmit^f Asci) » muei-tf^RMitnttt-' 
pumdtd of tht Ratitt tfAio B, - »/ BJeC^ Oidiif C ti 
a.'Jlfter''-^tit.pa»i:iHmiur tqi -dh&M^alti in knj 
Number ef Right LintSt that the Ratio cf the ^fitt tht 
iMtii tfUalJaibrRblip cbtnfOMSed' i^ ibiRitin if the 
fafi tt tbt fiitnd, tf Vil Jtcmd A tht third, eftbi third • 
hthtf^k,andj6a»tt'tbti^ 

Tbtt is true tf *i^- otter. SuMtitJet hrfuUi Xighi 
Hies,- iMtA leiS it Aamf^ft/if tia fi^t NimUt tf 
Right Lima A, B, C, Ir. m ikre-^t Magmludti, ,t« 
tffiimid in tie fluke Ril'u^ viz. fi that thk Right UiU 
£ it IS the RMt Litu B, as ti{t frjl Mag^itmlih U 
tbt fitmd, and ibt Rigb Une B tbtbt^blLimOi 
4U Ibi fteond Mapiitade it to the third, tiM ft aii. It 
k-^bmnifefi {hy»i.-i.)i hj Eqtu^tf Rnptriim, tbdt 
tiejp'j Right Line A it tt the kjk Right LilUy m thi 
frft Magnitude it U tht l<f/i; but tie Raii<> if the ISghf 
Lint A ta the ia^ Right Line ii taatl t» the Ratio com* 
pmadedofthtRaiiticfAte B, BtoGi.andJionttthi 
MRight Lint .-. Butlij the Hyp.) tht Relit afm^mi, 
vibe Right Lvtet tt that niarefl to it, it thtjfme at tht 
itaUe of a Magmtude if tbe jam Ordtt. tt that ht<»ejk 
H. And tbei^t ibt Ratio of tkefirJi-.Magnit^ t4 
lit M* " 1^1 *» tbt Ratit ampokntied efjhi RMtt rf 
tht prft iMi^niikA Jo tbt fiemd^ tf tbt fitmd A m 
third, and.fi m trihtMi #hich^«rUMbt ' ' ' 
ftrated. ' . 
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Eqmangular.ParalUlegrms.bAve thiPrcp^ihm 
ytomu snctbihr tbdtu cemp^mfJkd pfibwr Sidt^ [ 

^ : Y ET.ACi C£) be eqaiiin'giilar P«rallel6graio^. 
; -M bavihg ihe:. Angle. BCD < equal to the Aoftbi 
\ ;£C6. Ifa^^^tUeBarallebguihACtotheParftlk-^ 
i fcgraai' C Fy it in ihe. Propomoacompotuided of their 
Sides, ' ivak compoaiided of tht PfqponioA of B C c^ 
I GO, an*ofDCto.C.E. Au.;. 
I , \ For, (et BC be placed in;. the fnae Right Linei. 

I • • 'With CG» ' ' - ^". -^ ' *.:,.'. 

• 4. ,. i Then D C (ball be « ia a ftratt Line with C £, jmd 
t si ^/ii^^compleat the Parallelogram DO ; and tbea ft \ at 

B C is to CG, fo is iome Right Line K toL ; And 

asDCistdCE, foletLbetoM. v 

Then the Prbportiona of fC to L, and of L td M» 
are-the lame as tfae*Froportions of tfa^8ide9, viz. o( 
B C (e C G> and DC to C £ 1 but theProportioii 
} tmnm tf K to M i& t comi)ounded of the Proportion of SL 
fftui. to L, and of the Prof^rtioA of L to M. Therefore, 
aUb, Kl to M haih.a.Proportipn compounded of the 
Sides. Then, becaufe B C is tO C G as the Paralle* 

• s «f iMi. logram A C is * to the Parallelogram C H : And fincei 
t II. 5. BC is to CG, as K is to L ; itihdl be t, as K isto 

L, fo is the Parallelogram A C to the Parallelogram 
C H. Again, becaufe D C is to C £, as the Parallel 
logram C H is to the Parallelogram C F; and (ince at 
D C is to C E, fo is L to M ; therefore as L is to M, 
fb fhall t the Parallelogram C H be to the Paralle- 
logram CF: And confcquently fince it has been 
proved that K is to L, as the Parallelogram A C is to 
the Parallelogfani C H ; and as L is to M, fo is^ the 
Parallelogram C H to theFaralkloaram CF$ it fliall 
t as. 5. be t> by fqualitj of Proportion, as & is to M, fo is the 
Parallelogram A C to the Parallelogram C F ; but K 
to M hath a Proportion compounded of the Sides : 
Therefore, alfo, the Parallelogram AC, to the Pa- 
rallelogram 6 F, hath a Proportion compounded of 
the Side^t Wherefore, tquiangular Parallelograms have 

tbi 
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the Proportion to one another that is compounded of their 
Sides I Which was to bb demonilrated. 

PROPOSITION XXIV. 

Tfi JBO R E M, 

i» every Parallelogram^ the Parallelograms that 
are about the Diameter^ are fimilar to thi 
Whole ^ and alfo to one another^ 



u 



E T ABC D.isc a l*arallcio2:ram,whofc Diameter 
is A C ; and £ G, H K, be Parallelograms aboUt 
the Diameter AC. I fay, (be Parallelograms EG, 
H K, are fimilar to the Whole A B C D, and alfo to 
each other. 

For» becaufe £ F is drawn parallel to B C, the Side 
9f the Triangle A B C, it ihall be *, as .B E is to £ A,« %tft6iH 
fo is C F to F A. Again, becaufe FG is drawn pa- 
•rallel to C D, the Side of the Triangle A C D, it (hall 
beasCFistoFA, fois*DGtoGA. But CF 
is to FA (as has been prdved), as BE is to E Ai 
Therefore, as BE is to EA, fo is t t)G to G A jt ".5- 
and by compounding, as B A is to A E, fo is { D At 18.^4 
to A G J and, by Alternation, as B A is to A D, fo is 
A E to A Q, Therefore the Sides of the Paralle- 
lograms A B C D, EG, which are about the common 
Angle B A D are proportional; And beciufe G F is 
parallel to D C, the Angle A G F is * equal to the* ag* U 
Angle A D C, and the Angle G F A equal to the An- 
gle D C A ; and the Angle D A C is common to the 
Triangles A D C, A G F. Wherefore the Triangle 
ADC will be equiangular to the Triangle A G F. 
For the fame Reafon$ the Triangle A C B is equian- 
gular to the Triangle A F E. Therefore the whole 
Parallelogram A B C D is equiangular to the Paralle- 
logram EG; and fo A D is to D C, as A G is f tot *»//*<>♦ 
GF} DCistoGA, asGFistoFAj and ACis 
to C B, as A F is to F £ ; and^ moreover, C B is to 
B A, z^ F E is to E A. Wherefore, fince it has been 
proved^ that D C is to C A, as G F is to P A ; and 
AC is to CB. as AF is to FE; it (hall be, by 
Equality, of Proportion, as D C is to C B, fo is G F to 
F £• Therefore the Sides that are about the equal 

N Angltrg 
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Angles of the Parallelograms A B C D, EG, are 
proportional.; ^nd) accordingly, the Parallelogram 
A B C D is fimilar to the Parallelogram E G. For 
the fame Reafon, the Parallelogram ABCD is fimi- 
lar to the Parallelogram KH. Therefore both the 
Parallelograms EG% HK, are -fimilar to the Paralle- 
logram ABCD. But ■ Right-lined Figures .th;al 
f »i •/ thiuzrc fimilar to the f fame Right-lined Figure, ar« fimi- 
lar to one another. Therefore the Parallelogram E G 
is fimilar to the Parallelogram H K« And io, in every 
^ Parallelogram^ the Parallelograms that are about the Di^ 
ameter^ areftmilar to the Whole ^ and alfo to one another^ 
which was to be deteonilrated. 

PROPOSITION XXV. 

Problem. 

T'o defcrtbe a Right -lined Figure fimilar to a 
Right 'lined Figure which Jhall be given, and 
jequal to another Right-lined Figure given. 

T ET ABC, and D, be two given Right-lined 
-*-' Figures ; it is required to defcrfbc another Fi- 
gure, fimilar to ABC and equal to D» 

♦44.1. On the Side B C of the given Figure ABC*, 
make the Parallelogram B E equal to the Right-lined 
Figure ABC; and on the Side C E make * the Pa- 
rallelogram C M equal to the Right-lined Figure D, 
in the Angle FCE, equail to the Angle C B L, 

+ 14. 1. Then B C, C F, as alfo L E, E M, will be f in two 

J 13 </f*/j.ftrait Lines. Find J G H a mean Proportional be- 
tween B C and C F ; and on G H let there be de- 

• zt •/•/«!. fcribed * the Right-lined Figure 'K G H, fimilar, and 
alike fituate, to the Right liiied Figure ABC. 

And then, becaul'e B C is to G H, as G H is to 
C F ; and fince, when three Right Lines are propor- 
tional, the firft is to the third, as the Figure defcribed 

tC«r.»o.»/on the firftis t to a fimilar and alike fituate Figure 

ttit. defcribed on the fecond j it ihall be, as B C is to C F, 

fo is the Right-lined Figure A B C to the Right-lined 

iff tin,. Figure KGH. But as B C is toCF, fo is + the 
Parallelogram B E to the Parallelogram E F. There- 
fore, as the Riorht- lined Figure A B C is to theRight- 
Imed Figure KGH, fo is. the Parallelogram B £ ^a 

the 
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ihe Parallelogram E F. Wherefore (hy Alternation), 
AS the Right-lined Figure , A B C 13 to the Paralle- 
logra^n B E, fo is the Right-lined Figure K G H to 
the Parallelogram £ F. But the Right-lined Figure 
^ fi C is equal to^the Parallelogram f5,E. Therefore 
the Right-lined Figure K G H is alfo equal to the Pa- 
rallelogram E F. But the Parallelogram E V is equal 
to the-Right lined FjgyreD. Therefore the Right- 
lined Figure K G H is equal to D. But K G H is fi- 
milar to A B C. • Confequently, there is defcribed thi 
Jiight-lintd Figure K G HL fmilqr io ihe given Figure 
ABC, and equal to the given FigureD j which was to 
,be doi^e. 

PROPOSITION XXVI. 

Theorem, 

Jffrpfn a .Parallelogram be l^ken away another 

[fimilar fo the Whole ^ and in like mptnner fttu- 

at€y having Alfo an 4ngU common with it % 

then is ihat Paralkkgram about the fame Dif^ 

ameier ^ith the fV4y6le. 

T ^p T the ParallelogrAiyi A F be taken away from 
^ the jParallclogram A B C D, fimi1;ir to A B C D, 
and ifi lil^e .planner fuuate, having the Angle DAB 
coiiimon. I ;fay, the .Parallelogram A BCD is 
about the fame Diameter jWith the Parallelogram AF. 

»For, if it be not, let A H C be the Diameter of the 
Parallelogram JB D, and let G F be produced to H ^ 
alfo let H K be drawn parallel to A D, pr 3 C. 

Th^p, b«;caufe .the Parallelogram A.B.CD is 
^abqut the tame. Diameter as the Parallelogram ^ G, 
the Parallelogram A BCD ih^H be *fimi|ar. to the* »♦»//*(*• 
Parallelogram KXj; and fo, as DA is to A.B, fo is 
,t G A to AK. But becaufe of the Similarity o^thet^*/* »• •/ 
Parailelpgtams * A B C D, E G ; as D A is to A.B,;**^ 
fo.is GA tp AE. And therefore, , as G A is 4; to j^'^. 
A E, fo is G A to A,K. And fmce G A has the 
fame^Proportion to A K as to A.E, A-E is f equal tof 9. 5« 
A K, the ,lefs to a gnjater, or the greater to a lefs ; 
3l^bich is abfurd. ^ Therefore ths P/iraUelogram 
A B^C D is not about the fame Dianieter as the Pa« 
xaUelogr^^n A H« And therefore it .will be about the 

N % famiB 
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fame Diameter with the Patalielbgram A F. There- 
fore, if from a Parallelogram bi taken away another fi^ 
milar to the Whole^ and in like manner fttuate^ having 
nljo an Angle common with it ; then is thai Parallelogram 
about the fame Diameter with the lVhok\ which was 
to be deihonArated. 

PROPOSITION XXVII. 

Theorem^. 

Of all Parallelograms applied to the fame Right 

Line^ and wanting in Figure by Parallelograms 

ftmilar^and alike fituate^ to that defcrihed on the 

balfUne^ tbexgreatefi is that which is applied 

to the half Line ^ and it isfimilar to the liefeB. 

T E T A B be a Right Line, bifeaed in the Point 
•" C; and let the Parallelogram A D be applied to 
the Right Line A B, wanting in Figure the Paralle- 
logram C £, fimilar and alike fituate to that defcribed 
on half of the Right Line A B. I fay^ A D is the 
greateft of all Parallelograms applied to the Right Line 
A B, wanting in Figure by Parallelograms (imilar and 
^like fituate to C £. For, let the Parallelogram A P 
be applied to the Right Line A B^ wanting in Figure 
the Parallelogram H jC, fimilar and alike fituate to the 
Parallelogram C £. I fay, the Parallelogram A D is 
greater than the Parallelogram A F. 

For,becaufe the Parallelogram C£ is fimilar to the 

♦ a6 •//^"* Parallelogram H K, they ftand • about the fame Dia- 
meten Let D B, their Diameter, be drawn, and the 
Figure defcribed ; then, fince the Parallelogram C F is 

1 43* '• t equal to F £, let H K, which is common, be added ; 
and the Whole C H is equal to the Whole K £. But 

J 3«. I. C H is t equal to C G, becaufe the Right Line A C is 
equal to C B ; therefore C G Is equal to K £ ; add 
the common Parallelogram C F, and the Whole A F 
* is equal to the Gnomon L N M ; and fo C £, that is 
the Parallelogram A D, is greater than the Paralle- 
logram A F. Therefore, of all the Parallelograms ap* 
plied to the fame Right Line^ and wanting in Figure by 
Parallelograms fimilar^ and alike fituate ^^ to thai defcribed 
on the half Line^ the greateft is that which is applied to 
the half Line^ and it is ftmilar to the Defeif i which was 
to be demonflrated. PRO- 
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PROPOSITION XXVIII. 

Problem. 

To a Right Line given to apply a Parallelogram 
equal to a Right-lined Figure giyen, deficient by 
a Parallelogram^ which is Jimilar to another 
given Parallelogram ; but it is necejfaxy that 
the Right 'lined Figure given^ to which the Pa^ 
rallelogram to be applied muji be equaly he not 
greater than the Parallelogram which is ap^ 
plied to the half Line^ fince the Defers mufi be 

, Jimilar^ viz. the DefeS of the Parallelogram 
applied to the half Line, and the Defeat of thf 

. Parallelogram to be applied, 

T E T A B be a given Right Line, and let tbp 
-■^ given Right-lined Figure, to which the Paralle- 
logram to be, applied to the Right Line AB muft be 
equal, be C, which muft not be greater than the P^* 
rallelogram applied to the half Line, the Defeats be- 
ing fimilar ; and let D be the Parallelograiti, to which 
the Defed of the Parallelogram to be applied is fimi- 
lar. Now it is required to apply a Parallelogram equal 
to the given Right lined Figufe C to the given Right 
Line A'B, deficient by a Parallelogram fimilar to 13. 

Let AB be bifeded in E, and on EB dcrcribc*ihe« ,8 ^f^/,. 
Parallelogram E 6 r G, iimilar and alike ficuate 19 
t) ; and compleat tlie Parallelogram A G. 

Now^ A G is cither equal to C, or greater th^n it, 
becaufe of the Determination'. If A G be equal to C, 
what was propofed will be done ; for the Paralle^ 
]ogranr) AG i^ applied to the Right Line A B equal tp 
the given Rigtit-hned Figure C, deficient fay the Pa- 
rallelogram £ F, Hmilar to the Parallelogram D. 
But, if it be not equal, then H E is greater than C i 
but EF is equal to H E ; therefore E F (hall alfo be 

treater than C^ Now make f the Parallelogram f 25 o/rA/f. 
1 L M N fimilar and alike iituate tpD, and equal to 
the Exccfs, by which E F exceeds C. But D is fimi- 
lar to E F ; wherefore KN| (haHairo be fimilar to 
E F. Therefore let the Right Line K L be homo- 
fogous to G E, and L M to G F : Then, becaufe £ F 
^ N 3 ' — ^ 
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18' equal to C and K M together, EF will be Weater 
thian K M ; and fo the Right Line GEis greatef than 
K L, and G F than L M. Make G X equal to K L, 
and GO equal ,to LK^y.and. compleat the Pac^U^t 
logram XG O P. Therefore XO is equal and fimr- 
lar to K M ; but K M fs iirtiilar to E F ; tlicrcfore 
• ii 9fihk, X O is * finilkr to E F ; and lb X O is f about'the 
t z6c/tbis. lame Dtajme'tcr wifh F E : Let G P'B be theif Diamc 
tcr, 2^hd the Figure be defcribcd. 

Tften*, Jwice E F js ec^ual to C and K M together, 
and J(. wQ'.is equal to,, K ]\I, t{ie Gnornon 1 Y re- 
gaining is equal to the remaining Figure C ; and'be- 
caufe OR is equal to XS, Jer SK, "which is common, 
be'added 5 then the Whole O B is eqtiarto the Whojc 
X B ; but X B is equal to T E, fince fh^ Side A E is 
equal to the Side E B. Wherefore T E is equari to 
OB,^ Adfl XS,-^.hich is cQmnoo;!, .^n^ then the 
Whole TS is equal to the Whole Gnomon Y<l»Yj 
but the Gnomon Y <I> y has be n proved equal to C 5 
and T S (hall be equal to C ; and fo, ihe Parallelogram 
'T S is applied to the Right Line A B, ei^ual to the given 
Right lined Figure C, and deficient by a Parallelogram 
S Kyftmilar to the Parallelogram D, becaufe S R isfimi" 
• lar /^ F E ; which was to be doiie. 

PROPOSITION XXIX, - 

Problem. 

* To (f Right Line given to apply a Parallelogram 
equal to a Right -lined Figure given^ exceeding 
by a Parallelogram^ which Jhall be fimilar to 



by a Parallelogram^ which Ji 
another given Parallelogram. 

LET A B be a given Right Lir 
^:..«,^ P:,vV.I- I'.r^^r) P.cr.t.o f^ ,., 



E T A B be a given Right Line, and let C be the 
given Right-lined Figure, to which that to be ap- 
plied to A B mufl be equal : Likewife, let D be the 
Parallelogram, to which the exceeding Parallelogram 
is to be fimilar 5 it is required to apply a Parallelogram 
to the Right Line A B, equal to the given Right-lined 
Figure C, exceeding by a Parallelogram fimilar toD. 
' Bisect A B in E, atid let the Parallelogram E L be 
• il#//W#.d,cfcnbed * upon the Right Line EB, fimilar and alike 
^ »5 »/;*». fit u ate to D; and let ■\ the Parallelogram G Hbe equal 
to £ L and C lo^ether^ but fimilar to D, and alike 
" fituate J 
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' (ituate ; therefore G H is firoilar to E L. Let K H 
be a Side homologous to FL, and KG to FE ; then 
becaufe the Parallelogram G H is greater than the Pa- 
rallelogram EL, the Right Line K H will be greater 
than F L, and K G greater than F E. Let F L, F E, 
be produced, and let F L M be equal to K H, FEN 
equal to K G, and compleat the Parallelogram M N ; ' 
therefore MN is equal and fimilar to G H ; but G FI 
is fimilar to EL, and fo MN (hall be J fimilar tot ai «//;&/«. 
E L5 and, accordingly, E L is * about the fame Di- • a6 o/tbii* 
ameter ivith M.N. Lei F'X be their Diameter, and 
idefcribe the Figure. 

Then, fince G H Is equal to E L and C together, . 
as likewife to M N ; therefore M N (ball be equal to 
£ L and C together. Let £ L, which is common, 
be taken away ; then the Gnomon C> T Y remaining is 
equal to C ; and fince A E is equal to E B, the Pa* 
raJlelogram A N will be alfo equal to the Paralle- 
logram £P, that is, toLO; andifBX, which is 
common, be added, then the whole Parallelogram 
A X is equal to the Gnomon 4» T Y ; but the Gnomon 
4> T r is' equal toC j^ therefore AX (hall alfo be equal 
to C. Wherefore the Parallelogram A X is applied ia 
the given Right Line A B, equal to the given Right-lined 
Figure C, and exceeding by the Parallelogram P O^ftmi'^ 
tar to the Parallelogram t> j which was to be done. 

PROPOSITION XXX. 

Problem. 

fo cut a given terminate Right Line according to 
extreme and mean Ratio. 

T ET AB be a given terminate Line; it is re- 
•■^ quired to cut the fame according to extreme aiid 
mean Ratio. 

Dcfcribe ♦ CB, the Square of A B ; and apply the • 46. i. 
Parallelogram CD to AC, equal to the Square BC, 
exceeding t hy the Figure A D fimilar to BC ; butf 29<//Wi^ 
B C is a Square ; therefore A D ftiall alfo be a Square. 

Now, becaufe B C is equal to C D, take away C E, 
which is common s then fe F remaining (hall be equal 

N 4 to 
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to A D remaining ; but B F is equiangular to A D i 
> therefpre the Sides that are about the equal Angles are 

t »4»/'*" t reciprocally proportional ; and fo as FE is to ED, 

♦ 34' »• io is A E to E B J but FE is *cqual to AC, that is, 
to A B 5 and E D to A £ : Wherefore, as A B is to 
A £, fo is A E to E B ; but A B is greater than A E ; 

t.i4« 5* therefore A E is f greater than E B ; and fo thp Right 
]Line A B is cut, accordjng to extrerne and qpean Ra- 
tio, in the Point E ; and A£ is the greater Segment 
thereof ; which was to be done. 

Orhcrwlfe thus : Let A B be the Right Line 
given ; it is required to cut the fame into extreme an4 
mean Ratio. 

} II. ft. Divide :( A B foin C, that the Re^an^Ie contained 
under A B, B C, be equal to the Square of A C. 
Then, becaufe the Re^angle under A B, B C, is 

f JTythii.tquzl to the Square of A C, it fhall be *, ds A B is to 
AC, fo is AC to CB; an^ fo, /A^%*/i;«^ AB fi 
£ut into mean and extreme Ratio ; which was to be done« 

PROPOSITION XXXI, 

Theorem. 

jln^j/ Figure defcribed upon the Side of, a ^ight^ 
angled Triangle, fubtending the Right jingle^ is 
equal io the two Figures defcribed upon the Sides 
containing the Right Angle ^ being Jimilar and 
alike fttuate to the former Figure. 

TETABCbea redangular Triangle, having 
^^ ihe Right Angle ? A C. I fay, the Figure de- 
fcribed on B C is equal to the two Figures defcribed 
on B A, A C, together j^ which are fimilar and alike 
fituate to the Figure defcribed on B C. 

For, draw the Perpendicular A D. 

Then, becaufe the liigbt Line A D is drawn in the 
Right-angled Triangle A Q B, from the Right Angle 
A, perpendicular to the Bafe BC; the Triangles 
A B D, A D C, which are about the Perpendicular 
• Itfthii, A D, will be * fimilar to the whole Triangle ABC, 
and alfo to each other. Then, becaufe the Triangle 
A B C is fimilar to the Triangle A B D, it (hall be^. 
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as C B is toBA, fo is B A to BD : And fince, when 
three Right Lines arc proportional, the firft (hall be t+^T***? 
to the third, as a Figure dcfcribed on the firft, to a ft-t^'*'** 
tnilar and alike fituate Figure dcfcribed on the fecorid ; 
therefore, as C B is to B D, fo is a Figure defcribed oh 
C B, to a fimilar and alike fttuate Figure defcribed oa 
B A. For the fame Reafon, as B C is to C D, fo is a 
Figure defcribed on B C to one defcribed on C A. 
Wherefore, alfo, ^s B C is to B D and DC together, 
fo is X the Figure dcfcribed on B C to thofc two toge- J 24. ^4 
jther, that are defcribed fimilar and alike fituate oif 
B A and AC ; but B C is equal to B D and D C to- 
gether : Therefore the Figure defcribed on B C is 
equal to thofe together, which are defcribed on B A 
;ind A C, fimilar and alike fituate to that on B C* 
Wherefore, ariy Figure dcfcribed upon the Side of a Right* 
angled Triangle^ Juhtending the Right Angle^ is equal t9 
the Figures defer ihed upon the Sides containing the Righi 
jingle J being fimilar and alike fituate to the former Ft'* 
^ure 3 which was to be demonftrated« 

PROPOSITION XXXII. 

Theorem. 

ff two Triangles^ having two Sides proportional 
to two Sides y he fo compounded^ or fet together^ 
at one Angle^ that their homologous Sides be 
parallel ; then the other Sides of tbefe Tri- 
angles will be in oneftrait line. ' 

T E T therp |)e two Triangles A B C, D C E, hay- ' 
^ ing two Sides B A, A C, of the one, proportional 
to two Sides C D» D £, of the other, vi%. let B A be 
to A C, as C D is to £) £ ; alfo let A B be parallel 
io DC, and AC to D E. I fay, B C, CE, arc both 
in one ftrait Line. 

For, becaufe A B is parallel to D C, and the Right 
Line A C falls on them, the alternate Angles B A C, 
A C D, will be * eoual to each other. And by the • %^ n 
fame Reafon, the Angle.C D£ is equal to tlie Angle 
A C D 5 wherefore the Angle B A C is equal to the 
Angle C D E. Then, becaufe A B C, D C E, arc two 
'I'rii^n^les. having one Angle A equal to one Ansle 
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D9 and the Sides about the equal Angles propor- 
tional, viz. B A to A C, as C D to D E j the Tri- 

•6^./*u. angle ABC will be.* eq.uiangular to the Triangle 
D C £ ; wherefore the Angle A B C is equal to the 
Angle D C £ V but the Angle A C D has been proved 
to be equol* to the Angle BAG; therefore the who(e 
Angle A C £ is equal to the two Angles A B Q 
BAG; and if A C B, which is common^ be added, 
then the Angles A G £» A G B, are equal to the An* 
gles B A C, A CB, G B A ; .but the Angles B AC, 

1 3»» !• A G B, C B A t, are equal to two Right Angles. 
Therefore the Angles A G £, A C B« will alfo be equal 
to two Right Angles ^ and fo at the Point C^ in the 
Right Line A C, two Right Lines B C, C £> tending 
contrary Ways, make the adjacent Angles ACE, 
A C B, equal to two Right Angles ; therefore B C 

1 14* >• fliall be t in the fame Right Line with C £. Where- 
fore, if two Triangles having two Sides proportional to two 
Sides J be Jo compounded or fet together^ at one Angle y that 
their homologous Sides be parallel \ then the other Sides of 
thefe Triangles will be in onejlrait Line ; which was to 
be demooftrated. 

PROPOSITION XXXIII. 

Theorem. 

In equal Circles the Angles bavt the fame Prepor^ 
tion with the Circumferences »n which they 
ftandy whether the Angles be at the Centres^ or 
at the Circumferences \ and fa likewije are the 
Se£lors^ as being at the Centres. 

T E T ABC, P E F, be equal Circles \ and let 
^ the Angles B G C, E H F, be at their Centres 
G, H i and the Angles B A C, E D F, at their Cir- 
cumferencest I hy^ as the Circumference B C is to 
the Circumference E F, fo is the Angle B G C to the 
Angle E H F ; and fo is the Angle B A C to the An- 

fle E P F i and fo is the Seftor B G C to the Sector 
; H F? 

For, aflame any Number of continuous Circumfe- 
rences C K, K L, each equal to'BC; and alfo any 
Number F M, MN, each equal to EFj and join 

GK, GL,HM,HN. 

Then, 



t 



Thei), becaufe ikie Circumferences B C, C K^K. L, 
are eqtial to each other ; the Angles B 6 C^ CG K, 
K G L, will be ^ a1(b equal to one another ; and fo*^/, 3, 
the Circumference B L is the fame Muktpler of the 
Circumference B C, as th^ Angle B'G L i^of the Anw 
le B G C. For the fame Reaibn, the Circumference 

£ is tfie fame Multiple of the Circumference £F, 
as the Angle EH N i^ of the Angle. £ H F ; but if 
the Circumference B L b*e equal to the Circumference 
EN, then the Angle B G L feall be equal to the An- 
gle £ H N ; and if the Cireumference fi L be greater 
than the Circumference E N, the Angle B G L will 
be greater than the Angle E H N ; and" if lefs, lefs. 
Therefore here are four Magnitudes, vix, the two 
Circumferences B C, E F, and the two Angles B G C, 
£ H F i and fince there ai% taken Equimultiples of 
fhe Circumference B C, and the Angle B G C, to 
wit, the Circumference B L, and the An^e B G L; 
as alfo Equimultiples of the Circumfelence EF^ and 
the Angle E HF, viz. the Circumference E N, and 
the Angle EHN; and becaufe it is proved, if the 
Circumference BL exceeds the Circumference JEN, 
the Angle B G L will likewife exceed the Angle 
EHN; and, if equal, equal ; if lefs, lefs ; it (hall 
be, as the Circumference BC is to the Circumference 
E F, fo is t the Angle B G C to the Angle E H F ifDif. 5. 5, 
but as the Angle B G C is to the Angle £ H F, fo is 
j the Angle B A C to the Angle E D F, for the for- J 15. 5. 
mcr are * double to the latter : Therefore, as the Cir-* ao, 3. 
cumference B C is to the Circumference E F, fo is 
the Angle B G C to the Angle £ H F 5 and fo the 
Angle B A C to the Angle £ D F- 

Wherefore, in equal CircUiy the AngUs bavt tie 
fame Proportion as the Circumferences they ffand M, 
ivbetber they be at the Centres ^ or at the Circumferences. 

I fay, moreover, that as the Circumference fiC is 
to the Circumference E F, fo is the Sedtor G BC to 
theSeaorHFE. 

For, join B C, C K, and affume the Points X, O, 
in the Circumferences BC, CK; and join BX, 
XC, CO, OK. 

Then, becaufe the two S'des B G, G C, are equal 
to the (wo Sides C G) G K, and they contain equal 
"■ '* ^ Angles, 
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1 4* I* Angles, the Bafe B C (hall be f equal to the Bafe 
C K ; as likewife the Triangle G B C to the Trir 
angle G C K, And, becaufe the Circumference B C 
is equal to the Circumference C K, and the Circum- 
ference remaining, which makes up the whole Cir- 
cle ABC, is equal to the remaining Circumference, 
which makes up the fame Circle ABC, the Angle 
B X C is equal to the Angle C O K ; and fo the Seg- 
ment B X C is fimilar to the Segment C O K ; and 
they are upon equal Right Lines B C, C K ; but ii* 
milar Segments of Circles, that ftand upon equal Right 

fz^, S« Lines, are * equal to each other : Therefore the Seg- 
ment B X C is equal to the Segment C O K* But 
the Triangle B G C is alfo equal to the Triangle 
C G K, and fo the whole Sector B G C will be equal 
to the whole Se£lor C G K. By the fame Re^fon, 
the Sedor G K L will be equal to the Sedor G B C, 
or G C K ; therefore the three Sedors B G C, 
G G K, K G L, are equal to one another ; fo likewife 
are the Sedors H E F, H F M, H M N. Wherefore 
the Circumference L B is the fame Multiple of the 
Circumference B C, as the Sedor G B ^ is of the Sec- 
tor G B C. For the faipe Reafon^ the Circumference 
N£ is tho fapie Multiple pf the Circumference £F, 
as the Seaor H EN is of the Seflor iH £ F i but if 
the Circumference BL be equal to the Circumference 
£N, then the Se£lor BGL will be equal to the Sec* 
tor £ H N ; 9nd if the Circumference B L exceeds the 
Circumference £ N, then the Sedior BGL will alfa 
exceed the Se^or £HN ; and, if lefs, lefs. There- 
fore, fince thpre gre four Magnitudes, to wit, the twq 
Circumferences B C, £ F, and (he twq Sedors G B Q, 
£ H F ; aiid tbere are taken the Circumference B L, 
and the.Se£ior GfiL, Equimultiples of the Circum- 
ference C B, and the Sedor G B C ; as alfo the Cir- 
cumference E N, and the Se£lor H £ N. Equimultiples 
of the Circumference IJ F, ^nd the Seizor HE £5 
and beeaufe it is proved, that, if the Circumferenqe 
B L exceeds the Circumference £ N, tHe Se£^or 
BGL will alfo exceed the Sedor E E[ N ; and» if 

^Dift 5. 5.equal, equal ; if lefs, lefs j therefore, f ^^ '^^ Circum- 
ference B C h to the Circumference E F, fo is the Se^or 
G B C to the Se£ior H E F 5 which Ayas to be dj- 
inonilraced. 

CoroU. 
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CorolL I. An Angle at the Centre of a Circle is to 
four Right Angles, as an Arc on which it ftarids is 
to the whole Circumference ; for as the Angle 
B A C is to a Right Angle, fo is the Arc B C to a 
Quadrant of the Circle : Wherefore, if the Confe- 
quents be quadrupled, the Angle B A C Ihall be 
to four Right Angles as the Arc B C is to the 
whole Circumference. 

2. The Arcs I L, B C, of unequal Circles, which 
fubtend equal Angles, whether at their Centres^ 
or Circumferences, are fimilar ; for I L, is to the 
whole Circumference I L £, as the Angle I A L is 
to four Right Angles ; but as I AL, or B AC, is 
to four Right Angles, fo is the Arc B C to the 
whole Circumference B C F. Therefore, as I L 
is to the whole Circumference I L £, fo is B C to 
the whole Circumference B C F ; and fo the Area 
IL, BC, are fimilar, 

3* Two Semidiameters AB, AC, cut oS fimilar 
Arcs I L, B C^ from concentric Circumferences. 
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DEFINITIONS. 

I. jd Solid is that which has Lengthy Breadth^ 
-^ and rhicknefs. 

II. The Term of a Solid is a Superficies. 

UL A Right Line is perpendicular to aPlane^ 
when it makes Right Angles with all the 
Linej thai touch it^ and are drawn in the /aid 
Plane. ' 

IV. A Plane is perpendicular to a Plane^ wheH 
all the Right Lines in one Plane^ drawn at 
Righl An^l^f tg jh^ccopmon .Se^hn of ^fbe^ twa 
Planes y are at Right Angles to the other Plane. 

V. The Inclination of a Right Line to a Plane ^ is 
the acute Angle contained under that Une^ and 
another Right one drawn in the Plane from 
that End of the inclining Line which is in the 
Plane J to the Point where a Right Line falls 
from the other End of the inclining Line per- 
pendicular to the Plane. 

VI. The Inclination of a Plane to a Plantj is the 
acute Angle contained under the Right Lines 
drawn in both the Planes to the fame Point of 

. their 
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tbeir common hterfe^ion^ and makif^ tiigbt 
Angks wiib it. 
Vil. Planes art /aid to be tnclimd Jmilarly^ 
when the faid Angles of Inclination are equal. 

VIII. ParaUel Planes are fiub^ wbicby being 
produced^ Mver meet. 

IX. Similar folid Figures are fueb^ as are etm^ 
Joined tmder equal Numbers of fimilar Planes. 

X. E^al and fimilar folid Figures are tbofe^ 
that are contained under equal Numbers of Ji- 
milar and equal Planes. 

XI. A folid Angle is the Inclination of more than 
two Right Lines^ that touch me another^ and 

. are mot in the fame Superficies : Or^ a folid 
Angle is that which is contained under more 
than two plane Angles,- which are not in the 

- fame Superficies^ but being all at one Point. 

Xlf . APyKomid is ^ fdid Figure comprehended 
under divers Planes fet upon one Plane ^ and 

, ' put together at one Point. 

Xllf. A Prifm is a folid Figuff^ contained under 
Planes i whereof the two oppofiteare equals fimi- 
lar^ 4ind parallel^ and the other Parallelograms. 

XIV. A Sphere is a folid Figure^ made when the 
Diameter of a Semicircle remaining at R^fi^ the 
Semicircle is turned about till it returns to the 
fame Place from .whence it begun to move. 

XV. The Axis of a Sphere is that fixed Une^ 
about which the Semicircle Js. tunned. 

XVI. The Centre of a Sphere is the fame with 
that of the Semicircle. 

XVII. The Diameter of a Sphere is a Eight Line 
drawn through the Centre^ and terminated on 
either Side by ihe Superficies of the Sphere. 

XVIIL A Cone is a Figure defcribed when one of 
the Sides of aRight-angledTrianglej containing 
the Right Angle ^ remaining fixedy the Triangle 
is turned about until it returns to the Place from 

whence 



it)hence iifirft began to move. And if the fixed 
Right Lines be equal to each other, that contains 
the Right Angle, then the Cone is a reffangulaf' 
Cone ; hut, tf it he lefs, it is an obtuferangled 
Cone i if greater^ an acute-akgled Cone. 

XIX. The Axis of a Cone is that fixed Righi 
Line, about which the Triangle is moved. 

XX. The Safe of a Cone is the Circle defcribed 
by the Right Line moved about. 

XXI. A Cylinder is a Figure defcribed by the Mb* 
tion of a Right-angled Parallelogram, one of the 
Sides containing the Right Angle, remaining fiit^ 
ed while the Parallelogram is turned about to the 
fame Place from whence it began to be moved. 

XXII. The Axis of a Cylinder is that fixed Righi 
Line, about which the Parallelogram is turned. 

XXIII. And the Safes of a Cylinder are the Cir- 
cles that are defcribed by the Motion of the twi 
oppofite Sides of the Parallelogram. 

XXIV. Similar Conts and Cylinders are fuch^ 
whofe Axes and Diameters of their Bafes ari 
proportional. 

XXV. A Cube is a folid Figure contained under 
fix equal Squares. 

XXVI. A Tetrahedron is a folid Figure contained 
under four equal equilateral Triangles. 

XXVII. An O^ahedron is a folid Figure con-- 
tained under eight equal equilateral Triangles. 

XXVIII. A Dodecahedron is a folid Figure con- 
tained under twelve equal equilateral and equi^ 
angular Pentagons. 

XXIX. An Icofahedron is a folid Figure contained 
under twenty equal equilateral Triangles. 

XXX. AParalletopipedon is d Figure contained 
under fix quadrilateral Figures, whereof thoft 
which are oppofite are parallel* 
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jpROPOSlTldN I. 

Th £ O R £ M. . 

•» . * 

One Part of a Right Line cannot he in a plani 
Supetffities^ and anotker Fnrt above it. 

FO R, if poffiblc, kt the Part A B of the Right 
Line ABC be in ^ plane Siiperficies, and the 
Part B C above the fame. 
There will be. fooie Right. Line in the aforefaid 
Plane, whi<!h, with A B, will be but one ftrait Line, 
L^ this Line be D B. 

Then the two given Right Lines ABC, A B D^ 
have one common Segment A B> which is impoffible; 
for one Right Lino will not meet another in itiore 
Points than one. Wherefore, om Part df a Right 
Line cannot he in a plane Superficies^ ^nd OnFiber Part 
aiove it ^ which Was to be demonftrated. 

P R O P O S i 1 1 O N IL 

Theorem. 

If two Right lanes cut each other ^ they aYe hotB 
ih one Plane ; and every Triahgle is in oni . 
Plane. 

t E T two ^ight Lines A B5 C D4 cut each other irt 
•*^ the Point E. 1 fay, they arc both in 6fie Plaice ^ 
and every Triangle is one Plane. 

For, take any Poitlts F aHd G, in the Right Lines 
A B, CD; and join C B^ FG; and let there be 
drawn F H» GK. Li the firft Place, I fayi the Trt- 
angle EBC is in one Plane. 

For, if one P^rt F H C, ot G B tC, of the Triangle 
£ B C, be in one Plane, and ihe other Part in another 
Plane ; then one Part of each of the Lines £ C, £ B, 
fhall be in one Plane^ and the other Part in another 
Plane ; which We hive proved * to be abfurd. There- • i f/fUvt 
ft)re the Triangle E B C is otte Plaiic \ but both the 
Right Lines £ C, £ 9, ate ih the feme Plane as the 

O Triangle 
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Triangle B C E is > and A B^ ^ P> are both in the 
fame Plane «rs E C, E B, are. Whcr^re, the Right 
Lines A B, C D, are both in one Plane ; and every Tri' 
angle is in 4ne Plant | wfcich was to be demonftrated. 

PROPOSITION IH. 

I 

T H E It E if , ■ 

■ • - # 

Jf two Planes cut ta^b ^htty ibdr €fiunwn St€'^ 
Hon will b$ a Rs^bi Line. 



V 
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ET two Planes A B, B C^ cat eacil' other, whofi^"* 
conftnen Sedion is the trine D B; I fay> D B is 
a Right Line, ♦ 

^ For if it be hot, draw the Right Line DEB in the 
Plane A B, from the Point D to the Point B, and tbe 
Right Line D F B in the Plane B C. 
Then two Right Lines DEB, D F Bj have the 
• ^jf,ro. fame Terms, and include a Space, which is * abfurcL 
Therefore DEB, D F B, af e not Ri^ht Lkies. In 
the fame rnanner we demohftrate, that no other Line 
drawn from the Point D to the Poiot B, is a Right 
Line, beiides D B, the common Se6lion of the Planes 
A B, B C. Jfy thcrrfore> tu/c Planes cut each ether ^ 
their common Section will hi aRij^bt Lias y which was 
to be demonftrated. 



PROPOSITION IV. 

T H £ O R ]( M. 

If t9 two Right Lines ^ cutting one another y a thirA 
' Jkitids at RigH Jungles in the eotmnon Sefficn^ 
it /ball be al/o at Right Angles to the Plane 
drawn thri tk^ faid Lines. 

t E T the Ri^ht Line E F fiand at Right Angka to 
•*-' the twoR^htLioes AB, CD, in the commoft 
SfiSion E. 1 .lay» E F is alfo at Right Angles to the 
Flaiie drawn tihrqugh A B, CD. 

FlMT, 
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Fori take the equal Right Lines £ A, E B, C E4 
i) E ; and thro* *E any how dt^sur the Right Line 
G E H, and join A D, C B ; and from the Point F^ let 
there be drawnFA, FG, FD, FC, l^H, FB : 
Then, becaufe tw6 Right Lines' A E, ED, are equal 
to two Right Lines C £, £ B, and they Contain * the* '5- »* 
equal Angles A E D, C £ B ; the Bafe A D (hall be ft 4. x^ 
equal to xlie Bafe C B, and fhe^Triadgle A ED equal 
to the Triangle C £ B ; and fo, likewire, is the Angle 
DAE equal to the Angle £ B C ; but the Angle 
AEG is * equal to the Angle B E H | therefore 
A G E, B E H, arc two Triangles, having two Angles 
cf the one equal to two Angles of the other, each to 
each, and one Side A £ equal to one Side £ B, viz. 
thofe that are at the equal Angles ; and fo the other 
Sides of the one will be % equal to the other Sides oft t6. u 
the other. Therefore G £ is equal- to £ H, and A G 
to B H i and fince A £ is equal to E B, and F £ is 
^pmoioti and at Right Angles, the Bafe A F fliall be 
t equal to the Bafe F B : For the fame Reafon, like-f 4« I* j 
wife, (ball C F be equal to F D. Again, becaufe A D 
IS equul to C B, and A F to F fi, the two Sides F A^ 
A D, will be equal to the two Sides F B, B C, each 
|o each $ but the Bafe D F has been proved equal td 
the Bafe F C . Therefore the Angle F A D is » equal •*.!»; j 
to the Angfe F B C : Moreover, A G has been proved 
equal to S H ; but F B alio, is equal to A F, there- 
fore the two Sides FA, AG, are equal to the two 
Sides F B, B H ; and the Angle F A G is equal to 
the Angle F B H, as has been demonfirated ; where- 
fore the Bafe G F f is equal to the Bafe F H. Again* 
becaufe G £ has been proved equal to £ H, and £ F 
is common, the two Sides G £, £ F, are equal to the 
two Sides H E, E F i but the Bafe HF is equal to thd 
Bafe F G ; therefore the Angle G £ F is * equal to 
the Angle H £ F ; and fo toth the Angles U £ F> 
H EF, are Right Andes : Therefore F £ makes 
S.ight Angles with G H, which is any how drawn 
thro* £• After .the (aoie manner we demonftrate,thal! 
£ F is at Ri^t Angles to all Right Lines that are 
drawn in the Plane to it j but a Right Line is * at**'/3'^/ 
Right Angles to a Plane, when it is at Right Angles'*'** 
to all Right Lines drawn to it in the Plane. There- 
fore F £ is at Right Angles to a Plane drawn thro' the 

O a Jtijht - 
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Right Line AB; CD. Wherefore, if to two Righ$. 
Lines y cutting one another^ a third fiands at Right Anglet 
in the common Se^ion^. it Jhali be alfo at Right Angles to 
ibe Plane draivn thr'cl^ the faid Lines ;. which was to be'. 
4ecbonilratc,d. 

PROPOSITION r. 

* • 

i 

'f H E O It EM . ' ' 

j^ to three Right Lines^ touching one another ^ s 
fourth ftands at Right Angles in. their ^ommorL 
SeSion^ thofe three Right Lines JbaU be in one 
and the fame Plane. 



V 



E T the Right Line A B ftand at Right Anglcsy 
in the Paint of Contaa B, to the three Right 
( LinesBC, BD, BE. Ifay, BC, Bi>,BE,arciir 

6ne antf the fame Plane. 

For, if they are not, let B D, B E, be in one Plane, 
and B C above it; and let the Plane paffing thro' A B, 
^yt/tlis, BC, be produced*, and it will • make the common 
Sc£Hon, with* the other Plane, a ftrait Line, which 
kt be BF 5 then three Right Lines A B, B C, B F, 
are in one Plane drawn thro' A B, fi C : And fince 
A B ftands at Right AngJes^ to BI>and B E, it (halt 
f 4 "/tHi. be f at Right Anglfes to a Plane drawn thro' B E, 
Z »tf, 3. D B ; and fo A B (hall make % Rirght Angles with all 
Right Lines touching it that are m the fame Plane t 
JBut BF, being in the faid Plane, touches it ; where* < 
fore the Angle AB F is a Right Angfe r But the An- 
gle A B C (by the Hyp.) is aMa a Right Angle ; there- 
fore the A«gTe A B F is equal to the Angle A B C^ 
and they are both in the fame Plane, which cannot 
fee ; and fo the Right Line B C, is not above the Plane 
paflirtg thro' B E and B D. Wherefore- the three 
Right Lines B C, B I>, B E, are in one and the fame 
Plane. Therefore, if to three Right Lints^ touching 
one another y n foicrth Jiands at Right Angles in their com^ 
tnon Se^iofiy thofe thYee Right Lines Jhall be in one andi 
thofame Plane i which was to be demonftrated. 
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PROPOSITION VL 

' • Theorem. 

If two Right Lines be perpendicular to one and 
ibt fame Plane ^ thofe Right Lines ar^ parallel 
4o one anoth^. 

'JET two Right Lines A B, C D, be perpendicular 
-*^ to one and the fame Plane. I fay, A B is parallel 
to CD. 

' For, fct them meet the Want in the Points B, D j 
and join the Right Line BD, to which let D£ be 
drawn in the fame Plane, at Right Angles, make 
D E equal to A B ; and join B E, A«E, AD. 
. Then becaufe A B is at Right Atigles to the afore* 
faid Plane, it fliall be ♦ at Right Angles to all Right* ©#/. 3, 4 
Lines, touching it, ylrawn in the Plane ; but A B'*''* 
touches BD, BE, which are in tliefaid Plane ; there- 
fore each of the Angiles A B D, A B £, is a Right 
Angle. So, fcfr the fame Reafon, tikewife, is each of 
the Angles C D B, C D E, a Right Angle. Then, 
becaufeA B is equal to D £, and B D is common ; 
the two Sides AB, BD, (hall be equal to the two 
Sides E D, D B ; but they contain Right Anglps f 
Therefore the Bafc A D is + eqtial to the Bafe B E.f 4* ?• 
A^ain, b^c^atife AB'is equal to D E, and A D to B £ ; 
the two Si^es A B, BE, are equal to the two Si^es 
ED, D-A; but A E, their Bafe, is common ; where- 
fore the Angle A B E is t fqual to the Angle E D A.t 8. t. 
But A B E is a Right Angle ; therefore E b A is alfo 
a Right Angle ; and fo E D is perpendicular to D A : 
But it is al(o perpendicular to BD and D C ; there- 
fere E D is at Right Angles, in the Point of ContatS^ 
to three Right Lines B D, DA, DC: Wherefore 
thefe three laft Right Lines are * in one Plane. But* 5 cftbh. 
B D, D A, are in the fame Plane as AB is ; for every 
Triangle \z. t ^n the ^amc Plane4 the/cfore it is neccf-t *f/"«^'«» 
fary, that A B, B D, DC, be in one Plane, But 
both the Angles A B D, B D C, arc Right Angles ; 
wheiefOre A B is ^ parallel to C D. Therefore, ifi2.%. i. 
two Right Lines be perpendicular to one and thi fame 
Planey thofe Right Lines are paralld U one anctber \ 
which was to be demonfirated. 
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PROPQSITION VII. 

Theorem. 

J[f there he two parallel Lines ^ and any Points he 
taken in both of them, the Right Line joining 
tbofe Points Jball be in the fame Plan^ ^s tkt 
Parallels are. 

T £ T A B, CD, be two paralUl Right ^.ines, in 
•*^ which arc taken any Points E, F. 1 fay, a Righ( 
Line Joining the Points £^ F, is in the fame Plane a4 
the Parallels are* 

For, if it be not, let it be elevated above the fame, 
if po^ible, as £ G F, thro' which let feme Plape bo 
drawn, whofe Sefiion, with the Plane in which thf 

• 3 o/f^i. Parallels are, let * be the Right Line £ F ; then tb^ 

two Right Lines £ G F, £ F, will include a Spaqe^ 
f4!r.zG.r. which ia f abfurd : Therefore a Right Line, drawn 
frona thePoiot £ to the Point F, is not elevated above 
the Plane; and, con/equently, it ipuft bjC in tha^ 
paiSng thro' the Parallels A B, C D, Wherefore, if 
thin be two parallel Limsy and any Poinds be takm /'n 
both of theniy the Right Lint joining thofe Points Jkall kf 
in t hi fame Pkne as the PwraUiU are \ Vi^^ W^ to b<f[ 
{(emonflrated^ 

PROPOSITION VI?L 

Theorem. 

^ there he two parallel Right Lines^ one of which 
is perpendicular to feme Plane ; thenfhall thi^ 
gi^fr b( perpendicular to the fame Plane. 

the r^g.^ E T A B, C D, be two parallel Right Lines, on^ 
'^* * ij Qf which, as A B, is perpcnciicular to fome Plane-! 

I fay, th? other, Q D; is alfo perpendicular to the fame 

Plane, 

For, let A B, C D, meet the Plane In the Points B, 

t) ; and let B D be joined ; then A B, C D, B D, are 

• 7 •ffhiu * IP pne Plane. Let p p be drawn in the other 

Plfinc, 
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Plane, at Right Angles to B D, and make D £ equal 

toABj and join B E, A E, A D ; Then, fincc A B 

is pei^pendicular to the Plane, it will ♦ be pcrpendicu-* ZV". 3. 

Jar to all Right Lines touching it, that are drawn in 

the fame Plan? j therefore each of the Angles A B D, 

A B E, i|i a Right Angle, And finc'e th6 Rijght Line 

B D falls on the Right Lines A B, C D ; the Angles 

A B D, G D B, fhall be f e^ual to two Right Angles : ^ ^g, i. 

Therefore the Angle CDB is alfo a Right Angle; 

and to C D is perpendicular to D B. And fince AB 

j» equal to DE,. and B D is common ,; the two Sides 

A B, B D, are equal to the two Sides £ D, £> B. But 

ike Angle A B D is eq^ial to the Angle £ D B ; for 

•each of them is a Right Afigle ; therefore the Bafe 

A D is :( equal to the Bafe B £. Again, fince A B isj 4. i« 

eiiual to D £, and BE to A D $ the two Sides A B, 

B Ei ftiall be equal to the two Sides ED, DA, each 

to each : But the Bafe A £ is common ; wherefore 

the Angle A B E i$ ♦ equal to the Angle EDA: But t g. ,, 

the Angle A B £ is a Right Angle ; therefore EDA 

i% alfo a Right Angle, and £ D is perpendicular to 

D A : But it i» likewife perpendicular to D B ^ there* 

fore E D fhall alfo be f perpendicular to the Plane 

paffing thro' B D, DA, and, likewife, fliall be J at^*^'*"- 

Right Angles to all Right Lines, drawn in the faid^ ^''* ^* 

Plane that touch it. But D C is in the Plane paffing ^ 

rhro* BD, DA, bccaufe AB, 3D, are ♦In that***-^'*''' 

Plane 5 and DC is f in the fame Plane that AB and 1 7 «/'*«• 

B D are in \ wherefore £ D is at Right Angles to 

D C, and fo C D is at Right Angles Co D E, as alfo 

to D B. Therefore, C D Jlands at Right Angles^ in 

the commm Se£iion D, to two Right Lines D E, D B, 

mutually cutting one another \ and^ accordingly^ is at 

Right Angles to the Plane pajjing thro' DE, DBj 

which was to be demonfirated. 
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PROPPSITIPN IX. 

Theorem. 

Jtight Lines that are parallel to the fame Right 
Line^ not being in the fame Plane with itj are 
dlfo parallel to each stber. 

T E T both the Right Lines A B, C D, bf parallel 
-*-' to the Right Line E F, not being in the fame 
Plane wiih it. " J fay, A B is jparallel to CD.' 
' For aflumef any Point G ih'E F, from which Point 
G let G H be drawn, at Right Angles tb E F, in t4ic 
Plane palTing thro' E F, A B : Alfolct G K be di-awil 
at Right Angles to E F in the Plane pafftng thro* E F^ 
CD: Then, becaufe EF is perpendicular to G H 

• 4 •/r*»i. and G K, the Line E F (hall alfo^bef at Right Angl^ 
•^ ^ to a Plane paffingthro' both'G H and OK : But 

+ 6 •ftbi$> E F is parallel to A B ; therefore A B is f alfo at 
Right Angles to the Plane pafling thro' H G K. For 
the fame Reafon, C D is alfo at Right Angles to the 
Plane paffing thro' H GK ; and therefore AB, and 
C Di will be both at Right Angles to the Plane pafr 
fing thro' HGK. But if two Right Lines be alt 

fi6u9/fbk^ Kight Angles to the fame Plane, they (ball be • pa- 

' ' yallet to each other j therefore* A B is parallel toC D. 

And fo. Right Lines that are parallel td the fame Ij^ighi 
Liney not being in the fame Plane with it^ are alfo pa-* 
rallel to each other ; which was to be demonflrated, 

PROPOSITION X. 

The OR E w. 
Jf two Right L^inesy touching one another^ ke fia-- 
' rallel to two other Right Lines^ touching one 
another, but not in thie fame Plane ^ tbofe Righi^ 
Lines contain equal Angles.' *' --'-^ 

; • ■".... ^ .' 

a 

LE T two Right Lines A B, B C, touching one ano- 
. ther, be parallel to two Right Lines DE, EF, 
touching one another, but not in the fame Planf . J 
{nYf the Angle A B C is equal to the Angle D EF. 
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For, take B A, B C, £ D, £ F, equal one to ano* 
tb^r, and join A D, C F, B K, A C, D F : Then. 

. becaufe BA is equal and parallel to £D, the Right 
Line A D ihlli alfo be^ equal and parallel to B£.* 33. u 
For tile lame Reafon, CF will be equal and parallel 
io B £ ; therefore A D, C F, are both equal and pa- 
rallel to B £• But Right Lines that are parallel to 
Ihe lame Right Line| not'b^ing in thefatne Plane with 
it, will be t parallel to each btber. Therefore A iy\^4^AUi 
is parallel' and equal to CF; but AC, DF, join 
them ; wherefore A C is J equal and parallel to DF.J 13. i« 

• And becaufe the two Right Lines A B, B 0, are equal 
to the two Right Lines D E, £ F, and the Bafe A C 

• e^ual totbeBdre'DF; ttierefore the Angle ABC 

will be ♦equal to the Angle DEF. Whence, if^%*u 
two Right LineSy touching one another^ be parallel to two 
jpther Right Line^ t^qtfcl^ing one anot^er^ hut not in thi 
fame Plane^ ihofe Right Lines coniain equal Angles i 
"Which was to be demonilrated* 

PROPOSITION XL 

P B. O B L E M. . 

Froin a Point £iven abope a Planer to draw a 
Right Line ferPendictttar to that Plane. 

T E T A tc t)^c Eoiii^ gWcn, aJ)oyc the given Plane 
' Z^ B H, It is required to draw a Right Line from 
the Point A, perpendicular to the PVane B H, 

Let a Right Line BC be any how'drawn in thePlane 
B H ; and let AQ be drawn f fronfi the Point A,» u, 1. 
. perpendicular to B C ; thet) if A D be perpendicular 
to the Plane BH, the Thin^ require^ is already done ; 
but, if not, let D% be drawn in the Plane from the 
point D, at Right Angles to B C 5 and let A F be 
drawn* from the Point A, perpendicular ^o DE: 
Laftly, thro' F'draw G H; parallel to BC. 
* Then, becaufe B C is perpendicular to both D A 
and D E, B C will alfo be f perpendicular to a Plane f 4 o/iHu 
paffing tbro' E D, D A. But G H is parallel to B C ; 
and if there are two Right Lines (>airallel, one of 
which is at Right Angles to fome ^jahe, then (hall 
the other be % at Right Angles to the fame Plane :| Zofthiu 
Wherefore G H is at Right Angles to the Plane paf- 
fing 
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• Def. 3. fing thro' E Di» DA, and fo rs ♦ pcrpcirKljcular tQ all 
the Right Llo^s^. in the fame PlaMie that touch if. 
But AF, which is. in the Plane paffing thro' EO.and 
D A, doth touch it. Therefore GH i3f>erpendieular 
tp A F ; and ft>., A F is perpejidicplar to Q H ; but 
A F) likewife, is pei-pendicular to D £ ; therefore A F 
is perpendicular to boih H G, D£* 3tit if a Right 
Line ftands at Right Angles to two Right (rines, in 

f^ifikit* their common Se^ion, that Line will he f at Right 
Angles to the Plane paffing thro' tbefe Line$. 
, Therefore A F is perpendicular to the Plane drawn 
thro' ED, G.H 5 that is, to the given Plane B H- 
Therefore, A F is drawn from the given Point A, tUfi^e 
the given Feint B H, perpindi^ul^r ta the /aid Plane i 
firbidi was to be done. 
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PROPOSITION XII. 

f 

Problem. 

^0 ereti a Rigbi Line perpindicular to a given 
Plane J from a Point given therein. 

T ET A be a given Point in a given Plane MN. 
^^ It is required to draw a Right Line from the Point 
A, at Right Angles to the Plane M N. 

Let fome Poir^t B be . fuppofcd above the given 
• II ©//i&M. Plane, from which let B C be drawn ♦ perpendicular 
t 31. 1. ^o '^^ ^^'^ Plane; and let A D be drawn \ from A, 
parallel to B C. 

Then, becaufe AD, CB, arc two parallel Right 
Lines, one of which, viz. B C, i^ perpendicular to the 
t 8 rftbiu Plane M N ; the other, A D, fhal^ be J alfo perpen- 
dicular to the fame. Plane. Therefore, a Right Line 
is ereUed perpendicular to a given Plane^ from a Point 
given thereon \ which was to be done. 
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PROPOSITION XIIL 

Thio&bm. 

Tw6 Itigbt Lines cannot be treSed at Right An^ 
gles to a given Plane^ from a Point therein 
given. 
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OR, if it is poflibitt, let two Rl^t Lipes.AB, 
A C, be erected perpendicular to a given Plane oa 
the fame Side, at a, given P^int A, in the given Plane* 
Then let a Plane be drawn thro' B A, A C, cutting 
tlie given Plane thro* A in the Right Line • D A E i • 3 ef '*«• 
i»ut the Line DAE being in the given Plane, touches 
k ; tiberefore the Right Linra A B, A Q DAE, are 
in one Plane : And becaufe C A is perpendicular to 
the given Plane, it (hall alfo be f pcrpeadicqlar to allf D^. ]« 
Right Lines drawn in that Plane, and tbuchlng it : 
Tb«reforc the Angte € A £ is a Right Angle. For 
the farpe Reafon,. B A £ is alfo a Right Angle ; 
wherefore the Angle C A £ is eqaial to S A E, anj 
j^y are both in one Plane ; which is abfurd. There^ 
forcf) two Right Lines cannot be ereiied at Right Angles^ 
ta a given Plane f from a Point therein given ; which was 
10 be d^oionftrated, 

PROPOSITION XIV, 

T H E O & £ M* 

fbofe Planes^ to which the fame Right Line is 
ferpen£cular^ are parallel to each other. 

T E T the Right Line A B be, perpend icufar to each 
^^ of the Planes D C, E F, I fay, thefe Planes are , 
jparallel. 

For, if they be not, let them be produced till they 
meet each other, and let the Right Line G H be the 
'common Sedion, in which take any Point K, and 
join A K, B K. Then, becaufe A B ii perpendicular 
to the Plane E F, it fliall aJfo be perpendicular to the 
Right Line B K, being in the Plane E F produced ; 
wherefore the Angle A B K is a Right Angle. And, 
^r the f^me ^eafon^ B AK is alfo a Right Angle. 

And 
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And fo the two Angles A B K, B A K, of the Tri- 
, angle A4 K, are equal to two Right Angles* which 
f \> I. is ♦ impoflible : Therefore tlie Planes C D, E F, be- 
ing produced, will not meet each other ; and fo are 
nec^flarily paralleL Therefore, thoje Plams^ t9 wbki 
the fame Right Line is perpendicular y are paraUil to each 
ether I which was to be demohftrated. 

PROPOSITION XV. 

Theorem. 

ff two Right Linesy touching one another^ be pa-- 
rallel to two Right Lines^ totuhing one another^ 
and not biing in the fame Plane with ibem ;. 
the Planes drawn thro* thofe Right Lines are 
parallel to each other. 

Y ET two Kight Lines A B, B C^ touchingone ano- 
•*^ ther, be parallel to two Right Lines D E, E F, 
touching one another, but not in the fame Plane wkh 
them. I fav, the Planes paffing thro' A B, BC, and 
D E, E F, oeing produced, will not meet each other. 

• « $ftbh. For, let B G be drawn ♦ from the Point B, perpen- 

dicular to the Plane pafling thro' D E, E F, meeting 

the fame in the Point G ; and thro' G let G JI be 

1 31. X. drawn X parallel to £ D« ^nd G K parallel to £F ; 

then, becaufe B G is perpendicular to the Plane paf- 

• Def. 3. fing thro' D E, E F, it fliall alfo make ♦ Right An- 

gles with ali Right Lines that touch it, and are in th^ 
fame. Plane. But G H and G K, which are both in 
the fame Plane, touch it j therefore each of the An- 
, gles B G H, B G K, is a ^ight Ande.- And fince 
B A is parallel to G H, the Angles G B A, B G H, 

^29. 1, are * equal to two Right Angles: But BGH is a 
Right Angle ; wherefore G B A fball alfo be a Right 
Angle ; and fo B G is perpendicular to B A. For the 
fame Reafon, G B is. alfo perpendicular to B C ; 
therefore fince a Right Line B Q (lands ^t Right An- 
gles to two Right Lines B A, B C, -mutually cutting 

t 4 •ft^n each other ; B G (hall alfo be % at Right Angles to 
the Plane drawn ihro' B A, B C. But it is perpendi- 
cular to the Plane drawn thro' D £, £ F ; therefore 
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BG is perpendicular to both the Planes drawn thro'' 
A B, B C, and D £r E F. But thofe Plade$ to'which 
the fame Right Line is perpendicular, are * parallel ;* H!^^^ 
therefore. the Plane drawn thro** AB^ B C, is parallel 
10 the Plane drawn thro'DE, E F. WheijBfare, if 
two Right Lims^ taudfing oHe anotbtr^ be parallitM two 
Right Lines touching one another ^ and not being in the 
Jame Piane with them \ the Planes dtaWH thro* thofi 
Right Lines are parallel to each other ; which wa9 to be 
demonflrated. 

PROPOSITION XVf. 

Theorem. 

If two parallel Planes are eut by another Plants 
. their common SeStions will be parallel. 

T E T two parallel Planes A B, C D, be cut bv any 
^ Plane E F G H j and let their common Se^ions 
beEP,GH. I fay, E F IS parallel to G H. 

For, if it is not parallel, E F, G H, being produced, 
will meet each other either on the Side F H, or E G. 
Firft, let them be produced on the Side FH, and meet 
in K ; then, becaufe E F K is in the Plane A B, all 
Points taken in E F K will be in the fame Plane. But 
K 16 one of the Points that is in E F K ; therefore KL 
is in the fame Plane A B. For the fame Reafon K 
is alfo in the Plane C D ; wherefore the Planes A B» 
C D, will meet each other. But they do not meet» 
iince they are fuppofed parallel ; therefore the Right 
Lines E F, G H, will not meet on the Side F H. 
After the fame manner it is proved, that they will not 
meet, if produced, on the Side £ G. But Right 
Lines, that will neither Way meet each other, are 
parallel; therefore £F, is parallel to GH. If, 
therefore, two parallel Planes are cut by any other Plane^ 
eheir common Se£iions will be parallel i which was to be 
<lemonftrated« 
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PR OP O S I T I O N XVII. 

T H ^ il E M.* 

y iwi^BJ^bi LiMei af€ cm hy paraUilPUiuSf 
t^fi^l pe cut in ihefsme Pr opinion: 

■ 

L£ T nto Right Lines A B^ C D, he cut hj paraUtt 
PlftfiCfs G^y KL, M N> iaihc Points A» £, B^ 
C, F, D. I ray, as the Right Line A £l is toribe.Right 
LineEB,foisCFtoFD. 

For, let AO,iB D, A D,-be jointd ; Jet AD meet 
the Plane K L in the Point X ; and jorn £ X, X F» 
Then, becaufe two parallel Plan/^ KL, M N, are 
cut by the Plane £ B DX, their common Sedions 

• 16 tftbh. E X, BD, arc * pataHei. For ihe fame Reafon^ be- 
caufe two paralk) Plains GH, K L, are cut by t£e 
Plane A X F C, their common Sedions A C, F X, 
are palralkl ; and becaufe £ X is drawn parallel to 
the Side BD of the Triangle A B D, it ihaU be,, as 

1 1< 6. A £ is to £ B, fo is t A X to X D. A|aio> becaufe 
X F is drawn parallel to the Side A C of the Triangle 
ADC) it ihall be f, as A X is to XD, fo is C f to 
F D. But il has been proved, at A X is lo X D» fe 

J II. 5, is A £ to £ B. Therefore, as A E is to £ B^ fo is % 
C F to F Di Wherefore, if two Right Lines are cui 
ty psraiiel PlaneSy they JboU be cut in the fume Profor^ 
iicn ^ wbich was to be demonftrated. 

PROPOSITION XVIII. 
Theorem. 

t 

If a Right Line be p^ftnditskiar tofme Piatti, 
then all Planes faffing thr<f tbttt Une wttli bf 
ftrfcndicular to the fame Plane. 

LE T the Right lUne A 6 be perpendiculaif to tbt 
Plane CL. I fay, aH Phn>!9 that pafs thro* A^ 
are likewifc perpendicular to the Plane CL^ ' 

For, let a Plane D E paf» thro'^the Right Line A B, 
whofe common Se<9ion, with the Plane C L, is^the 
Right Line C E ; and take fome Point F in C £ 5 from 
which Let F G be drawn ia the Plane D £, perpendi- 

cuiar 
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cular to thtf Right Line C E : Then, becauffc A B is • 
perpendicular to this Plane C Lj it fkall alfo be • per- ♦ Def, 3. 
peodicular to all the Right Lines which touch it, and 
are in the fame Plane : 'Wherefore it is perpendicular 
to C E ; and, coufequently, the Angle A B F is a 
Rfght Angle : But G F B'is llkcwife a Right Angle ; 
therefore A B is parallel to F G. But A B^is at Right 
Angles to. the Plane CL; therefore FG will be f n "^ '*/'*''•» 
Ri^ht Angles to that (ame Plane. But one Plane is 
perpendicular to another, when the Right Lines drawn 
in one of the Planes, perpendicular to the common 
Se(5lion of fhePIaneit, are J perpendicular to the other t 0/4. sf 
Plane. But F G is drawn in one Plane D E, per* ^^^ 
pendicular to the common Sedion C £ of the Planes, 
and it ha^ been proved to be perpendicular to the 
Plane C L : In like manner any other Line in the 
Plane D £, drawn perpendicular to C £, is proved ta 
b^ perpendicular to t*he Plane C L. Therefore the 
Pkne D E is at Right Angks to the Plane C L. Af- 
ter the fame manner we demonilrate^ that ail Planea 
pafling thro' the Right Line A B, are perpendicular ta 
the Plane C L. Therefore, if a Right Line be perpen- 
di€ukr tofome Planiy then ail P lanes j pajjing thro* thai 
Unit will be perpendicular to the fame Plane i whict^ 
was to be demonftrated. 

PROPOSITION XlX. 

Theorem. 

. Jf two Plane fy cutting each other ^ he perpendicu^ 
lar to fome Plane^ then their common SeSioni 
will be perpendicular to that fame Plane. - 

T E T two Planes A B, B C, cutting each other, bo 
•*^ perpendicular to fome third Plane, and let their 
common Section be B D. I fay, B D is perpendicular 
to the faid third Plane, which let be A D C. 

For, if poffible, let B-D not be perpendicular ta 
the third Plane ; and from the Pt>int D let D £ be 
d/awn in the Plane A B, perpendicular to A D ; and 
let DF be drawn, in the Plane B C, perpendicular to 
C D : Then, becaufe the Plane A B is perpendicular to 
the third Plane, and D E is drawn in the Plane A B^ 
perpendicular to their common Section A^ D $ D E 

ihaU 
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* JOif. 4. jihall be * perpendicular to the tl^ird I'lane ADC. In 
like manner we prove, that D F alfo i$ perpendicular 
to the faid Plane ; wherefore two Right Line? (land at 
Right Angles to thi^ third Plane, .on the fame Side, at 
fij rfOtiAhe (stme Point D ; which is f albfurd : Therefore, to 
this third Plane cannot be ere<Sed any Right Lines, 
perpendicular at D, and on the fame S\de, except B D^ 
' f he common Sedion of the Planes A B, BC : Where- 
/ore D B is perpendicular to the third Plane. If there- 
fore, two PlaneSy cutting each other ^ he perpendicular 
to fome Plane^jhen their common. Se^ ion will be per- 
yfendicular to that fame Plani\ which was to be de^ 
..aionftrated* 

PROPOSITION XX. 

Theorem. 

If a f olid Angle, be contained under three plant 
jingles y any two of tbem^ bowfoever taken^ ari 
greater than the third* 

T ET the folid Angle A be contained under three* 
^^ plane Angles B A C, C A D, D A B. 1 fay, anjT 
two of the Angles B A C, C A D,- D A B^ are greater 
than the third, howfoever taken. 

For, if the Angles B A C, C A D, D AB, be equals 
it is evident, that any two,howfoever taken, are greater 
than the third ; but, if not» let B A C be the greater, 

• %yu and make * the Angle B A E, at the Point A, with 
the Right Line A B, in a Plane pafSng thro* B A, A C, 
equal to the Angle O A B ; make A £ equal to A D $ 
thro' E draw BEC, cutting the Right Lines A B^ 
A C, in the Points B, C j and Joiii D B, DC: 
Then, becaufe DA is equal to A£, and AB is com* 
mon, the two Sides DA, A B, are equal to the two 
Sides A £, A B ; but the Angle D A B, is equal to xht 

t4. 1. Angle B A E i therefore the Bafe D B is f equal tor* 
the Bafe B E : And finCe the two Sides D B, D C, are 
greater than B C, and D B has been proved equal to B E ^ 
therefore the remaining Side D C fhal) be greater than 
the remaining Side EC ; and fince DA is equal to 
A E, and A C is common, and the Bafe D C greater 

{ 2$. I. than the Bafe £ C^ the Angle D AC ihall be ^ greater 

(hao" 
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than the Angle £ A C. But, from the Conftrodion') the 
Angle DA B, is equal to the Angle B A £ ^ where- 
fore the Ansies DAB, D A C, are greater than the 
Angle BAG. After this manner we demonftrate, if 
any two other Angles be taken^ that they are greater 
than the thirci. Therefofc, \fafoUd Angle hi contained 
under three plane Angles^ any two of thenty howfoever 
taien^ are greater than the third} which was to be dc* 
stiomftrated. ' 

/ P R 1^ O S I T 1 N XXL 

Theorem, 

Every folid Angle is contained under plane ^»* 
£les^ together^ lefs than four Right ones. 

L£ T A be a folid Angle, contained under plane 
Angles BAG, CAl5, D AB. I fay, the An- 
gles B A G, G A D, D A B, are lefs than four Right 
Angles. 

For, take any Points, B, G, D, in each of the Lines 
AB, AG,AD; and join BG, GD, DB: Then* . 
becaufe the folid Angle at B is contained under three 
plane Angles GBA,ABD,GBD; any two of thefe 
are ♦ greater than the third :' Therefore the Angles #10/1^6/1^ 
C B A, A B D, are greater than the Angle G B D/ 
For the fame Reafon, the Angles B G A, A G D> are 
greater than the Angle BCD 5 and the Angles CO A* 
ADB, greater than the Angle GDB. Wherefore 
the fix Angles C B A, A B D, B G A, AG D, CD A, 

ADB, are greater than the three Angles GBD, 
BCD, GDB. But the t|iree Angles C B D, 
BCD, GDB, are f equal to two Right Angles >t 3** »• 
wherefore the fix Angles G B A, A BI>, $ C A> 

ADC, DC A, AD B, are greater than two Right 
Angles; And fince the three Angles of each of the 
Triangles A B G, AC B, A D B, are equal to two 
Right Angles, the nine Angles of thofe Triangles 
CBA, BCA, BAG, AG D, CAD, ADC, ADB, 
A B D, D A B, are equal to fix Ri^ht Angles ; fix of 
which Angles CBA, BG A, ACD^ADC, ADB, 
A B D, are greater than two Right (kt^^e^. There- 
fore the three other Aiigles B A Qt CAD, DA B, 

P which 
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wHSch contain the folid Ang^e, wUl ht Ids than Coiitf 
Rifht Angles* Wbtiefocc, everf folid Angk is cm^ 
tmmi und^r fUmi AngUs^ iogitber^ Ufi^tlmnfmr Right 
amsi wliicb was to be dcmonftrat€d«^ 

PROPOSITION XXM. 

ft 

, y there be three plane Angles^ whereof Pw$^ etttf 
bow taken^ are greater (b/^n the thirds and the 
Right Lines that contain them be equal \^ then 
it is pofftble tQ maki a Triapgle of the Right 
Lines joining the equal Right Unes which form 
the Angles. 

LET A B C, D E F, G H K, be gwtn^hint An- 
glesi anyc^wo wfaefeof are greater tban the thirdly 
and let the equal Right Line$ A 3, B C» D £, £ F» 
G H, H K, contain them ; ^Qil let A C, D F» G K» 
be joined. I fay, it is poffible to make a Triangle of 
AC, DF» G K ;' that is, wy twooCuhcui, howA>* 
ler taken, are greater than the third. 

For, if the Ar>glcs at B, £, H, are equal ; then A C» 
#4. n DF, GK» will be^equal9 and any two of them 

i rearer than the third i but, if 90t, let the Angles at 
^ £, H, be unequal ; and let the Anele B be greater 
than either of the others at £, or H : Then the Riehl 

•f 24. ». I^ne A C wil) be f greater than either D F, or G K ; 
and it is manifeff , that A C, together with ekher D F> 
or G K, is greater than the other. I fay, likewife, that 

} 13. ». D F, G Ky together, are greater than A C. For make {^ 
at the Point B, with the Right Lin? A B, the Angle 
ABLequal to the Angle G HK; and make B L equal 
tt) cither A B, BQ DE, EF, G H, HK j and join 
A L» C L. Then, becaufe ite twp Sides A B, B Lt ' 
are equal to ifae two Sides G H« H K, each to each % 
wmi tbcy contain tm^ Angles 3 the Bafe A Lfiiall h& 
tqual. to the Bafe Cr K^ Am) finee the Angle E and 
H are-greater than the Angle A B C» the Angle G H K 
is equal to the Angle A B L, and therefore the other 
An^atvEvA^l «be grealer than iheAiJglc X'BC* 
And fince.ihe twa Si& L B9 B»Ci ai« equal to the 
Iwo.Silte^ J>£i {k£y «acb ti9'ai»^b> ^i^ ib« Angle 

.... D£:f 
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b E F is greater than the Angle L B C, the Bafc Df ' l 
ftall be ^ greater than tbe Safe L C. But G K hat* ft4* u 
been prdVed equal to A L $ therefore D F, G K, are 
greater (than A L, L C : But A L^ £> C, are greater 
dian AC; wherefore D F, G K, (haH be much 

freater than A C> Therefore^ any two of the Right 
lines AC, D F, G IC, howfoever taken,. are greater 
than the third : And fd, a Triangle tnay he made ^Ad^ 
D F, 6 K; which was to be demonftrated. 

PROPOSITION XXIII. 

> k > « 

P H O 3 t E M. 

^0 make a foUd jingle of tbrtt plane Angles^ 
whereof ajrf twtf^ bowforoer taken^ are greater 
than the third \ iut thefe three Angles muft he 
Ufs thanfeur Right Angles. 

JET A B C, p E F, G H K, b^ three planjc Anglea 
r^ ^ivcn, whcrifof any two, howfoever taken^ are 
greater than the third ; and let the (aid three Angles 
jbe lefs than four Right Angles ; it is required to make 
a folld Angle of three plane Angles equal to A B G^ 
X) E F G H K. . . - 

* JUt the Right Lines AJ5, B C, DE, E F, G H, H K^ 

lie cut oiF equal ; and join AC, D F, G K ; then it is 

poifible to make * a Triangle of three Right Lines* ^^^f^jii 

equal to A C, D F, G K ; And fo f Jet the Triangle j. »». ,. 

^ M N be made, fo that A C be equal to L M, and 

D F to M I^, and G K to L N ; and let the Circle 

Xf M N be defcribed % about the Triangle, whoie Cen- 1 5* 4a 

Ire let be X, which will be cither within the Triangle . 

jL M N, or on one Side thereof, or without the fame* 

' Firft, let it be within, and join L X, M X, N X : 

I fay, A B is greater than L X* . For, if this be not fo, 

A B fhail be cither equal to L X, or lefs. Firft, Jet it 

J^ equal ; then, becaufe A B is equal to L X, and alfo ^ 

^o B C, L X (hall be equal to B Q : But L X is equal 

^to X M } therefore the two.Sides A B, B C, are equal 

to the two Sides L X, X M, each to each $ but the 

.{Bafe AC is put equal to the Bafe LM ; wherefore the 

>ngle; ABC iball bf * equal to the Ao^e L^ M. • |^^ 
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' For &kt fame Rea&ri^ the Angle D £ F ii$ equal t6 the 
AngJe M X N, and the Aogle G HK to. the Angle 
N X L ; therefore the three Angles A B C, D E F, 
GHK, are.equal to the three Angles L X M, M X N, 
NXL. But the three AnglesLXM,MXN,NXI>' 

^C$r, >5. 1.* are equal to four Right Angles ; and fo the thj«c An«» 
gles A B C, D £ F, G H K, fiiall be eq^tol to four 
Right Angles : j^ they^ are put lefs thap four* Right 
Angles, which is abfurd ; tl.erefoie AB is not equal 
CO L X. I fay alfo^ it ijs neither lefs th^ L X ; for^ 
if this be poiTrble, make XO dqual to B A, afid XP 
to B C, and join O P : Then, bccaufe A B is equal 
to B C, X O (hall be equal to X P ; and the remain- 
ing Part O L, equal to the remaining:, Part P M ;^ ahj 

*f ak. 6. (b L M is t parallel to O P, and the Triangle L M X 
js f q,u'angular to. the Triangle O P X : Wherefore 

J 4* 6* X L is J 10 L M, as X O is to QF^ and (by Alter- 
nation) as XL is to XO, fo is LM to OP. ButLX 
is greater than X.O ; therefore LM (ball alfo be great- 
er than O P. But L M Is put equal to A C ; where-, 
fore A C (hall be greater than OP: And fo, becaufe. 
the two Right Lilies A B, ?C, arc equal to the twa. 
Right Lines OX, X P, and the Bafe A C greater than 

• 25. i» thefiafe OP ; the Angle A BC wiH be * greater than. 

|he Angle O Xl^. In like manner we demonftrate^ 
that the Angle D E F is greater than the Angle M X N> 
and the Angle GHK than' the Angle N X L ; there- 
fore the three Angles A BC, DE F, GHK, "are great- 
er than the three Angles L X M, M X N, N X L r 
But the Angles ABC, D E F, GHK, are-putiefs- 
than four Ripht Angles ; therefore the Angles LX My 
M X N, N X L, (hall be lefs by much than four Right 

^Cir,!^. !•. Angles, and alfo equal t ^o four Right Angles ; whkrh 
is abfurd : Wherefore A B is not lefs than L X. ft 
has alfo been proved not to be equal to it ; therefore 
it muft nece(rarily be greater. On the Point X raife 

} la »//Wj. J XR,' perpendicular to the Plane of the Circle LM Ny 
wh<ife Length let be fuch^ that the Square thereof be 
equal to the Excefe by V^hkh the Square of A B ex- . 
ceeds the Square of L X ^ and tet R L, R M, R N, 
be Joined : Becaufe RX is perpendicular to the Plane 

• Ptf, \, of the Circle L M N, it (hall alfo be * perpendicular 

10 LX, MX, NX : A«d becaufe LX i«equ«l r* , 

XR4, 



* 



XM, and XR iscOnimon, and at Right Angles to 
them, the hifoh R fhallTje * eqaal to the Rafc R M.*4- «• 
For the fame Reafon, R N is equal R L, or R M ^ 
there/ore three Right Lines R L, R M, k N, are equal 
to each other. 'And becaufe (he Square of X R is equal 
to the Excefs by which the Square of A B exceeds the' 
Square of LK^ the Square of A B will be equal to thd 
Squares of LX, XRVtogether: But the Square of RL 
is f equal tothe Sqaaijcs of L X, X R,- for L X R is af 47*' i' 
Right Angles theisefore the Square of Afi wiH be 
equal to the Square of RL \ and fo A B is equal to R L« 
But B C, D E, E F, G H, H K, are every one of them 
^equal to A B ; and R N, or R M; equal to R L^ 
w.icrcfore A B^ B G^ D E, E F^ G H, « K, are each 
cquaLtoRL, RM» or RN: And^fiocethe two Sides , 
R L^ R M, are equal to the two Sides A B, B C ; and 
the Bafe 1/ M is <put oqual to the Bafe AC; the An- 
gle LR M fhaH be t equal to the Ang^e A BC. Fort 8. »- 
the fame Reafon the Angle M R N is equal to the 
Angle D £ F, and the Angle L R N equal to the An- 
^le G H K : Therefore, afilid Angle is made^ai R nf 
three pktne Angles L RM^ M R N, L R N, efual U 
ibr4e plane Angles given .A B C, D E F, G H K. 
' Now^ let the Centre of the Circle Xibe in ^ocie Srda 
•o£ the Triangle, viz. in the Side M N ; and join X L; 
I Tay, again^ that A B is greater than L X. For, if it 
be not fo, A B will be either equal, or lefs than L X» 
Firft, let it be equstl ; then the two Sides A B, B C, are 
iequal to the two -Sides MX5 LX, that is, they arc 
jequil to M N : But M N is put equal to D F ; thei^e- 
jbr6D£,£F^ arrequal to DF, which is*impoffible'*2o. 2. 
therefore A Bis not equal to LX.. In like manner we 
prove, that it is4iei:ther leiTer ; for the Abfurdity w)il 
much moretevidtjitly foUow* Therefore A Ris greater 
than LX. And if the Square of RX be made equal 
to the Excefs by which the €quare of A B exceeds the 
Square of L X,.and R X be raifed at Right Angles t^ 
=fhe Plane of the Circle^ the Problem n^y be done m 
dike! manner as before. . , . . 

Laftly, Let the. Ceiitre X of the Circle be witfhout 
ihe Triangle L M.N, and join L X, M X, N X « 
J fay, A B is greater .tj^an X.X. For, if it be not, it 
4|fii4i: either be equals or iefs. Fuft^ let JtJhe e^uali 
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then fhe two Sulea A B, BC, are equal to the twq 
$i<les M X,. X L» each to eadi i an^ the Bafe A C ii 
equal to the fiafe ML ; therefore the Angle A B C it 
1 1. u t equal to the Angle M X L. For the fame Reafon^ 
the Angle G H K is equal to the An|ie I* X N ; and fo 
the whole Angle M X N is equal to tb^ two AngM 
ABC, GHK: But the Angles A B C, GHK,arfi 

Skater th^n the Angle DBF; therefore the AngW 
X N is greater than D£ F : But becaufe the twd 
Sides D £, £ F, are equal to the two Sides M X, X N ^ 
and the Bafe D F is equal to the Bafe MN ; the Angle 

i4NX ilialJ be t equal to the Angle DEF: 9itt it 
as been proved mater, which ii abfinrd ; therefore A Q 
is not equal to LX. Moreover, we will prove, that 
It h not lefs ; wherefore it ihall be.iie<:^arily greater 
And if, again, X R be raifcd at Right An^es to tbkl 
Plane of the Circle, and made equil to uie^Side of 
ibat Square by which the Square ot A B exceeds the 
Square of La i the Problem will be determined^ 
Mow, I fay, AB is not lefs than LX: For, if it ia 
poi&ble that it can be lefs, make X O eoual to AB4 
tod XPequal toBC, and joinOP i then, occa^fe A^ 
IS equal to B p, XQ Ibali be equal to XP^ and the 
f emaining Part OL equal to the remaining ^art P M t 

?^^ tbereferf L]^ it •parallel top O, and Ae Triangli 
L id X equiangular to the Triangle P X O ; Where-* 

1 4*«* fore, as t XL ts to LM, foisXO toOPi and (by 
Alternation) as L X it to X O, fo is L M to OP : Bii|t 
1 ]| is greater dian X O ; therefori^ L M is greater thai^ 
P P ; but L M is e^Mal to A C ; wherefore AClball b« 

Sreateir than P ; And fo^^ becaufe thetwo Sides A B^ 
; C, are equal to the two Sides Q X, X P, each to 
each ; and the Bafe A C is greater than the 9a(e O P | 
I »5' <* the Angle ABC (ha|l be t greater than the Ansln 
X P. So, likcwife, if X R be taken equal to X Qi^ 
or X P, and OR be joined, we prove, that the AngW 
G H K is greater than the Ande O X R* At the Poii ^ 
X, with the Right Line L Xl u^kt the Angle L X 
^qual to the An^e A 3 C; and the Angle L * T equj 
i/^the Angle G H K,and X S, XT, each efual toX O^ 
M join OS, QT, ST| then, becaufe the two Side^ 
^ B, B C;, are equal to the two Sides O X, X S, and) 
Anelc A B C is e^Hal JO l»^ Angle O ^ S, tbe Bafig 
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A C, that is, L M, fhall be equal to the Bafe OS. 
If or the faftie Reafon,, L N is alio equal to O T : And 
ilnce the two Sides M L, L N, are equal to the two 
Sides O S, Q T ; and the Angle M h N, or P O R^ 
is evidently greater tAuin the Angfe SOT; the Bafe 
M N ftall be greater than the Bafe S T. But M N 
IS equ^l t6 D F ; therefore D F Ihall be greater than 
JS T. Wherefore, becatife the two Sides E F, D E^ 
ir6 equal to the tvi^o Sides S X, X T^ and the Bafe 
D F is greater th^a the Bafe S T ; the Angle D E P ' 
fliall be ereiter than the Angle S X T. But the An- 
gle S X T i^ equal to <he Angles A B C, G H K ; thcrc- 
Kire the Anglfc D E F'is greater than the AngJes A BQ 
G H K : But it is alfo Icfs (by Hyp.) which is abfurd; 
tmd confequendy,' A B is not left than L X. And fo^ 
m/Md Angle muf hi made ^f three pkne Jngles that i$rue 
the neceffary laimiaiiemi whieh was to be done* 

i » 

PROPOSITION XXIV:, 

T It t O ft £ M. r 

If a SoUd h contained under Jix parallel Plants^ 
the ofpofiu Pldms ihtreof are equal ParalU* 
. Idgrams. 

LE T the Solid C D G H be contained under paral- 
lel Planes A C, G F, B G, C E, F B, A E. I fay, 
the oppofite Planes thereof are equal Parallelograms. 
For, becaufe the parallel Planes B G, C £, are cut 
hy the Pjane A C, their common Scdiorrs arc ♦ paral- • i€ ^thiu 
let ; wherefore A B is parallel to. C D. Again, becaufe 
the two parallel Planes B F, A £, are cut by the Plane 
AC, their common Sections are parallel ; therefore 
A D is parallel to B C. But A B has been pro\red to 
ht parallel to C D ; wherefore A C fhall be a ParalleJo- 
|ram. After the fame manner we demonftrate, that! 
C E, P G, OB, B F, and A fi, are Parartelocrams^ 
' Let A H, D F, be joined : Then, becaufe A B ispv 
rallfcl to D C, ind B H to C F ; the Lines A B; BH^ 
Couching each other, fliall be parallel to the Lines. 
D C, C F, touching eafcli Other, ^rtd riot being in the-, 
fame Plane \ wherefore they fliatl f Contain equal An- 1 totfthii^ 
iles : Andib the An£;Ie A B H ia ^qUAl to the Attgie . - 
r - P4 DCF. 



\ 



f 



\ 



I 

'Zi6 EucUSs Elem|:^T9. Book %l. 

1 3?- 1. D G Fi And finpethe two Sides A B, B H, arc t cquf I* 
to the two Sides D C, C F, and the Angle A B H cqu^ 

• 4. 1. to the Angle D C F ; the Safe A H fhall be ♦ equal Xq 
thfe Bafe D F, and the Triangle AB H equal to the 
Triangle D F C : And finpe the Parallelogram EG is 

t ♦». h t double to the Triangle A B H, and the Parallelo* 
;ram C E to the Triangle D C F j tjie Pjirajlelograiii 
J G fliall be equal to the Parallelogram C E. In like 
manner we dempn(lrate, th^t the rarallogram A C is 
equal to the Parallelogram G F, and the Parallelogram 
A E equal to the Parallelogram B F. J/^ therefore, 
Solid be contained under fix parallel Planes^ the oppojite 
Planes thereof are Parallelograms I which wgs tp b^ 
(iemonAr^ted. 

(iorolL It follows, from what has been now demon^^ 
• ftrated, that, if a Solid be contained under fix paral- 
lel Planes, the oppofite Planes thereof ate fimilar an4 
equal, becaufe each of the Angles are equal, anc) 
the Sides al^out'tbe equal Angles are proportional. 

PROPOSITION xxy. 

If a folid Parallelepipedon be cut hy a Piane^ 
parallel to oppojite Plane^^ thtr^^ as Safe is tQ 
Bafe, fo is Solid to Solid. 

T E T the folid Par^llelepipedon A B C D be dut. by 

,. . -*-^ a Plane Y £, parallel to the oppofiie Plane R A^ 

P H. I fay, as the Bafe E F 4» A is to the Bafe 

EHCF, fo is the Solid ABF Y to the Solid EGCD. 

For, let A H be both Ways produced, and make 

P M, M N, {5ff. eaual to E H, and A K, K L, &c. 

equal to A E j and let the Parallelograms L O, K a, 

H >C, M S, as likewife the Solids LP, K R, JFI nj 

M T, be compleated : Then becavifc the Right Lines 

1^5, K A, AE, are equai^ ^He Parallclpgrams LO, 

f 36. 1. K O, A F, fhall ♦ alfo equal i as likewife the Pa- 

t i4e/'r^ii.ralleIograms K s, KB, A G : And, moreover, f the 

Parallelograms L y, E P, A ft, JFor they are oppofite to 

one another. For the fame Reafons, the Parallel<^rams 

|)C, HX, MS, alfo,are equal tocachothcri as alfo the 

... ... . ?*r»H 



Book XI. £err/kfs E^EMENTt. ^9^1 j 

Parallelograms H G9 H I, I N ; and fo are the Paralle- 
lograms D H, M 0, N T : Therefore three Planes of 
the Solid LP are equal to|hree Planer of'^l^e Solid * 
'K R, or A Y, each to each ; aind the Planes oppodte to 
thcfe are equal to them : Therefore the three Solids 
L P, K R, R y, will be equal * to each other. For the • Dtf, lo* 
fameReafon, ^he three Solids E D, Hn, MT, arc*/'^'«» 
rqual to each other j therefore the Bafe L F is of the 
Multiple of the Bafe A F, as the Solid L Y Is of the 
Solid A Y, For the fame Reafon, the Bafe N F is 
the fame Multiple pf the Bafe H F, as the Solid N Y is 
q( the Solid E D j and if the Bafe L F be equal to the • 

Bafe N F, the Solid L Y fliall be equal to the Soli^ 
N Y i and if the Bafe L F exceeds the Bafe N F, the 
Solid L Y (hall exceed the Solid NY; and, if it be 
)efs, lefs : Wherefore, bccaufe there are fovr Magni- 
tudes, viz, the two Bafes A F, F H, ana Ihe two So- 
lids A Y, E D, whofc Equimultiples are taken, to wit, 
Jhe Bafe L F, and the Solid L Y ; and the Bafe N F, 
and the Solid N Y ": And finc^ it is provefJ, if the Bafe 
XF exceeds the Bafe NF, then the Solid hY will 
pxceed the Solid JST Y ; if equal, equal j and if Icfs, 
lefs : Therefofe as thp'Bafe A F is to the Bafe F H, fo 
}s * the Solid A Y. to the Solid E D. Wherefore, i(^D*f s-f, 
a folid Parallelepipedon be cut by a Plane y parallet to op^' 
to/lie Planes \ theny as Bafe is U Bafiy fo fhall Solid bi 
fp Solid', which was to be demonflrated. ' ' 

..> PROPOSITION XXVI. 

* 

P BL B L B M. 

Jb a Rigbl Lfine given, and at a Point given in 
it, to makeafolidylngteequaltoafpltdJn- 
^le given. , 

T p T A B be a Right Line given, A a given Point in 
•■^ it, f^nd D a given foKd Angle contained under the 
plane Angles E p C, E P F, F D C ; it is required to 
maice a folifi Angle at the given Point A, in the given 
^ight Line A B, equal to the given folid Angtel). 

Afl'ume any Poijit F in the Right Line D F, from 
^hicb let F G be drawn t perpendicular to the Piane* xx iftU*^ 
' palling 






ptffing thro'' E D, D C, meeting the faid ^lane in the 
t *5« u Poiii^ Gy and join D Q ; make f the Angles B A L, 
fi A K, at tlie given Point A, with the Right Lin^ 
A B, equal to the Angles £ D C, £ D G. 

Laftly, make A K equal to D G, and at the Powt 

• li rfthii. K crea t H K, at Right Angles to the Phfttf paffing 

,thro' B ALj and make KH equal to G F; and join 
HA. I fay, the folid Angle at A, which is contained 
under the three plane Angles 6 A L, B A H, H A L, is 
equal to the foUd Angle at £>, which Is contained under 
the prane Angles E D C, E D F, F D C : For let the 
equal Right Lines A B, D E^ be taken ; and join H £(, 
K By F £y G £: Then, becaufe F G is perpendicular 

• D*/ 3. e^to the Plane paffing thro* E D, D C, it fhall be ♦ per- 
^'' pendicular to all the Right Lines touching it, that are 

in the faid,'}*jane : Wherefore both the Angles FG D, 
F G E) are ^ight Angles. For the fame Reafon, both 
the Angles H K A, H K B, are Right Angles ; and be- 
caufe the two Sides K A, AB» arc equal to the two 
Sides GD, D £« each to each, and contain equal An* 

1 4. 1. g|c5, the Bafe B It (hall be f equal to the Baie EG: 
But K H is alfo equal to G F ; and they contain Right 
Angles ; therefore, H B Ihall be f equal to F £. Again^ 
becaufe the two Sides A K> K H, are equal to the two 
Sides D G, GF, and they contain Right Angles ; the 
Bafe A H fliall be equal to the Bafe D F : But A B it 
equal to D E ; therefore the two Sides H A» A B|, are 
equal to the two Sides F D. DE. But the Bafe H B is 
equal te the Bafe F £ ; and fo the Angle BAH will be 

t f • I. t equal to the Angle £ D F : For the fame Reafbn, 
. * the Angle H A L is equal to the Angle F D C : For 

fince, if A L be taken equal to D C ; and K L, HL, 
G C, F C, be joined ; the whole An^e B A L is eqiol 
to the whole Angle E D C ; and the Angle B AK, a 
Part of the one, is put equll to the Angle £ D G, a 
Part of the other; the Angle K A L, remaining, will 
be equal to the Angle GDC remaining. And becaufe 
the two Sides K A, A L, are equal to the two S'ldts 
G D, DC, and they contain equal Angles ; the Bafe 
K L will be equal to the Bafe G C : But^K H is equal 
10 G F s wherefore the two Sides L K, K H, are equal 
to the two Sides CG, GF : But they contain Right 
Angles ', therefore the Bafe H L yill be equal to the 

Bafe 



Bafe K C. ..Ajgain, bwraufejthc two S Wcs H A, A Lr, 
are equal to the two Sides F D, D C i and the fiafe 
H L is equal to the Bafe FC ; jthf Angle H A L will 
be equal to the Angle F DC : But the Angle B A L 
was' made equal to tije Angle £DC: Therefore a 
J^£d Jf^li h madi ifuiU U a Jolid Angk giviA | which 
was to be done. 

PROPOSITION XXVII. 
TntoktM. 

Ppcfi a Right Lirie givepi to defcrihe a Paralkk- 
pifed&n^.J!mil4r^ and in tike manner j!tuate, to 
dfolid Parallepipediin. 

t p t A ^ be a Right Line, and C Da given folid 
^^ parallelepipedof) i it is required to (icfcribc a folid. 
I^arallepipedon upofi tne given Right Line A B, fimi- 
iar| and alii^e ffttfate, (o the given folid Parallelepi* 
pedon CO.. 

Make a foli^ Angle a^ the given Point A, in the 
ftigbt I^ine A B» * contained uncjer the Angles B A H»/» i^$fthtH 
|i A KV Kl A B ; fp that the Angle B A H may be equal 
tb the Angle £ C F* the Angle B A K to the Angle 
FCG, and the Angji H A K to the Angle G C F ; 
and malce^ aspC is topG, fp B.A f to A K$ andfxft.6. 
as G C to CF, fo K A to A H : Then fby Equality 
of Proportion) as £ C is to C F, fo (hall B A be to 
A H ; Compleat tl^e Par4lle%rainB H, and the Solid 
A L ; then, ^ecaufe it is, as £ C js to G C, fo is A B 
io A K ; vH. the Slides about the equal Angles £ C G, 
B A K, proportional ; the Psirallelograni K B fhall be 
fioiilar to the Paralljriogram G £• Alfo, for the fatne 
Reaioni the rar^llelogram Kj H (ball be ftmilar to the 
Parallelogram G F, and the rarallelogram n B to the 
l^arallelogr^ifa F £ : Therefore (hr^ ParaNelogrami 
iBki the Solid A L, are fimilar to three Psralleiogralni 
ifjf the Solid C D. But thefe three Parallelograpis are 
1 eqi|al and ftii^i|ar to their three oppofite ones ; tliefe«((v.ia» 
H>re the Vf)^6\t Solid A L will be fimilar to the whole •fikiu 
Solid C P » and fo, a folid ParaUeUpipedm A L /x 4S^> 
£riM nP^h ib/f gti/gn Right Lini A a ^fimilar andaUke 
JkkoUy u ihjf ghmfilid PvaOilfpifis^ CD i which > 

|vMtob^4QQC« 
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tf a folid Paralklipipeden if t cut iy a Plane paf- 
fmg thro* the Diagmah of two oppojite Planes^ . 
that Solid will be bifeBed by the Plane. 

LE T the fdid Paralldepipcdon' A B be cut by the 
Plane C D E t% pa$ng thrp' ,fhe Diasonals C F, 
DE, of two oppofite Planes. I fay, (hc.Jolid A B is. 
bifcaed by the Plane C D E F. 

♦ ^ , For, becaufe the Triangle CG F j$ * equal to the 

' Triangle CBF, and the Triangle ADEto the Triangle 

f jt4 •/«*«. D £ H, and the Parallelogram C A to f.tbe Parallclo^ 
gram fi E» for it is oppofite to it ; and the Par»]lelo<^ 
gram <j E to the Parallelogram C H ; the Prifm con- 
rained by the two Triangles C G F, A D E, and the 
three Parallelograms G £, A C, C E, is equal ;p the 
Prifm contained ojndec the two TrianolesCF B, DEH, 

^ y. and the three Parallelograms CH, B£, CE ; for % they 

^thtt, 2ifc contained luoder Planes equal in Number and Mag-* 
nitude. Therefore, the whole Solid A B is hife£fed bf 
the Plane C D £ F ;' which was to be demonilrated. 

PROPOSITION XXIX. 

Theorem. 

Solid ParalleJepipedons^ being conjiituted upon 4be 
fame Bafe^ and having the fame AUitude^ and 
svbofe infifient Lines art in the fame Right- 
Lines^ are tqual to one another^ 

• • " * 

. T E T the folid Parallclcpipcdons C M, B F^ bfe 
^^ conilituted upon the fame Bafe A B, with the 
fame Altitude, whofe infiflent Lines A F, A G, L M» 
L N» C D, C E, B H, B K, are in the fame Right 
Lines F N, D K. I fay, the Solid C M is equaf to 
the Solid B F. 

For, becaufe C H, C K, are both Parallelograms, 
#14.1. CBiballbe'^equaltoDH^orEKiwfaeif^forelXi 

it 



^i 




^. 



s*' 



^ » 





) 





■• ♦ ^^ ■ * 



Boot XL EvcUd'i ELEMENTsf ... iii 

- , » 

is equal to £ Kf Let £ H, which is common, be taEer^ 

away, .then the Remainder D£ will be equal to the 

'Remainder H K, and fo the Trianele D £ C is f equal'f 8. V. 

to the Triangle H 1^ B,, apd the rarallelogram u G- 

equal to the rarallelogram HN ; for the lame Reafon 

the Triangle A F G is equal to the TriahgleX M N, . jt^ f V ; 

Now the rarallelogram C F J is equal to the Paralle- J 24 ifthi^ r^^ 

logram B M, and the Parallelogram C G to the Paral- 

lelogra{n B N, for they are oppofite. Therefore the 

Prifm' contained under the two Triangles A F G, 

DEC, and the three Parallelograms C F, D G, C G, 

is * equal to the Prifm contained under the two Tri-^Def. o« 

angles L M N^ H B K, and the three Parallelograms^ '*'»• 

B M, H N, B N. Let the common Solid, whpfe Ba(e 

is the Parallelogram A B, oppbfite to the Parallelo* 

fi;ram G £ H M, be added, then the whole folid Paral- 

lelepipedon C M is eqiial to the whole folid Paralleled 

pipedbi*: B P. Theretbre, folid PwraUil^ipedons^ being 

conjiitued upon the fame Bafe^ and having the fame Alti- 

iude^ and whofe infiftent Lines are in the fame Right Lines ^ 

are equal to one another -^ which was to be demonftrated^ 

PROPOSITION, XXX, 

T H E^O R E M« 

S^d Paraltelepipeiom^ beHg conftiiuted upon the- 
fame Bafe, and having thefdnie Altitude^ whofe 
infijient Lines are not placed in the fame Right 
Lines i are equal to one another. . 

T £T there be folid ParallclepipcdOns C M, CN> 

-^ having equal Altitudes, and {landing on the fame 

Bafe A B, and whofe infiflent Lines A F, A G, L A/t, 

L N, C D, C E, B H^ B K, arc not in the fame RigHt; : • ' 

Lines. I fay, the Solid C M is equal to the Sotitf ; 

CN. ' ' • ^' 

For let N K, n H, be produced; and G E, FM; be : 
drawn, meeting each other in the Points R*, X*: Lee . 
^alfo F M, G £, be produced id the PoihtsO, PJ an* 
join A X, L.O, CP,BR. The Solid C M, whofe Baft 
is the Paralleli^ram A C B L, being oppofite to tl^ 
J^klogram f ET H M, is * equal i6 thc«olid'G-(i>, h^ \f,u^ 

6 whofe 



) 
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whofe Qafe is the Parallelogram <A CB L, being op- 
polite to ^ P R O, for they ftand upon the fante 0afe 
A C B L ; and .the infiftent Lines A F, AX, L M. 
LP, C D, C P, B H, B R, are in the fime right Lines 
F O, P R :^But the Sojid G Q, whofe Bafe is the Pa- 
rallelogum A C B L, Being oppofite to XP R O, is 

• .9^rAii.» equal to the §olid C N^ yfhotb Bafe is the Paralle- 

logram A C B L, being oppofite to G E K N 5 for they 
ftand^upon tl^e fame Bafe A C B L, and their if^ift«nt 

Lin^sAG. AX^C£,CP,LN, LO,B&BR, 
are in the fame Right Lines G P, N' R : Wherefore 
the Solid C M fhalTbeequal to the Solid CN. There- 
fore, Jjflid Parallelefipedonsy biing mJHtuUd ypm tht 
fame Bafe^ and hcemng the fame Altitude^ whofe inJifieTtt 
Lines are not placed {n the fame Right Linesj are equjai t$ 
one another ; which was .to be <ieihonftrated. ' 

PROPOSITION XXXI. 

T 9 S P R £ K» 

Solid ParaHelipiptdonSy being conftituUd upon 
equal Safes, and bflifng tjbefofti /^Siitfde^ are 
equal to one another. 

T E T A E, C F, be folid Parallelepipedons, confti- 
A^ r^utf^d.uppo the equal Bafes A B, C D, and having 
^he fapie Aicitude. l/ay, the Solid A £ is equal to the 
SplidCF. 

Firft, Let HK, B E, AG, LM, OP, DF, C», 
R S, be at Right Angles to the Bafes A B, CD; let ' 
f^f'J\r>^t A L Bnot be equal to the Angle CRD, and 
prodMce C R to T, fo t^atR Tbe equial t« A L ; ihcn 
^wiake the Angle T R V, at the. Poipt R, in the Rig^t 

• *]. f. ^ ^^ioc, R T, equal ♦ to the Angle ALB; make R Y 

iequal to L B i draw X^ Y, thr.6' the Point Y, ♦ parallel 
t-3i* >' to |(. T t, imd compleat the Parallelogram 'R X, and 
4*e Solid i'Y. Therefore, bec^^fet^et.lyqSides^TR, 
.|l Y, are equal to the two Sides A L, L B, and they 
'{ppntain f qual Aogles ^ .the Parallelogriicn R X<iha1l £e 
^v^l.^nd funiiar to the Pa;a|lelogram H L. Aii4r 
Aff\ny bpcaufe^AL is equal to RT, and L M to R S, 
« ajgd fi^ev fco^^i^ CQi^al Angles^ ibc Parallelogram R ^ 

'^^ 4tiM 



Ib^l b^ equal and fioiilar to the Parallelogram AM. 
Ivor the jaoiie Reafon the ParaUelagram Lr E is equal 
aftd itiwlfir to the t^arallelogram Si ^ therefore three 
PuralltWrams of the Solid A £ are equal and fimilar 
t9 three 'Paialklqgrams cxf the Solid Y Y ; and To the 
three oppofite onc^ of ;one Sdid are f alfo equal andtHe^ 'M^ 
&nilar to the threroppofite ones of the other : There- 
fore the wholefolid Parallelqpipedon A £ is equal to the 
whple folid P^allelepipedon T T. Let D R» X V, be 
uroduced» and ineet each other sn the Point Q, and let 
TQ^be. drawn thro* T* parallel |o Dp, and pro-*3'*«* 
4uce T .Q2 O D, till they meet in V, and compleat the 
&>lidanY, R I : Then tt)e Solid rn, whofe Safe is the 
Parallelogram R y» and ot is that oppofite to it, is ^ t S9 eT'V* 
aqual to & Solid ft Y» whofe Bafe is the Parallelogram 
R r, aod Y # is that oppofite to ity for they ftand 
upoa the fame Bafe Rt, have the (ame Altitude, 
and their infiftcnt Lines RC, RY, T% TX, 
SZ, SN^ TF, Y^,. are in the fame Right Lines 
aXy Z^i hMt the Solid .^ Y is equal to the Solid 
A £ ^ and lb A £ i^ eqv^ to the Solid T^. Again^ 
becaufe the Parallelogram RYXT is equal to the 
ParalMogram AT9 ror it ftands on the (ame Bafe 
R T9 and between the fame Parallels R T, n X; and 
the Parallelogram R Y XT is equal to the Parallelo- 
gram CD, becaufe it is alfo equal to A B ; the Paral- 
klc^am n T is equ^l to the Parallelogram C D, and 
D T is fome other Parallelogram : Therefore, as the 
,BafcODistot^BafeDT,foisoTtoTD. And 
becaufe the folid Paraltelepipedon C I is cut by the 
Plane R F, being parallel to two opposite Planes ; it 
fliail be *, as the Bafe C D is to the Bafe D T, fo i^« 25 •ftbm 
4!he Solid CF <o the Solid RL For the fame Rea- 
fon, becaufe the folid Parallelepipedon nl is cut by 
the Plane Rt, parallel to two oppo&te Planes; as 
Ae Bafe n T is to the Bafe D T, fo Ihall ♦ the Solid 
AY be to the SoKd R L But as the Bafe C J> is to the 
Bafe D T, fo is the Bafe O T to T D : Therefore, as 
the Solid C F \& to the Solid R !, fo is the folid taut 
to the Solid ^R L And fince each of the Solids C F, 
flY, has the fame Pi»oportion to the Solid R I, the 
Solid C F is equal to , the Solid m\ But the Solid 
irr -has been provedequal to the* Solid A£; tbere- 
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1 9- S- fore the Solid A E flxall be f equal to the Solid C P.'. 
But, now let the infiftent Lines AG, HK, BE,* 
L M, C N, O P, D F, R S, not be at Right Angles 
to the Bafe^ A B, C D. I fay, again, tharthe Solid 
A E 18 equal to the Solid CF. Let there be drawn' 
from the Points K, E, G, M, P, F, N, S, to the Plane 
wherein are the Bafes A B, CD, the Perpendiculars 
K s, E T, G Y, M o, S I, F Y, Nn, P X, meeting 
the Plane in the Points ff, T, Y, *, I, f, n, X 5 
and join hT, Y^, hY, To, Xy, Xn, ill, t'l; 
then the Solid K O is equal to the Solid P I, for |hey 
fland on equal Bafes K M, P S, havethe fame Altitude,* 
and the infifient Lines are at Right' Angles to the' 
Bafes. But the Solid KO) is equal to the Solid A £, 

t»9 */'*"• and the Solid P I to J the Solid CF, fince they ftand* 
upon the fame fiafe, have the fame Altitude, and their 
infiftent Lines are in the fame Right Line : Therefore' 
the Solid A E (hall be equal to the Solid C F. Where- 
fore, foHd Parallepipedons^ being conjliiuud upon equal ^ 
Bafes ^ and having the fame Attkudey an' equal U om*- 
another-^ which was to be deknonftrated. 

PROPOSITION XXXIL 

Problem* 

Solid ParaUelepipedons^ that have the fame Al- 
tiiudey are to^ each other as their Bafes. 

« 

T ET AB, CD, be^folid Parallelepipedons, that 
I -*^ have the fame Altitude. I fafy, they are to one 
another as their Bafes ; that is, as the Bafe A £ is to ^ 
the Bafe C F, fo is the Solid A B to the Solid C D. 

For, apply a Parallelogram fH to the Right Line 
F G, equal to the Putrallelogram A E ; and compleac 
the folid Parallelepipedon G K upon the Bafe F H, * 
having the fame Altitude as CD has: Then the 

• 31 t//M. Solid A B is « equal to the Solid GK, for they ftand 
upon equal Bafes A E, F H, and tiave the fame AIti* 
tude; and fo, becaufethe folid Parallejepipedon CK 
is cut by the Plane DG, parallel: to two oppofite 

1 15 o/riM. Planes, it (hall be f, as the Bafe HF is to the Ba(e 
f C, Tq i$ the Solid H D to the Solid D C : But the 

Baie 
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Bafe F H ifi equal to the Safe A £, and the Solid A B 
to the Solid G K. Therefore^ as the Bafe A E is to 
the Bafe CF, £o is the Solid AB to the Solid CD. 
Wherefore, /bSd ParalkUpipidanSj that have the fame 
jCtkudii ar4 to each $tbir m ibeir Baf4S % which was to 
be demonfirated, 

PROPOSITION XXXIIL 

TnSORBM. 



ParatiekpipeJans are $9, pne ^mibet 
in the tripUca$€ Pr opinion of ibiir homologom 
Sides. 

T E T A B, C D, be firoilar folld ParaHcIepipedonf^ 
^^ and let the Side A E be homologous to the Side 
C P. I fay, the Solid A B, to the Solid C D, hath ft 
Proportion, triplicate bf that, which the Side A E hat 
to the Side C F. 

For, produce A E, GE, HE, to EK, EL, EMt 
and make £K equal to CF, and EL to FN, and 
£ Mto F R I and let the Parallelogram K L, and hkt-- 
wife theSolid K O, be compleated : Then, becaufe the ' 

two Sides K E, E L, are equal tb the two Sides C F, 
FN ; and the Angle KE L equal to the Angle C FN 
(fincc the Angle AEG isequal to the An^cCF N, be- 
caufe of the Similarity of the Solids AB, CD) the Pa* 
rallelogram K L ihall be fimilar and equal to the Pa« 
rallelogram C N. Far the fame Rcafon, the Paralle- 
logram KM is equal and iimilar to the Paralklogram 
Cr, and the ParaHdogram OE to DF; therefore 
three Parallelograms of the Solid KO are equ^l and 
fimilar to three Parallelograms of the Solid C D : But 
thofe three Parallelogralms are * equal and fimilar to the • 24 »/ thlu 
three oppoiite Parallelograms ; therefore the whole So* 
lid K O is equal ar\d fimilar to the whole Solid C D. 
Let the Parallelogram O K be compleated, as alfo the 
Solids £ X, LP, upon the Bafes G K, K L, havingthe 
fame Altitujcle as A B : And (ince, becaufe of the Simi- 
larity of the Solids A B and C D, it is, as A E is to C F, 
fo is £ G to F N ; and fo £ H to F R; and F C is equal 
to£K,'andFNto£L,andFRto£Miit(ha}lbe,as 
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1 1. 6*^ A E is to E K, (o is f the Parallelogram A G to the 
Parallelogram G K ; but as G. E is to £ L, fo is G K 
to KLj and as HE is f to toE M, fois P E toKM: 
Therefore, a^' the Parallelogram AG is to the Paral- 
lelogram G Ki fo is G K to K L, and P E to KM. 

1 3» c/ihu. But as A G is to G K, fo is t the Sofid A B to the So- 
lid EX; and as G K is to K L, fo is the Solid EXto 
the Solid P L ; and as P £ is to X M, fo is the Solid 
PL to the Solid KO: Therefore, as the Solid A B 

• II. 5- is to the Solid E Xi fo is ♦ E X to PL, and PL to 
\ K O : But if four Magnitudes be <:ontinually propor- 

fDtf/.ii.S. Bonal, the fiift to the fourth hath f a triplicate Pro* 
poitton of that which it has to the fecond. There- 
fore, alfo, the Solid A B to the Solid KO, hath a 
triplicate Proportion of that which A B has to E X : 
But as AB is to £ X, To is the Parallelogram A G to 
the Parallelogram G K ; and fo is the Rigtit Line 
A E to the Right Luie £ K : Wherefore the Solid 
A B to the Solid K O, hath a Proportion triplicate of 
that which A E has to £ K. But the Solid K O is 
equal to the Solid C D, and the Kight Line £ K 
equal to the Right Line CF: Therefore, the Solid 
A B, to the Solid. CD ^ has a Proportion triplicate of that 
which the homologous Side A £ has to the homologous Side 
C F s which was to be demonfirated. 

CorolL From hence it is mantfeft, if four Right Lines 

be continually proportional, as the firft is to. the 

fourth, fo is a folid Parallelepipedon defcribed upon 

the firft, to a fimilar folid Parallelepipedon, alike 

\ . fituate, defcribed upon the fecond ; becaufe the firft 

to the fourth, has a Proportion , triplicate of that 
which it has to the fecond. 
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PROP'OS ITlbN XXXIV. 

Theorem. 

^be Safes and Altitudes of equal folid Parallelepi" 
pedons are reciprocally proportional ; and thofe 
folid Parallelepidedons^ whofe Bafes and AUi^ 
tudcs are reciprocally proportional^ are equal. 

T £ T A B, C D, • be equal folid Parallelepipedons^ 
^^ I fay, their Bafes and Altitudes are reciprocally 
proportional ; that is, as the Bafe £ H is to the Bale 
NP, fo is the Attitude of the Solid C D to the Alti- 
tude of the Solid A B. 

Firft, let the infiftent Lines A G, £ F, L B, H K, 
C M, NX, QD, PR, be at Right Angles to their 
Bafes : t fay, as the Bafe £ H is to the Ba^ N P, fo is » 

C M to A G. For, if the Bafe E H be equal to the 
Bafe N P, and the Solid A R is equal to the Solid C D; 
the Altitude C M fball alfo be equal to the Altitude 
A G : For if, when the Bafes E H, N P, are equal, the 
Altitudes A G, CM, arc not fo ; then the Solid A B 
will not be equal to the folid C D, but it is put equal 
to it : Therefore the Altitude C M is not unequal to 
the Altitude AG, and fo they areneccSarily equal to 
one another ; and, confequently, as the Bafe £ H is to 
the Bafe N P, fo fhalJ C M be to A G. But now let 
the Bafe £ H be unequal to the Bafe N P, and let E H 
be the greater ; then, fince the Solid A B is equal to 
the Solid C D, C M is greater than A G \ for, oiher-^ 
wife, it would follow, that the Solids A B, C D, arc 
not equal, which are put fuch : Therefore, make C T 
equal to A G, and compleat the folid ParallelepipedoA 
V C upon the Bafe N P, having the Altitude CT':. 
Then, becaufe the Solid A B is equal to the Solid C D, 
and V C is fome other Solid \ and fince equal Magni- 
tudes have • the fagie Proportion to the fame Magni-*^, 5^ 
tudes ; it (hall be, as the Solid A B is to the Solid C V^ 
fo is the Solid C D to the Solid C V : But as the Solid 
A B is to the Solid C V, fo is f the Bafe £ H to thef 31 oftUi^ 
Bafe N P ; for A B,'C V, are Solids having equal Al- 
titudes: And as the Solid CD is to the' Solid CV, fo 

0,2 19 • , 
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t %%f^tUu IS X the Bafe MP to the Bafe PT, and fo is M C to C T: 
Therefbre^ as the B^ £ H is to th« Safe NP, |i| il MC 
to C T. But CT is equal to A G ; wherefore, as the 
Bafe £ H is to the B^e N P» fo is MC to A G: There- 
fore, thi Bates and Abltudis ofthi equal foUd ParalleU'* 
fipiAns A B» CD, «r# ricif>r0cei^ f/np^riioniL 

Now, let the Bafes and Altitudes of thf folid Pa- 
ralleiepipedons A fi« C D, be reciprocally profM>rtioii^l| 
that is, let the Bafe E H be to the Bafe N r, as the Ai-* 
titude of the Solid C D is to the Altitude 6f the Solid 
A B. I fay, the Solid A B is ec^ual to the ^olidC D. 

For, let again the infiftent Lme^ bp at Right Aog)el 
16 the Bafes ; then, if the fitafe En be eqakl to tha 
Bafe N P, and E H is to N P as the Altitude of the 
Solid CD is to the Altitude of the Solid A B ; the 
Altitude of the Solid C D {ball be equal to th6 Alti- 
mde of the Solid A B. But foKd ParaHebpipedon^ 
that ftand upon equal Bafes, Hnd have the fzxiit Alti-^ 
•13 •/liyj.tude, are * equal to each, others therefofe tfa^e Sdid 
A B is equal to the Sdlid C D. 

But now let the Bafe. £ H not be eqtial to thi^ BalV 
, N P, and let E H be the greater j then the Altitude of 
iJie Sofid C D is greater than the Altitude 6f the Solitf 
A B ; that is, CM is greater than A 6 : Again, put 
C T equal to A G, and compli^at the Solid C V, ^s be-^ 
lore ; and then, becaofe the Bafe £ H is to thq Bafe 
N P, as MC is to A G, and A G isreual toC T ; ir 
&all be,, as the Bafe £ M is to the Bafe N P, fo is M C 
foCT: Biotas the Bafe E H is to the Batfc N P, fo l& 
the Solid A B to the Solid C V; for the Solids^ B,C V„ 
tiave equal Altitudes ; and as M C is toC T, fo is the 
Bafe M P te^the Bafe PT, and fothe ^olid C D to the 
Solid C V : Therefore as the SoHd A B iMo the Solid 
, C V, fo is the Solid C D to the Solid CV : But fince 
tech of the Solids A B, C D, has the f^me Proportioii 
to C V ; the Solid A B (hail be equal to the Solid 
C D ; whence, the tw^foUd Ptiraltelepipedam A B, C D> 
whofi Bafes and Altitudes are reciprocally propprtiaml^ are 
squai \ which was to be demonftraited. 

Now, let the infifteftt Lines F E, B L, G A, K H> 
JC N, D O, M C, R P, hbt be at Right Andes to the 
Safes ; and from the Ptjints F, G, 8^ K, X, M, D, 
R> let thefe be dr^wa Perpendiculars ta (he Pianes 

t)i 
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^f the* 3^^ £9) N P, meeting the fame in tbe^ 
f 4)int$ S, T, Y, V, Q^Z^^^i and complcat the 
SpUds F V^, Xft, Then, 1 fay, if the Solids AB* 
pjDf tic^ual, their Bafcs and Altitudes are recipro- 
ca% proportional 3 vit. %% the Safe E H is to the Baie 
In P, fp is the Altitude «f the £olid C D to the Altitude 
«f the Solid A B. 

F9^, beeaufe the Solid A B is equal to the Solid C D, 
liH} t);o Solid A B ia * equal to the Solid B T ; for they • 30 $fifk 
hs^i upon the fatnp ]^«^fe F K, and have the fame Ai* 
titudc i af9d the Solid P C is ^ equ;^l to the Solid O Z, 
£nce taey ft^nd uppn the fame Baie X R, and have the 
iame Altitude ; therefore rhe Solid B Tfhall be equal to 
the Solid D2« Biit the Bafes and Altitudes of thofe 
«quai* Solids, whofe Altitudes are at Right Angles to 
their Bafes, are f repipiDcally prop<»-tional \ therefore asf fnm 
th^ Bafo F K is tp the Bale X H. fo is the Altitude of^^ *« 
the Solid D Z t6 iKe Altitude of the Solid B T. But*"" *f^ 
the Bafe F K is cqiral to the Bafc E H, and the Bafe^ 
XH to the Bafe N P ; wherefore, as the Bafe £ H is to 
the fiii6 N F, fo ia tlie Ahitwk «f the Solid D Z to 
^t AUif«de;of thf JSt^lJd B T. But the Solids D Z« 
P (^ h^^e ifae f^i>t} Altitude, anc) fo hav^e the Solids 
#fr T, 3 A I therefore the Bafe £ H i& to the Bafe N P, * 
^s Ihe Altitiide of the Solid DC is to the Altitude of 
the Soljd A 5^ and fo, the Bafss md Altitudes of equal 
piid PargHeiepipedcm are reciprocally proportionah 

Again, let the Bafee* and Altitudes of the folid Pa- 
niltelepipedoiis ^fi^CD, be reciprocally propoitional; 
•f^/'z. as the B^ife £ fj is to the Bale N P, fo let the Alti- 
tude of the Solid C D be to the Altitude of the Solid 
A B: I fay^ the Sohd A B is equat to the SolU C D. 

For* rhe fame Cdnftr uAion remaining, becaufe the 
Baie£ H IS to the fiftfe N P, as the Altitude of the 
SoUdQD )6 to tbt Altitude of the Solid A B ; and fince 
the Bafe E H is equal to the Bafe F K, and N P to X R | 
it flraM W, s»s the Bafe F K is to the Bafe X R, fo is th« 
Atticuds of the Solid CD to the Altitude of the Solid 
A B. But the Alt! fodcs of the iSolids A B, B T, are the 
^me ; as alfo of the SoHds CD, DX, therefore th# 
Baie F IC is to the Bafe X R^ as the Altitude of the 
Solid D Z is to the Altitude of the Solid B T ; wh^re- 
^re the ^afes and Attitudes of the fokd Paralklepipe- 

<i.3 • <loil» 
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. dons B T, D Z, arc reciprocally proportion^ 5 but 
thofe folid Parallelcpipcdons, whofc Altitudes arc at. 
Right Angles to their Bafes, and the Bafes and A^^i* 
+ From tudes are reciprocally proporUonal, are equal t6 f each* 

rf//.^^!r ®^^^''' ®"^ ^^^ ^^^'^ B T is equal to the Solid B A; 

Jr^.t2'^^ for they ftand upon the fame Bafe FK, and have the 
hmz Altitude ; and the Solid D Z is alfo equal to the 
Solid DC, fince they (land upon the fame Bafe X R9 
and have the fame Altitude ; Therefore the Solid A B 
is equal to the Solid C D; whence y&//i Parallelepiped 
dons^ whofe Bafes and Jltitudes are reciprocally prcpor^ 
tionaly are equal; which was to be flemohflratedr 

PROPOSITION XXXV. 

The ORE NT. 

If there he two plane Angles equals and from th$ 
Vertues of thofe Angles two Right Lines he ele-^ 
vated above the Planes^ in-^hicb the Angles 
are^ containing equal Angles with the Lines firfi 
given ^ each to its correfpondent one'\- and if in 
' thofe elevated Lines any Points betaken^ froni 
which Lines be drawn perpendicular to the^ 
Planes in which the Angles firji given are^ and 
Right Lines be drawn to the Angles firJi given 
from the Points made by the Perpendiculars in 
the Planes \ thofe Right Lines will contain 
equal Angles with the elevated Lines. 

LET B AC/E D F,be two equal JLigbt-lined plan« 
Angles, and from A and D, the Vertices of thofe 
Angles, let two Right Lines, A G ^nd D M, be cle* 
' vated above the Plaiies of the faid Angles^ making 

pqual Angles with the Lines firft given, eaqh to its cor- 
refpondent ope ; viz. the Angle M D £ equal to tJie 
Angle GAB, anfd the Angle M D F to the Angle 
G A C ; anid take any Points G and M in the Right 
J-.ines AG, D M > from which Jet GL and MN be 
flrawn perpendicular to the Planes paifingthro' BA C, 
E D F, meeting the fame in the Points L and N; and 
join L A andND. I fay^ the Angle G A L is ^equal 
V^ flje Angle M P N, /- n 
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. Make A H cqua! to D M, and thro' H let H K be 
drawn parallel to O L ; but G L is perpendicalar to 
the Plane paffing thto' BAG; therefore H K (hall be ft 8 pftitu 
^Jfo perpendicufer to the Plane paffing thro' BAG:' 
Draw from tfieL Points K and N, to the Right Lines 
A B, AC, DE, and D F,'thc Perpendiculars K B,K G, 
N E, N F; and join H G, G B, M F, F E : Then, be- , 
caufe the Square of H A is t equal to the Squares oft 47* i* 
IJ K, K A ;. and the Squares of K G and G A are f 
equal to the Square of K A ; the Square of H A fliall 
be lequal to the Squares of H &, K G, and G A : But 
the Square of H.G is equal to the Squares of H K and 
K C ; therefore the Square of H A will be equal to the 
Squares of H G and C A ; and fo the Angle H G A is Jit 4^' »• 
a Right Angle. For the fame Reafon, the Angle D F M 
is alio a Right Angle $ therefore the Angle A G H is 
equal to D F M: But the Angle H A G is alfo equal to. 
the Angle MDF; therefore ^he two Triangles^ 
M D F, H A C, havQ two Angles of the one equal to ' 

two Angles of the other, each to each, and one Side of 
the one equal to one Side of the other ; viz. that which 
is fubtended by one of the equal Angles ; that is, the 
Side H A equal to D M ; and fo the other Sides of the.. 
one ihall be * eq^al to. the other Sides of the other^*26. i, 
each to eacll : Wherefore A G is equal to D F. In 
like manner yfe denaonftrate, that A B is equal to 
D E : t*pr, let H B, ME, be joined ; then, becaufe 
the Square of AH is equal to the Squares of AK 
andKH; and the Sq.uares of AB and BK are 
equal to the Square of A K ; the Squares of A B^ 
B K, and K, H, will be equal to. the Square of AH. ; 

But the Squar,^. of B H. is equal to the Squares of B tC, 
K H ; for the Angle H K B is a Right Angle, becaufe 
H K is perpendicular to the Plane pacing thro' B A G ; v 
therefore the Square of A H is equal to the Squares of 
A B and B H : Wherefore the Angle A B H is fat 4^. u 
Right Angle. For the fame Reafon the Angle DEM 
is alfo a Right Angle ; and the Angle B A H is equal 
to the Angle EDM, for fo it is put; and A His 
equal to D M ; therefore A B is * alfo equal to D 5 :• 4. !• 
And fo, fince A G is equal to D F, and A B to D E ; 
the two Sides Q A, A B, fhall be equal to the two. 
Sides F D, D E : But the Angle B A G is equal to the 
Angle F D E ; therefore the Bafe B C is * equal to 

0^4 the 
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the Bafe EF, the Triangle to the Trkin^e, and the 
other Angles totbe other Angles : Whermte the Aii<- 
gte A C B \& equal to the Angle D F £. But the Ri^ 
Angle AC K is equal to the Right A^glc D F N 1 
and therefore the remaining Angle BC K i» equal to^ 
the reoiaining Angle £ F N. For the fame Rea(bn» 
the Angle C B K is equal to the Angle FEN; anil 
fo, becaufe B C K and £ F NT are two Triangles, 
haying two Angles equal to two Angles, each lo each^ 
and one Side equal to one Side, wbtch is at the equU 
f zB, !• Angles J fMz. B C equal to E F ; therefore ♦ they foall 
have the other Sides equal to the other Sides : There* 
fore C K is equal to F N. But A C is equal to DF ; 
therefore the two Sides A C, C K, are equal to the 
fwo Sides D F, FN; and they contain Right Anr 
fes ; confequently, P the Bafe A K is equal to the 
i(e D N. And fince A H i^ equal to D M, the 
Square of A M (Bali be equal to the Sqtiare of D M : 
!But the Squai^es of A K and K H are equal to the 
SqUare of A H ; for the Angle A K H is a Right An* 
gle ; an4 the Squares of JON and N M are equal to 
the Square of DM, fmce the Angle D N M isr a Right 
Angle; therefore the Squares of A K and K H are 
equal to the Squares of D N and NM ; of which thf 
Square of A K is cquki to the Square of B N : Where- 
fore tHe Square of K H xttnzihwg is ei^ual to the re- 
n^aining Square of N M ; and fo ^e Ri^t Line H K 
is equal to M Vf. And iince the two Sides H A, A K^ 
are equal to the two Sides MI}, D N, each lo each, 
avKi the 3afe K H has ^n proved equal to the Ba^ 
H. f . N M, the Angle H A K, or G AL, (ball he f eqiiat 
to thii An^Ie M D I^ ; whieb was U be demp^at^. 

(Jorott. From hence it iis lyianifeft, tfcat if there be two 
' Right-lined plane Angles equal, froi» whofe Points 
', equal (tight Lines be eleyated on the Planes of the 

Aflglej, containing equal Angles with^the Lines firft 
given, each to each \ Pel^pen^iculars drawn from the 
extreme Points of thofe elevated Lines to the Plane^ 
gf the Angle^ firft ^ytti^ are equal to eiies)nother» 



V % Qr 



PROPOSITION XXXVL 

^ T H B O & B M. 

If three Right Lines be proper tionaJ^ the foUd Pa^ 
rallelepipedon made §f il»m is equal to the /olid 
Parallelepipedon made of the middle Line, if 
it be an equilateral one^ and equiangular to the 
aferefaid ParaHekpipedon. 

L£ T three Right Lines A, B, C, be proportional t 
viz. let A be to B» as B ie to C. I fay, the Solid 
made of A, B, C, is equal to the equilateral Soli<| 
made of Bs equiatigular to that made on A, B, C. 

Let £ be a.folid Angle contained under the three 
plane Aneles D EG, G EF, F E D j and makeD E, 
G Es E 1 9 csich equal to B^ and compleat the folid Pa^ 
vallelepipcdon E-K : Agatrt^ put L M equal to A» and 
^t the Pbint L^ at the Right Line L M« make * a foltd • ^6 ^<M^ 
Angle contained under the planeAngles N L X, X L M, 
}^ L N, ftqtial ta the fnlid Angle £ } and make L N 
equal te B, and L X equal to C : Then, becaufe A is 
to Bt as B is to C ; and A is equal to LM ; and B to 
LN,£F,EG,or£D; and CtoLX; itfliall be, as 
LMtstoEF^foisGEtoLX: And fo the Sides about 
the equal Angles M LX, G £ F, are reciprocally pro- 
portional. Wh^efore the Parallelogram M a f isf 14. €• 
equal to the Parallebgram G F. And fuice the two 
plane Angles G£F, XLM, are equal, andthe Right 
Lines LN, £ D^ being equ«d, are enrded at the angu- 
iar Points containing equal Angk« with the Lirtes ferft , 
given, each to each \ the Perpendiculars drawn % fromtb#r.35; 
the Pomts N and D, tothe Planes drawn thro X LM,$^'*«» 
G E F, areequal one to^anothcr : Therefore the Solids ' 

LH, £ K, have the hmt Altitude. But fo^id Parallc- 
fepipedons that have equal Bafes, and the fame Alti- 
ftidf, are f equal to each other; therefore the Solid* 310^ /5iV, 
H L is equal to the Solid £ K. But the Solid H L is 
that made of the three Right Lines A, B, C ; and the 
Solid E K, that made of tbe Right Line B : fhcrcfore, 
y thret SJgit Limi he fr^pgrtiontil^ the fdid ParaUe^ 
lifipedon made pf them is §qual is the folid ParaHeUpipe^ 
dg^ nfaie of the vjiddU Line^ if if pe an equilateral one^ 

' • 6 '-■■■■. ^^^ 



and equiangular to the afsrefcud ParalUUpipidon ; which 
was to be demonftrated. *.' . 

PROPOSITI ON XXXVII. 

<- • 

• . 
k • •• k 

T H E O R 1 M. 

J/Jour Right Lines he proper tionaU thefolid Pa* 
ratlelepipedonsfimilary and in like manner de- 
fcribedfrom tbem^ Jhall be proportional. And 
if the foM Parallelepipedons, being fmikri 
and alike defer ibed^ be proportional^ then thf^ 
• Right Lines they are defcribed from^ fball b$^ 

> pYoportionaL 

T E T the four Right Lines A B, C D v E F, G H, bo 
■^ proportional ; viz. let A B be to. C 0, as E F is to 
G H ; and let the flmilar and alike fituate Parallelepi* 
pedons KA, LC, ME, NG, be defcribed from 
them. I fay, K A is to LC, as ME is to NG. 
For, becaufe the folid Paralleleplpedon K A is fimU 
33 tfihit.Ur to LC, therefore K A to LC (ball be * a Propor- 
tion triplicate of that which AB his to C P. For the 
fame Reafon, the Solid M E to N G will have a tup-* 
licate Proportion of that which E F has to G H. But 
A B is to C D, as E F is toG H ; therefore A K is to 
' LC, as M E is to N G. And if the Solid A K be to, 
tbe Solid L C, as the Solid M E is to the Solici N G ; I 
(isty, as the Right Line A B is to the Right Line C D, 
fo is the Right Line E F to the Right Line G H : For,: 
t S3 tftki!»hccz\}i€ A K to LC has f a Proportion triplicate of 
that which A B has to C D ; and M E to N G has a 
pToportJon triplicate of that which E F has to G H ; 
and fince A K is to LC, as M E is to N G ; it flviU fee^ 
as A B is to C P,.fo is E Fto G H,v Therefore, if four 
Right Lines be proportional ^ the folid\Parallelepipedons 
fimiiar^ and in like manner defcribed from them^ fhall be 
proportional, jfnd if thi folid Parallelepipedons^ being 
jimilar and alike defcribed^ be proportional^ then the Right 
Lines they are defcribed from^ Jhall be proportional i 
which, was to be demonflrated. 

. • . . ■ .. . .,PRO.^ 
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PROPOSITION XXXVIII. 

*frHBOREM. 

If a Plane he perpendicular to a Plane ^ and d 
line he draivn from a Point in one of the 
Planes perpendicular to the other Plane ; that 
Perpendicular Jhall fall in the common SeSiom 
of the PlaneSu 

I 

T £ T the Plane C D be perpendicular to this Plane 
-^ A B, le( thiir, common Sedion be A D, and let 
(bme Point £ hp taken in the Plarfe CD. I fay, a 
Perpendicular, djctwn from the Point £ to the Plane . 
AB, falls on AD. ^ 

For» if it does not, let it fall without tl)e fame, aa- 
^ F, fpeeting the Plane A 6 in the Point F ; and from 
the Point F let F G be drawn in the Plane A B, per- 
pendicular to A D ; this (hall be * perpendicular to the * Drfi 4, ^ 
Plane C D ; and joiaE G : Then, bccaufe FG is per-'***'- 
pendicular to the Plane C D, and the Right Line £ G, . * - 
in (be Plane C D, touches it.; the Angle F G£ (hall 
|{e t A Right Angle. . But £ F is alfo at Right Anglest^^*3' 
lothe Plfine AB; therefore the Angle £FG is a'^^- 
Right Angle: And fo, two Angles of the Triangle 
£FG are equal to two Right Angles; which is % ab*t 17* z« 
furd. Wherefore, a Right Line drawn from the Point 
£ perpendicular to the Plane AB, does not fall with* 
put the Right Line A D ; and fo it muft necefTarily 
&I1 on it. Therefore, if a PUau bi perpendicular to a 
Plane J and a Line bi drawn from a Point in one of the 
Planes perpendicular to the other Plane i that Perpendi-- 
cular 'fliaU fall in the common Se^ion of the Planes i 
\f hich was to be demonftrated. 
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PR:QEP5ITI0:W[ XXXIX. 

If the Sides of the 9fpoftie Plants cfafoUi Saral^ 
lelepipedon be divided into tv^ e^ai ParU% ^nd 
planes ^f drawn tbro\ their Se^ipns ; the -c^nt'- 
m9n SeSidn of (bofi Plants ^ and the Diameter 
cf the /olid Paramepipedon^ fball Svidf <0cb 
other into two equal Parts. 

LET the.Sifkt of CF, AH> t^ &pfdCiUi Planet of 
the fplid Ptrallelepipedoa A F, bn cut in HM lii 
lb« Points K, L» M, N» X;, O, F, R ; aad l«t the 

Fl^nes K N^ S R, be drawn tkro' tte SeAioiM : AlfcL 
kc Y S be the common Sedion of tii4 Plante, anA 
D G iHe, Dfamcttfr •£ the 61id Paritietepipedon. I 
fey, YS, DG, Wfea eaclt oiher; thaei6» YTii 
cqwl 16 T S, and DT to T i3. 

For,ioinDY,Yl,B8,SO. Them becaufe D X 
. is par«lUI t<o O £, ihe alternate Anglai DX Y^ V OSv 

• f^. f . aJ^<^ equal to one-anotiiar. And bSoa«f# D X ia ^uil 

to OTit aad Y X tb Y O, and they aontain equal An^ 

t4.«; gi0St*)QBli&DY{haUbettfqualtoiii«i'BartYB,an« 
ijse Triati^c X Y to the Triaagle Y O E, artd Cb^ 
oUber Ajn^iti Muaj to tko other Angles: Thcreibre 
the AngU X Y i> is equal to the Atigfe O Y £ I and (t» 

1 14I 1* DYE is t a Right Line. For th« 0ime Rearpn> B & Q* 
isaUoa Right Lino, and B S is equal to 8 6; then, be- 
caufe C A is c^al and fNwalfei to^DS, as alfo to E G,^ 
D B &aU be tqaal aadrparalki uv £ O ; and the Righ^ 

•33- !• Lilies I>ErGBi,jow>tbcin: Tkewfow D E is ♦ paraU 
k) to jBG, aail Pv Y, G, S, are Poinds taken in each 
Qf thern\; ;ind^.&G^ Y S, are joined : 7 hercforc D O, 

f 7 ofthii, Y S, are f in one Plane. And (mte DE is paFaRe) to 

• ag- »• BG, the Angle E D T (hall be ♦ equal to the Angle 

B G T, for they are alternate : But the Angle D T Y is 
X »5' »• t ^qua' to the Angle GTS; therefore D T Y, G T S, 
are two Triangles, having two Angles of the one equal 
to two Angles of the other, as likewife one Side of tl^e 
one equal to one Side of the other ; viz, the Side D Y 
eq44al to the Side G S ; for they are Halves of D E, B G; 
f »6, t. therefore* they ihall have the other Sides of cheone equal 

ta 
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to the bthtr Sidt^of the ether ; and fo D T is efua! to 
TO, and Y T t» T S, Whercfoife, ifih Sido tftht 
pppoJBe PhitiS efifilid ^WtaUele^tpedan^ hi dividid inta 
two equal Parts j and Plams be draum ibrs* their Sec* 
iiens ; the^ommen Se&ien #/ ihefe Planes^ and the Dia^ 
meter of4he folii PandlelepipedeHy Jiall divide eaeb et^ 
iM iwe ifual Paris g v^Mch wai to be demonftratefl. 

PROPOSITION XL. 

T H B O R E M. 

Of two trianguUar Prffms^ m€ fi^nJhtg on s Ba/e 

. ttJnd} is a ParaUelagram^ and ibe ether on a 

Triangle f if ibeir Altitude sfrm tbefe Safes an 

equals and ibe Paralldogrem double t^ the Tri^ 

angle J tben tbofe Prifms are equal to eacb other. 

T ETABCDEF,GHKLMN, be two Prifms 
-^ of equal Altitude^ the Bafe of one of which is the 
paralklograoi A F, ^nd that of the other the Triangle 
G H ]^ ; and let the Parallelogram A F be double to 
file Triangle GHK. I fay, the Prifm A B C D E F 
is equal to the Prifm G H K L M N. 

For, compleat the Solids A XjG O. Then, becaufe 
tlie Parallelogram AF is double to the Triangle 
GHK; smd fince the f^aralteh^ram H K k * douUe* 41. 1, 
to the Trietigle Gti K $ the ParaHeU^aift A P fliaU 
be equal to Ae Parallelogram H*K. Sot Iblid Paral'^ 
leleprfJedG^ns, that ftand upon equal BsrfiM, lusd feave 
the fafpe Altitude, are f equal to ode aMkher ; there- f 5tyiK#» 
fere the S6lid A X is equaftotheSolidGO. But the 
P/Hfai A B € D £ F ts $ half ^the SoUd A Xi and i^t *^ tf ^^ 
Prifm G H K L M N Is half the SolWGOs tbere- 
fore the Prifm ABC£)£F is equal to the Pnfai 
GHKLMN. Wherthrcy if tbert h^9n;(^ trimtpdar 
Prifms having ejttal Altitudes^ f he Baft ef one 4f ^bid^ 
is a ParaHekgram^ and that tftbe^ether a^fkmgk ; tmd 
if the ParaHeitfgram he double to fheTrimgie^ the fM 
Prifms JbaU-be equal to eadr ether i ^fefa wastobd-de^^ 
tnotiftrated. 
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PROPOSITION I. 

Theorem. 

Similar Polygons , infcribed in Cireks, are to one 
another as the Squares of the diameters of the 
Circles, 



L 



E T A BC D E, F G H K L, be Circlc«,wherein 
are infcribed the fimilar Polygons A B C D £# 
FGHKLj and let BM, ON, be Dia- 
meters of the Circles. I fay, as the Square of B M is 
to the Square of G N, fo is the Polygon AB C D£ 
to the Polygon F G H K L. 

For, join BE, AM, GL, FN. Then, becaufe 
. ' the Polygon ABCDE is fioiilar to the Polygon 
FG H ^L, the Angle B A £ is equal to the Angle 
GFL; and B A is to AE, as GF is to FL: 
' ^Therefore the two Triangles BAE, GFL, have 
one Angle of the one equal to one Angle of the 
other ; vi%. the Angle BAE equal to. the Angle 
GFL,. and the Sides about the equal Angles pro- 
• 6. 6. portional. Wherefore the Triangle A B E is ♦ equi- 
angular to the Triangle F G L ; and fo the Angle A £ B 
is equal to the Angle F LG : But the Angle A £ B is 

t SI* 3- t «S^^1 '^<r ^ Angle A M B, for they ftand on the 

fani0 
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fame Circumference ; and the Atigle F L G is f equal t »<• 3* 
to the Angle F N G : Therefore the Angle A M B it 
equal to the Angle F N G. But the Right Angle 
B A M is t equal to the Right Angle O F N ^ where* 1 3v* 3* 
fore the other Angle fhall be equal to the other An- 
gle : And ib the Triangle A M B is equiangular to 
thcTrianglc F G N; and, confequently, as * B M is to* 4* *• 
G N, fo is B A to G F, But the Proportion of the 
Square of B M 46 the Square of G N, is duplicate of 
the Proportion of B M to G N ; and the Proportion of 
the Polygon A B C D E to the Polygon F G H K L, 
is t duplicate of the Proportion of B A to G F : Where- f »o. «• 
fore, as the Square of B M is to the Square of G N, 
fo is the Polygon ABCDE to the Polygon 
F G H K L. Therefore, Jimilar Polygons^ infaribid in 
Circles^ are to one another as the Squares of the Dianutirs 
of the Circles ; which was to be demonfirated. 



LEMMA. 



D 



If there he two unequal Mag- 
nitudes propofed^ and from 
the greater be taken a Fart 
greater than its Half\ and 
if from what remains there 
be again takers a Fart 

. greater than half this Re- 
mainder % and again from 
this laft Remainder a Part 
greater than its Half*^ and 
if this be done continually ; 
there will remain at laft a 
Magnitude that Jhall be lefs 
than the leffer of the fro- 
pofed Magnitudes. 



.A 



H 



F+ 



G+ ' 
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T E T A B and C be two unequal Magnltudef, 
*^ whereof A B is the greater : I fay, if from A B 
be taken i, greater Part than Half, and from the Part 
remaining there be again taken a Part greater than its 
5 Half, 



y 
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Sb^^ and this be <1mc ^gaAwiaMy^ tlum will remain 
a A4agfiitud«9 ac laft« <bac Aail be left cbaa the M^g- 
niuide C. 

For C beitg feme Number of Times ndtiBlicd^ 
will become greater than the Maofutude A B. X«et it 
be mtikMiedp aiKi let D £ be a Multiple of C greater 
than AB; divideDE info Parts D F, FG, 6^ 
each equal to C* and iafce B H, a P^rt greater than 
half of A B^ from A B, and s^io from A H; the Part 
H K grtater than half. A H/ aad from A K a Part 
greater than half A K, gnd fo 00, iindl the Diviliooa 
that are in A B, are equ^ in Number to the Divifiona 
inD£ : TherefoMlet the DiviTiooa A K, K H, H B9 
be equal in Number to the Drnfiont D F, F G, G £• 
Then, becaufe D £ is greater than A B, and the Part 
EG taken from £D is left than half thereof, and the 
Part B H, greater than half of A B, is taken from it ^ 
the Part remaining, D G, (ball be greater than the 
Part remaining, H A. Again, becaufe G D is greater 
than H A ; and G ¥*, being half of O D, is taken from 
the fame; andHK, being greater than half HA, is 
taken from this likewife i the Part remaining, F D, 
ihali be greater than the P^it remamfaig, A ^, But 
F D is equal 4o C i IherefdfeC is greater than A K $ 
and fo the Ms^nitude A K is MEbr Aan C : There- 
fore, ^i Magmtmdi A K, heitig the P^o'i rsMaimng of . 
tJh Ahmitudi AB^isJf/s than the Uffer propofed Mug* 
niude C ; which was to be demonftrated. If the 
Halves of the Magnitudes (bouktbave been taken, we 
dtmonfirate this after the fame manner* This h tb$ 
fifji PropofitioH 9f the ienib Bo9k. 

PROPOSITION n. 

T H B O R E M. 

Cir^lis are U each 4iber as the ^gaaree of thdr 

Diamefer^. 

L£ T A B C D, E FG H, b^ Cil^^Iel, whoft Dia- 
meters are B D, F H. I fay, as the Square 4[ 
8 D is to the Square of F H» fo ihe Cw€l& A B C D 

For, 
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' PoTy if it be Hot fo, the Square of B D (hall be td 
the Square of P H>. as Che Circle A B C D is to fome 
Space either Icfi dr greater thin the Circle EF G H, 
Firft,letitbetoaSpaceS,Icfs thao theCircIeEFGHj 
and let the Square £ F G H be defer ibed in the Circle. 

This Square £ FG H will be greater than half the 
Circle E F G H ; becaufe, if we draw Tangents to the 
Circle thro' the Points E, F, G, H, the Square E F G H 
mrill be half thslt defcribed about the Circle : But the r 
Circle is lefs than the Square defcribed about it ; there*: 
fore the Square E FG H is greater than half the Circle 
E F G H. Let the Circumferences E F, F G, G H, 
H E, be bife£ted in the Points, K> L, M> N ; and join 
EK,KF,FL,LGiGM,MH5HN,NE:Then 
each of the TrianglesE K F, FLG, GM H, HN E, 
will be ♦greater than one half of the Segment of the* 41. i* 
Circle it nands in ; becaufe, if Tangents at the Circk 
be drawn thro' the Points K, L, M^ N, and the Paral- 
lelograms that are on the Right Lines £ F> F G, G H« 
H E^ be compleated^ each of the Triangles £ K F, 
F L Gj GMH, HN E5 is half of each of the cor- 
'refponding Parallelograms : But the Segqpient is lefs 
than the Parallelogram ; wherefore each of the Tri- 
angles EKF, FLG, GMH, HNE, is greater 
than one half of the Segment of the Circle in which 
it ftands: Therefore, if thefe Qircumferences be again 
bife<Eted, and RightXines be drawn joining the Points 
of Bifedion, and^ou do thus contiiiually, there will 
at laft remain Segments of the Circle, that ihall be 
lefs than the Exccfs, by which the Circle EFGH 
exceeds the Space S. For it is demonArated, in the 
foregoing Lemma^ that, if there be two unequal Mag- 
nitudes propofed, and if from^he greater aPart greater 
than half be taken, and again from the Part remain^ 
ing a Part greater than half be taken, and you do thus 
continuaUy, there will at laft remain a Magnitude 
that will be lefs than the lefier propofed Magnitude^ 
Let the Segments of the Circle E F G H, on the Right . 
Lines EK, K F, FL, LG, G M, M H, H N, N E, 
be thofe which are lefs than the Excefs, whereby the 
Circle EFGH exceeds the Space S ; .and then the 
remaming Polygon EJC F L G M H N {ha:il be grcatci: 
than the Space S. Alfo, defcribe the Polygon 

R AX 
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AXBOCPDRinCheCircleABCD, finularto 
the Polygon EKIFLGMHN. Wlterefore, as the 

• si/tkii. Square of BD is to the Square of FH^ fo is 

the Pblygon AXBOCPDR to the ^ Polygon 
EKFLGMHN. But as die Square of B D is to 
the Square of F H, fo is the Ciiche ABC D to the 
jFrMffj^ Space St: Wherefore, as the Circle ABC D is to 
1 11. 5. Space S, <b is f thePolyeon A X BQCPD R tb the 
Polygon EKFLGMffiN. But the Circle A BCD 
is greater than the Polygon in it; wherefoie the 

* '4' S' Space S (hall be * aHb greater than the Polygon 
tFfN»l!Sif.EKFLGMHN: Btttitisle&ilikewife; which 

is abfurd ; therefore the Square of'B D to th^ Square 
of F H) is not as the Cirde A BCD to foohe Space 
left than the Circle £ F G H. After the fame hianner 
w likewife demonftrate, tbM the Square of F H to 
0^ Square of B D, is not as the Circle £F Gil to 
foAie Spac« T lefs Chan the Circle A B C D. Laftty, 
I fay, the Square of B D <o the Square of FG, is 
ndt as the Circle A BC D to ibine Spbce greater than 
the Cirde £FG H : For, if it be poflSble, fet it be 
fb, and let the Space S be rgreater than the Cfade 
£ F G H : Then it (hall be (by Invetfion) as the 
Square of FH is tb the Square of BD^ feis the 
Space S to the Circle A B C D. But, becaufi^ S ia 
greater than the Circle EFGH, the Space S il^Ii be 
to the Cirde A B C D, as the Cirdp £ F G H is to 
fome Space T lefs than the Cirde ^CD : Tbere^ 
fore, as the Squafc of F H is to the Square of B D, 
<k]ff. 5* lb is ^ the Circle £ F G H to fome Space T lefs than 
the Circle AB C D> which has been ^emonflrated to 
beimpoffiUes wherefore the Square^ of BQ to the 
Square of F H, is not as the Cirde A B C D to feme 
Space greater than the Circle EFGH: But it alfo 
has been proved, that the Square of BD to the 
Square of F H, is not as the Circle A B C D to fomh) 
. Space lets than the Cirde EFGH: Wherefore, as 
the Square of B D is to the Square of F H, fo ftall 
the Circle AB CD be to the Circle EFGH. 
Wherefore, Grcles art to each 0ther as the Squares 0/ 
tbiir Diameters \ wliich was to be demonftrated« 
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PROPOSITION m. 

TtiioKZhi. 

Mi^ Pyramid^ having a triangular Safe^ maj hi 
^Hwiid 4m$ tw^ P^fkunids^ equal anifimila^ 
^tpmamfheTf bmring irianguht Bafis^ and 
finilar to the whole Pyramid ; and into tw6 
e^uat PrifmSf tvbicb two PriffHs are greater 
than the Half of the whole Pyramid. 

LET diere be Ol Pmaiid, whofe Bafe is the Tri- 
angle A B C, asd Vertex the Point D. I fay, thd 
Pyramid A B C O may be divided into two Pyiamid^ 
equal and^ fimilar to one another,' having triangular 
Bafesy and fiaailar to the Whole i and int^ two equal 
Prifois, which'' two Prifint are greater than the Half 
of the whole Pyramid. 
For,bifeaAB,BC^CA,AD,DB,DC,inthc 
:s£,F, G, H, K,L; and join£H» £ G,GH^ 
HK,|CL,LH,£K:,KF,FG:Then,becaureA£ 
ii equal to£6^andAHtoHD;£H (hall be * pa- • a. 6. 
raUel to D B i for the fame Reafon, H K alfo i» paraf* 
lei to A B ; therefore H £ B K i« a Parallelogram % and 
ib H K is t equal to £ B : But £ B is equal to A £ ij[ 34. i. 
therefore A£ ihaU be alfo equd to HK ; but A H is 
equal ta H D ; wherefore the two Sides A £, A H, art! 
equal to the two Sides K H, H D, each to eacb» and 
the Angfe £ A H is t equal to the Angle K Hi D $( »$. i« 
wherefore the Bafe £ H is * equal to the Bafe K O (• 4. u 
and fo the Triangle A £ H is equal and fimilar to the 
Triangle H K D. For the fame Reafon» the Triangle 
A H 6 fliali alfo be equal and fimilar to the Triandc 
HDL; and becaufe die two Right Lines £ H, H &» 
touching each other, are parallel to the two Right Lines 
K D, D L, touching each others and not in the fame 
Plane with them« they ihall conuin f equal Angles.t lo* ^i. 
Therefore the Angle £H6 is equal tothe^gle 
K D L. Again» becaufe the two Sides £ H, HG, are 
equal to the two Sides K D, DL, each to each ; and 
the Angle £ HG is equal to the Angle K D L ; the 
Bafe £G (ball be ^ equal to the Bafe KL ; and* 4. u 
therefore the Triangle £HG is equal and fimilar to 
the Triangle K I> L. For the fame JReafon> the Tri- 
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angle A E G is alfo equal and (imilar to the Triangle 
H K L ; wherefore the Pyramid whofe Bafe is the Tri- 
jr^.io.ii.angle AEG, and Vertex the Point H,:J: is equal and 
iimilar to the Pyramid whofe Bafe is the Triangle 
H K L, and Vertex the Point D. And becaufe H K is 
drawn parallel to the Side A B of the Triangle A D B, 

• 2. 6. the Triangle A D B * Ihall be equiangular to the Tji- 

angle D K H, and they have thtrir Sid^s proportLpjial ; 
therefore the Triangle A D B is fin?ilar to the Triangle 
D H K. And, for the fame Reafon, the Triangle D K C 
is fimilar to the Triangle D K'L ; and- the Triangle 
A D C to the Triangle DHL. And fince the two 
Right Lines B A, AC, touching each other, are pa- 
rallel to the two Lines KH, HL, touchmg each 
other, not being in the fame Plane with them, thefe 
1 10. XI. fliall contain equal Angles f ; therefore the- Angle 
B A C is equal to the Angle K H L : And B A is to 
AC, as KH is to HL; wherefore the Triangle 
A BC is fimilar to the Triangle H K L ; and fo the 
Pyramid, whofe Bafe is the Triangle ABC, and Ver- 
tex the Point D, is (imilar to the Pyramid, whofe Bafe 
is the Triangle H K L, and Vertex the Point D. But 
the Pyramid, whofe Bafe is the Triangle H K L, and 
Vertex the Point D, has been proved fimilar to the Py- 
ramid whofe Bafe is the Triangle AEG, and Vertex 
the Point H; therefore the Pyramid whofe Bafe is the 
Triangle ABC, and Vertex the Point D, is fimiJar 
to the Pyramid whofe Bafe is the Triangle AEG, and 
Vertex the Point H : Wherefore both the Pyramids 
A E G H, H K L D, are fimilar to the whole Pyramid 
ABC D. And becaufe B F is equal to F C, the Pa- 
rallelogram E B F G will be double to the Triangle 
G F C ; and fince there are two Prifms of equal Al- 
titude, one of which has that Parallelogram for a Bafe, 
and the other the Triangle, and the Parallelogram is 

• 40. II, double to the Triangle ; thofe Prifms will be ^ Q^ual 

to one another : Therefore the Prito contained under 
the two Triangles B K F, E H G, and the three Pa*- 
raUelogramS E B F G, E B K H, K H G F, is e<iual to 
the Prifms contained under tiie two Triangles G F C, 
H K L, and the three Parallelograms K F C L, 
LCGH, HKFG. And it is mamfeft, that each of 
thofe Prifms, the Bafe of one of which is the Paralle- 
logram E B G F, and the oppgiice Bafe to that the 
' ' . '. '-. Right 



Book Xir. Euclicts Elements. 24^ 

Right Line K H, and the Bafe of the other, the Tri- 
angle G F C, and the oppofitc Bafe to this the Triangle 
K L H, are greater than either of the Pyramids, whofe 
Bafes are the Triangles A E G, H K L, and Vertices 
the Pdints H and D. For fince, if the Right Line> 
£ F, £ H, be joined, thePrifm, whofe Bafe is the Pa* 
rallelogram £ B F G, and the oppofite Bafe to that 
the Right Line K H, is greater than the Pyramid, 
whofe Bafe is the Triangle E B F, and Vertex the 
point K. But the Pyramid whofe Bafe is the Triangle 
E B F, "and Vertex the Point K, is -equal to the Pyra- 
mid whofe Bafe is the Triangle AEG, and Vertex 
the Point H ; for they are contained under equal and 
fimilar Plaoe^. Wherefore the Prifm whofe Bafe is 
the Parallelograms E B F G, and the oppofite Bafe to 
it the Right Line H K, is greater than the Pyramid 
whofe Bale is the Triangle AEG, and Vertex the 
Point H. But the Prifm, whofe Bafe is the Paralle- 
logram E B F G, and the oppofite Bafe to it the Right 
Line H K, is equal to the Prifm whofe Bafe is the 
Triangle G F C, and the oppofite Bafe to this the 
Triangle H K L ; and the Pyramid, whofe Bafe is the 
Triangle AEG, and Vertex the Point H, is equal to 
the Pyramid whofe Bafe- is the Triangle H K L, and 
Vertex the Point D ; Therefore the two Prifms afqre- 
faid are greater than the faid two Pyramids, whofe 
Bafes are the Triangles A £ G, H K L, and Ver- 
tices the Points H, D : And fo the whole Pyramid^ 
whofe Bafe is the Triangle ABC, and Vertex the 
Point D, is divided into two equal Pyramids, fio^ilar ..-. 
to each other, and to the Whole, and into two equal ' 

Prifms, which two Prifms, together, are greater than 
half of the, whole Pyramid. Therefore, every Pyra'» 
mid^ having a triangular Bafe^ may be divided into twa 
Pyramids^ equal and Jimllar to one another^ having tri* 
angular Bafes y and fimilar to the whole Pyramid j and 
into two equal Prifms^ which two Prifms are greater 
than the Half (ff the whole Pyramid -^ which was to be 
demonftrated. 
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|>^pPOSITION W. 

^ II X P 1^ S Mf 

fftberi are two Pyramids of the Jam Jliiiud^ 
having triangular BafeSy and ea^b ofthemie dU 
fuidid into two Pyramids^ ifuai to om another^ 
findjimilar to the WboU^ as alfo into two equal 
Prifms % and if^ in like manmr^ facb of the two 
Pyramids^ wade by the former J^ivifion^ ie di^ 
nndedj an4 tbif be done continually ; /tor» as tke 
Bafe of one Pyramid is ta the Bafe of thi of ion 
Pyramid^ fo are all tbe Prifms ibat wre in om 
fyramidy to all tbe Prifms tbat are in tbe 
ether Pyrami4j being equal in Multitude. 

LE T thfire be two Pyiaaiids of ^he iaoie Altitwict 
. having the triangular $a(c9 A B C^ O £ r, vhofi» 
Vertices ^ft tbe Poims G, H } and let each of them bf 
divided into two Pjrsunidsi equal to one anptber^ and 
fimilar to tbe Whole^ and into two equal Prifins i ai]d 
tf, in like manaer» jcacb of tbe Pjrrfmi«b^ made by the 
Sotefifu Divifion, be conceived to be divided, and tbi| 
i>e done continiially \ I fay, as the Bafe AtiC is fp 
^ Bafe D £ F, fo aic all the Prifms jthat are in the 
Pyramid ABCG, to all the Prifms that are in the 
Pyramid D £ F H, being equal in Muhttude. 

For, finceB X is equal to X C, and A L to LC, X L 

f a. 6« iball be * parallel to A B, and the Triangle ABC finiir 
iar to the Triangle L X C, For the iame Reafon, the 
Triangle D £ F fliall be alfo fimilar to the Triangle 
E QF: And becaufe B C is double to C X« and £ F t0 
tQj it ihall be, as BC is to CX, fo isEF toFQj 
And fince there are defcribed upon B C, C X, Rig^t- 
lined Figures ABC, L X C, f;mil^r and alike fituate ; 
and upon % F, FQ, Right-lined Figures DE F,R QF, 
iimilar and alike ikuaie \ tfaere^e, as the Triai^e 

f 22. ^. B A C is to the Triangle L X C, fo is f the Triangle 
l5 E F to the Triangle R QF ; and (by Alternation) af 
the Triangle A B C is to the Triangle D £ F, fb is the 
Triangle L X C to thcTriangle R QF. But as theTri- 

t aS. wi an^ £ X C is to the Triangb R QF, fo is Jtbe Prifm, 

?^' "' lyhofe Bafe is theTriangle L X C, and the oppofite Bafe 

t9 
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io that the Triangle O M N, to the Prifm, whpfe Bafe 
is the Triangle R (^F^ and th^ oppofite Bafe to that the 
Triangle STY; therefore, as the Triangle A B C is to 
the triangle D E P, fo is * the Prifm whofe Bafe is the* 
Triangle L XC, and the oppodte Bafe'to that theTrt- 
angle O M N| (o 4(ie Prifi^ whofe Bafi? is the Triangle 
R QF, and the oppofite Bafe to that the Triangle 
STY: And becavft[ tj^e two Pijfms that are in the Py- 
ran^id A B C G are equal tp one another, as alfo thofe 
two that are in the Pyramid D£ F H ; it (hall be, as 
the Prifoi whofe Bafe is the Parallelogram K L X B» 
and the oppofite Bafe to that the Right Line M O, is 
to the Prifm whofe Bafe is the* Triangle L X C, and 
the oppofite Baie to (hat the Triangle O M N, fo is 
th^ Prifiti whofe Bafe is the Parallelogram E P R Q^ 
and tb^ oppofite Bafe to that the Right Line S T, to 
the Prifm whofe Bafe is the Triangle R Q¥^ and the 
oppofite Bafe to that the Triangle STY : Therefore 
(by compounding), as the Prifms K B X L M O, 
L X C M N O, together, are to the Prifm L X C M N O, 
fo the Prifms P £ OR S T, R Q^F S T Y, together, 
are to the Prifm R QF S T V : And ( by Alternation), 
as the Prifms K B X L M O, L X C M N O, together, 
are to the Prifms P E CLR S T, R Q^F S T Y, toge- 
ther, fo is the Prifm L X C M N O to the Prifmt 
RQFSTY: Butas the PrifmLXCMNO is to 
the Prifm R QJF S T Y, fo has the Bafe L XC been 
proved to be to the Bafe R F Qj and fo the Bafe 
ABC to the Bafe D E F^ : Therefore, alfo, as the Tri- 
angle A B C is to the Triangle D £ F, (o are the two 
Prifms that are in the Pyramid A B C G, to the two 
Prifms that are in the Pyramid D. E F H. If, in the fame 
fhanner, each of the Pyramids O MN G, S T Y H, 
fn^de by the former Divifion, be divided, it fhall be, as 
the Bafe Q. M N is to the Bafe STY, fo the tvvo 
t^rifms that are in the Pyramid O M N G, to the two 
l^rifms that are in the Pyramid S T Y H, But as the 
Bafe PMN is to the BafeS T Y, fo is the Bafe ABC 
^o the Bafe t) E F : Therefore, as the Bafe A B C is to 
the Bafe D E F, fo are the two Prifms that are in the 
Pyramid A BC G, to the two Prifms that are in the 
Pyramid P £ F H ; and fo the two Prifms that are in 
the Pyraniid O M N G, to the two Prifms that are in 
thcfj^ramid ST YH) and fo the four to the four. We 

R 4 denion^ 
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demofiftrate the fame of Prifms made by the Divifion 
of the Pyramids A K L O, D P R S ; and, of all 
6ther Prijmsy being equal in Multitude \ which was to 
be demonftrated. 

PROPOSITION V. 
Theorem. 

Pyramids of the fame Altitude^ and having trU 
angular BafeSj are to pne (another as tbeir 

Bafes. 

Vet there be two Pyramids of the faiQc Altitude, 
^ having the triangular Bafes A BC» D £ F, whofe 
Vertices are the Points G, H, I fay, as the Bafe ABC 
is to the Bafe D E F, fo is the Pyramid AB q Q tq 
"the Pyramid DEFH. 

For, if it be not fo, then it ihall be as the Bafe 
, A B Cis to theBafeD E F,fo is the PyramidABCG 
to fome Solid, greater or lefs than the Pyramid D EFH. 
Firft, let it be to a Solid lefs, which let be Z ; and di- 
vide the Pyramid DEFH itito two Pyramids equal tq 
,each other, and fimilar to the Whole, and into two 
jequal Prifms ; then thefe two Prifms are greater than 
the JEialf of the whole Pyramid : And, 9gain, let the 
Pyramids, made by the former Divifion, be dividec} 
after the iame manner ; and let this be done continu- 
ally, until the Pyramids in the Pyramid D £ F H are 
lefs than the Excefs by which the Pyramid DEFH, 
exceeds the Solid Z. Let thefe, for Example, be the 
Pyramids DPRS, STYH; then the Prifms re- 
maining in the Pyramid DEFH, are greater than 
jthe Solid Z : Alfo, let the Pyramid A B C G be divided 
into the fame Nuniber of finailar Parts as the Pyramid 
DEFH is; and then, as the Bafe ABC is to the 

f 4«f /i/#. Bafe t) E F, fo * the Prifms that are in the Pyramid 
ABCG, to the Prifms that are in the Pyramid 
DEFH. But as the Bafe AB C is to the Bafe D E F, 

J BjJIjp, fo is the Pyramid AB C G to the Solid Z J ; and 
therefore, as the Pyramid A B C G is to the Solid Z, 
fo are the Prifms that are in the Pyramid AB C G, to 
the Prifms that are in the Pyramid DEFH. But the 
the Pyramid ABCG is greater than the Prifms tha; 
are in it; wherefore, alfo, the Solid* Z is greater thani 
' * the 
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the Prifms that are in the Pyramid D £ F H. But it is 
jcfs ♦ alfo ; which is abfurd ; iherefore the Bafe ABC* f'** 
to the Baffe D E F, js not as the Pyramid A B C Q to^^i,^ 
feme Solid lefs than the Pyramid DE F H. After the^rnreif, 
fame manner we demonftrate^ that the Bafe D E F to 
the Bafe ABC, is not as the Pyramid D E F fl to 
fome Solid Icfs than the Pyramid A B C G : •There- 
fore, I fay, neither is the Bafe A B C to the Bafe D E F, 
as the Pyramid AB C G to fome Solid greater than 
the Pyramid D E F H. For, if this be poflible, lef it be 
to the Solid I, greater than the Pyramid D E F H ^ 
theft (by Inverfion) the Bafe D E F fhall be to the 
Bafe A B C, as the Solid I to the Pyramid A B C G : 
But iince the Solid I is greater than the Pyramid 
iE D F H, it (hall be, as the Solid I is tg the Pyramid 
A B C G, fo is the Pyramid D E F H to fome Solid lefs 
than the Pyramid A B C G ; and fo, as the Bafe 
D E F is to the Bafe ABC, fo is the Pyramid 
t) EF H to fome Solid lefs than the Pyramid A B C G, 
which is abfurd, as juft now has been proved : There- 
fore the Bafe A B C to the Bafe D E F, is not as the ' 
Pyramid A B C G to fome Solid greater than the Py- 
ramid D E F H. But it has been alfo proved, that 
the Bafe A B C to the Bafe D £ F, is not as the Py- 
ramid A B C G to fome Solid lefs than the Pyramid 
DEFH; wherefore, as the Bafe ABC is to the 
Bafe D E F, fo is the Pyramid A B C G to the Py- ^ 
ramid D E FH. Therefore, Pyramids of the fame Al^ 
piude^ and having triangular BofeSy are to one another 
gs their Bafif ; which was to be demonftrated. 

P R P P O S I T I O N VI. 

Theorem. 

^ramids of the fame Altitude ^ and having polygon 
nous BafeSy ari to one another as their Bafes. 

LE T there be Pyramids of the fame Altitude, 
which have the pplygonous Bafes ABCDE, 
FGHKL; and let their Vertices be the Points 
M,*N. I fay, as the Bafe A B C D E is to the Bafe 
FGHKL, fo is the Pyramid A B C D E M to the 
Pyramid FGHKLN. 

5 For, 
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For, let &^ Bafe A B C D £ be divided into tb? 
Triangles ABC, ACD, ADE; and th^ B^fe 
FGHKL into the Triangles FGH, FHK, 
F K L ; and let |he Pyramids be eonqeived iippo every 
one of thofe Triangle^, of the fame Altitude with thje 
Pyramids ABC D^M,FGHK:LN: Then, bp- 
caufe the Triangle A B C is to the Triangle A C^, 
fiStfM* 21$ * the Pyraniid ABCM is to the Pyramid 
A C D M ; ^d (by compounding) as the Trapezium 
A B C D is to the Triangle A Cu, fo is 'the Pyramiji 
ABCDM to the Pyramid AC DM: But as t^e 
Triangle A C D 5« to the Triangle A D E, fo is * 
:th? Pyramid A COM tp the Pyramid A DEM. 
Wherefore (by Equality of Proportion), as the Bafe 
A BCD is to the Bafe ADE, (b is the Pyramid 
ABCDM to the Pyramid ADE M : Andaj^ain (by 
Compofition of Proportion), ^s the Bafe A IBC D £ 
is to the BafeADE, fo is the Pyramid ABCP £ M 
lo the Pyramid A D E M, For the fame {leafon, as 
the Bafe F G H K L is to the Bafe F K L, fo is the 
JPyramid FGHKLN to the Pyramid FKLN: 
And fince there are two Pyramids A P £ |ll| F K L N, 
having triangular Safes, and the fame Altitude $ the 
Bafe ADE fliall be * to the Bafe F K J., as the Py- 
ramid A D E M to the Pyramid F K L N : And fince 
thr Bafe A B C D E is to the Bafe A D £, as the Py* 
ramid A B CDE M is to the Pyramid ADEMj and 
85 the B^fe A DE is to the Bafe F k L, fo is the Py- 
ramid A P E M to the Pyramid F K L N$ it (hall be 
(byEqu^ityof Proportion), as the BafeABCPE 
is to the Bafe F K L, fo'is the Pyramid A B C D E M 
to thcPyramid.FKLN: But as the Bafe FKL 
"^ js to the Bafe FGHKL, fo was the Pyramid 
f K L N to the Pyramid FGHKLN. Wherefore, 
again, (by Equality of Proportion), as the Bafe 
A BC Df; is to the Bafe F G HK L, lb is th^ Py- 
ramid ABCDEM tothe Pyramid FGHKLN. 
Therefore, Pyxarnids of the fame Abitude^ and having 
f^lygonms Bafis^ ^n to oni an^ibur a,$ tl^eir Bifesi which 
yras to be demonftrated. 

(f the Bafes bad not confined pf equal Numbers of 
-^ides^ the Demonstration ^a^ been the (a^e. 

PRO. 
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T II 9 O |( E M. 

/Si;^ Pn]^, i^iw^ if triangular Safi^ mirf h 
divided into three Pyramids^ egual to one ano^ 

iber^ an4 having triangular Safes. 

■ * 

LE T Atxfi be ^ Prifm whofe BaTe is the Triangle 
ABC, and the oppofite Bafe to that the Triangle 
pEF. Ifay,thePrUmABCD£Fmaybedmded 
jflto three equal Pyramids, that have triaozular Safes* 
For, join B D^ E C, C D : Then, bccauS A B E D if 
)ii Parallelogram, whofe Piameter is B D, the Triangle 
A B P fliull be ♦ equal to the Triangle E B D. There-* 34- »• 
jfbre the Pyramid whofe Bafe is the Triangle A BD9 
and Vertex the Point C» is f equal to the Pyramidf 6 ^iH9% 
whofe Bale is thp Triangle £ D B, and Vertex the 
Point C. But the Pyramid, whofe Bafe is the Tri- 
angle £ D B, and Vertex the Point C, is the fame as 
the Pyramid whofe Bafe is the Triangle £ BC, and 
Vertex the Point D 1 for they are contained under the 
fame Planes : Therefore the Pyramid, whofe Bafeis the 
Triangle A B D, and Vertex the Point C, is equal to 
^he Pyramid whofe Bafe is the Triangle £ B (3, and 
Vertex the Point D. A^n, becaafe F C B £ is a Pa- 
rallelogram, whofe Diameter is C £9 the Triangle 
EC F ihall be « equal to the Triangle C B E ; and 
fo the Pyramid who& Bafe is the Triangle B £ C, and 
Vertex the Point D, is f t<iual to |be Pyramid whofis 
Bafe is the Triangk £ C F, and Vertex the Point O, 
^ut the Pyramid^ wbde Bafe ia the Triangle B C £» 
and Vertex the I'oint D, has been prov^ equal to 
the Pyramid whofe Bafe is the Triangle A B D, and 
Vertex the Point C: Wherefore, alfo, the Pyramid, 
whofe Bafe ia the Triangle C£F, and Vertex the 
Point D, is equal to the Pyramid, whofe Bafe is the 
Triangle A B D, and Vertex the Point C : ThcreforOt 
tiePrtJm ABCDEF^ is divide into three Pjramds 
pfual to one anoibery and having ^tangtdor Bofeu Aed 
liecaufe the Pyramid, whofe Bafe is the Triangle 
AB D, and Vertex the Point C, n the fame uriih the 
Pyramid whofe Bafe is the Triangle C A B^ and Ver- 
4 * ' - tcx 
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tcx the point D ; for they are contained under the 
fame Planes ; and the PyraQitd, whofe Bafe is the 
Triangle A B D» and Vertex the Point C, has been 
proved to be a third Part of the Prifm, whofe Bafe is 
the Triangle ABC, and the oppdiite Bafe to that thf 
the Triangle D ii F : Therefore, alfo, the Pyramid^ 
whofe Bafe is the Triangle ABC, and Vertex the Point 
D, is a third Part of the Prifm^ having the fame Bafe^ 
V\z. the Triangle ABC, and the Qppofite Bafe the Trir 
(ingle D E F J which was to be dcmonftrated. , 

CorolL I • It is n»anifeft from hence, that every Pyra- 
mid is a third Part of a Prifm, having the fame 
Bafe, and an e<^ual Altitude; becaufe, if the Bafe 
of a. Prifm, as alfo (he oppgfite Bafe, be of an/ 
other Figure, it may be divided into Prifms having 
triangular Bafes. 

2. Prifms of the fan^e Altitude ?ire to one another a9 
their Bafes. 

PROPOSITION VIII, 

Theorem. 

Similar Pyramids, having triangular Bafes^ ar$ 
in a trifUci^te Proportion of their homologom 
Sides* 

T £ T there be two Pyramids fimilar and alike iitu* 
^^ ate, having the triangular Bafes ABC, D EFj 
and let their Vertices be the Paints G, H. I fay the 
Pyramid A B C G to the Pyramid D E F H, has a 
Proportion triplicate oi that which B C has to E F. 

Fof, complcat the folid Parallelepipedon SGML, 
E H P O ; then, becaufi? the Pyramid A B C G is fimi* 
lar to the Pyramid D E F H, the Angle ABC (haii 

•D#/.9.ti,be * equal to the Angle DEF, the Angle GBC 
equal to the Angle H E F, and the Angle A B G 
equal to the Angle D E H : And A B is to D E, as 
. B C is to E F ; and fo is B G to E H. Thereforfi 
becaufe the Angle ABC is equal to the Angle 
DEF ;and the Sides about the equal Angles arepro- 

t 6. ^. portional 5 the Parallelogram B M fliall be f fimilar to 
the ParalleJogram E P. For the fame Reafon^ the P^^ 

14!' 



Book XII. Eucluts Elements* 253 

rallelogram B N is funilar to the Parallelogram £ R, 
and the Parallelogram B K to the Parallelogram £ X. 
Therefore three Parallelograms BM, BK, BN, are 
fimilar to three Parallelograms £ P« £ X, £ R. But 
the three Parallelograms BM, Bit, BN, are equal 
and fimilar to the three oppofite ones ; as alfo the three 
Parallelograms E P, £ X, £R : Therefore the Solids 
B G M L, E H P O, are contained under equal Num- 
bers of fimilar and equal Planes ; and, confequently, 
theSolidBGMLis fimilar to the SolifJ EHPO. 
But fimilar folid Parallelepipedons are * to each other* 33, u. 
in a triplicate Proportion of their homologous Sides ; 
therefore the Solid B G M L to the Solid EHPO, has 
a Proportion triplicate of that which the homologous 
Side B C has to the homologous Side £ K. But as the 
Solid B G M L is to the Solid EHPO, fo is f the f 15. 5, 
Pyramid ABCG to the Pyramid DEF Hj for the 
Pyramid is. the one fixth Part of that Solid, fince the 
Prifm, which is .the Half of the folid Parallelepipedon, 
is triple of the Pyramid. Wherefore, the Pyramid^ 
ABCG to the Pyramid D.EF H^Jhallbavf a triplicate 
Proportion to that which B C i^tf ; /9 £ F ^ which was to 
be demonfirated. 

« - H 

V, , , ' ■ 

CoroU, From hence it is manifeft, that fimilar Pyra- 
mids having polygonous Bafes, are to one another 

* in a triplicate Proportion of their homologous Sides. 
For, if they be divided into Pyramids having trian- 
gular Bafes ; hecaufe their fimilar polygonous Bafes 
are divided into fimilar Triangles equal in Number, 

- and homologous to the Wholes ; it ihall be, as one 
Pyramid, having a triangular Bafe in one of the Py- . 

^ ramids, is to a Pyramid having a triangular Bafe in 
the other Pyramid ; fo are all the Pyramids, having 
triangular Bafes in one Pyramid, to all the Pyramids 
having triangular Bafes in the other Pyramid \ that 
is, fo is one of the Pyramids, having the polygonous 
Bafe, to the other: But a Pyramid, having a trian- 

' gular Bafe, to a Pyramid having a triangular Bafe, 
is in a triplicate Proportion of the homologous Sides. 
Therefore one Pyramid, having a polygonous Bafe, 
to another Pyramid having a iimilar Bafe, is in a 
triplicate Proportion of their homologous Sides. 

V PRO. 
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PROPOSITION Et. 

The Bafilis and Altifudes vf equal pyramids^ hav^ 
ing triangular Bafes^ are redfrccaily proper - 
tmuali and iboje Pyramids^ bawf^ triangular 
Bafes^ wbefe Bafis and Altttudis are reeipr^ 
calfy proportional^ are equal. 

« 

LET there be equal Pyratmid^ liinriog:the tmo-* 
galar Bdei ABC, D£F^ ndVertker At 
Pbints G, H. I fay, the Bxfei and Akkiries ef 4he 
Pyramids A &C G, I> £ F H, are reeiprocaQy propor<^ 
tional; that is, as the Bi& ABC is to ifae Baft 
D £ F, fo is the Altitude of fbe Pyramid D £FiI c^ 
the Altitude of the Pyramid A B CG« 

For, compleat the folid ParaUdepqwdons fi G M L, 
E H P O ; then, btcaufe the Pyramid A BC G is equal 
to the Pyramid DEFH; and theSoiid SGML is 
fextuple the Pyramid A B CG ; and tbs SoUd EH P O 
fextuple the Pyramid D E F H ; the Solid B G M L 
ftall be * equal to the Solid EH P O. But the Ba&s 
and Ahimdes of eqt^ folid Paralielcpspedeiis are reci- 
procally proportional ; therefore, astbe Baft B)M is to 

1 34. XI. tfaeBafe E P, fo is t the AltitiRie of the SoUd £ HPO 
totheAldtudeofthe Solid BG ML. But as the Safe 

• 15.5. BM is to theBafeEP, fois ^tkeTnan^ AB C to 
the Triangle D £ F ; therefore, as the* Tcumgle ABC 
is to the Triangle D E F, ib is the Altitudeof the So- 
lid E H PO to the Altitude of the Solid BGM L. 
But the Altitude of the SoKd E H P O is the ftoie as 
the Altitude of th<i Pyramid D E F H ; and the Alti- 
tude of the Solid B6 M L, the fame as the Altitude 
of the Pyramid ABCGi therefore, as the fiafe 
A B C is to the Baft D £ F, fo is the Attitude of the 
Pyramid DEFH to the Altitude of the Pyramid 
A B C G : Wherefore the Bafes and Altitudes of the 
equal Pyramids A B C G, D E F H, are reciprocally 

froportional. And if the Bafes and Altitudes of the 
yramtds A B C G, D E F H, are reciprocally propor- 
tional ; that is, if the Baft A BC to the fiafe DEF, 

U 
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bf as the Altituck of the Pyrsunid D£ F H to the Al- 
titude 6f the Pjnunid A B C O ; I iay* the Pyramid 
ABC6 » iftpMixo tt»e Pyramid D£F H : For, the 
radM ConJ^m^oA remaionig» because the Bofe ABC 
to the Baft D £F, is a9 the Altitude of the Pyramid 
D£ F H to the Altitude of the Pyramid A fi C G $ and 
1$ the Baft ABC is to the Baft U £ F, b is the ParaU . 
leiogrto B M to the Parallelogram £ r i therefore the 
Pat alkdogram B M to the Parallelogram £ P, (hall be 
aUb as tM Altitude of the Pyramid I) £ F H is to the 
Altitude t>f the Pyramid A B C G. But as the Altitude 
of the Pyramid D £ F H is the fame as the Altitude of 
the A>lid Parallelepipcfdon £ H P O, and the Altitude of 
the Pyramid A B C G« the fame as the Altitude of the 
Mid Paralldepipedcm B G M (*» thereforetbe Ba(e B M 
to the Ba& £ Pt will be as the Altitude of the folid Pa- 
i«Uelepit)edon £ H p.O to the Altitude of the felid Pa- . 
rairel^pedon B6 M L» But thole folid Parallelepipe* 
duos, wiiofe Bafes ami Altitudes are leciprocaDy pro- 

Etional^ are f eeuil to eaich other ; dierefore the folid f 34. t x. 
idleleprpedqli BO M t, is equal to the folid Paral- 
Iele^[tipedoii £ H P O : Nqvrthe Pyramid A B C G is a 
fuBthPart of the Solid B O ML} and, in like manner, the 
PyiamidD£PHisafixth Part of the Solid £H'PO) 
therefore the Pymmid A B C G is equal to the Pyramid 
D £ F (L Wherefore^ th Safes and jiMtmla of$^al 
Pytamids^ batring. tria^g^dar £a[es^ arit reciprocally pro* 
portiofutl I and ihofe Pyramids^ having trianpdar Safes ^ 
wbofi Bafa etml Mitndes nre reciprocally proportional^ 
are equal ^ Which Was to he demdnftrated. 

* 

PROPOSITION X. 

T R £ k B M. 

Every Cone is a third Part of a Cylinder^ bailing 
the fame Bafe^ and an eijual Altitude. 

T E T a Cone have the fame Bafe as a CyHnder i 
^^ viz. the Circle A B C D, and an Altitude equal 
to it. I Csy^ the Cone is a third Partof theCylinderj^^ 
that if J the Cylinder is triple to. the Coae# 

For, 
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tor, if the Cylinder be not triple to the Cbnc, it 
Ihall be greater or lefs than triple thereof. Firft, let it 
be greater than triple to the Cone, and let the Square 
A B C D b^ defcnbed in the Circle A B C D | then the 
Square A B C D, is greater than one half of the Circle 
A B C D^ Now let a Prifm be ereded upon the Square 
A B C D, hairing the fame Altitude as the Cylinder, and 
this Prifixi will be greater than one half of the Cylinder ^ 
becaufe, if a Square be circumfcribed about the Circle 
A B C D, the infcribed Square will be one half of the 
circumfcribed Square ; and if a Prifin be ereded upon 
the circumfcribed Square of the fame Altitude as the 
•'4 Ctt. 7. Cylinder, fince Prifms arc ta* one another as their 
Sf '^«- Bafes, the Prifm erefted upon the Square A B C D, is 
one half of the Prifm ere&ed upon the Square defcribed 
about the Circle A B C D. But the Cylinder is lefs than 
the Prifm ereded on the ^ Square defcribed about the 
Circle A B C D ; therefore the Prifm ereded on the 
Square AB C D, having the fame Heieht as the Cy- 
linder, is greater than one half of the Cylinder. Let 
the Circumferences A B, B C, C D, D A, be bifcaed 
in the Points E, F, G, H j and join A£, £ B, BF, 
F C, C G, G D, D'H, HA : Then each of the Tri- 

t W/» /•/- ^"gl^5 A E B, B F C, C G D, D H A, is t greater than 

i9ws frm % the half of each of the Segments \n which they itand. 

•ftbk. Let Prifms be erefled from each of theTrianglcs A EB,' 
BFC, CGD, D H A, of the fatee Altitude as the 
Cylinder ; then ^v^xy one of thefe Prifms ereded is . 
greater than half its correTpondent Segment of the Cy- 
Irnder. For, becaufe, if Parallels be drawn thro* the 
Points E, F, G, H, to A B, B C, C D, D A, and Pa- 
rallelograms be compleated on the faid A B, B C, C D, 
D A, on which are ereded folid Parallelepipedons of the 
fame Altitude as the Cylinder ; then each of thofe Prifms 
that are on the Triangles A E B, BFC, CGD, 

t 32. II* D H A, are Halves ;{: of each of the folid Parallelepipe- 
dons $ and the Segments of the Cylinder are lefs than 
the eredled folid Parallelepipedons; and, confequently, 
the Prifms that are on the Triangles A E B, BFC, 
CG D, D H A, are greater than the Halves of the Seg* 
ipents of the Cylinder: And fo, bifeding the other Cir* 
c^mferences, joining Right Lines, and on every one of 
the Triangles ereding Prifms of the fame Height as 

the 
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the Cylinder, and doing this continually, we fhall at 
laft have certain Portions oF the Cylinder left, that are 
lefs than the Excefs by which the Cylinder exceeds 
triple the Cone. 

Now, let thefe Portions remaining be A E, E B^ 
B F, F C, C G, G D, D H, H A ; then the Prifm re- 
inainin^, whofeBafe is the Polygon AEBFCGDH, 
and Altitude equal to that of the Cylinder's is greater 
than the Triple of the Cone. But the Priffti^ t^'hofe 
Bafe is the Polygon AEBFCGDH, and Altitude 
the fame as that of the Cylinder's, is * triple of the* i Cw-,^. 
Pyramid, whofe Brfe is the Polygon AEBFCGt)H, e^'^"- 
^nd Vertex the fame as that of the Cone ; and 
therefore the Pyramid, whofe Bafe is the Polygon 
AEBFCGDH, and Vertex the fame as that oF 
the Cone, is greater than the Cone, whofe Bafe is the 
the Circle A B C D : But it is lefs alfo (for it is com- 
prehended by it) which is abfurd y therefore the Cy- 
linder is not greater than triple the Cone. I fay, it is 
neither lefs than triple the Cone : For, if it be poffible, 
let the Cylinder be lefs than triple the Corie j then (by 
Inverfion) the Cone fhall be greater than a thi^d Part 
of the Cylinder : Let the Square A B C D be defcribed 
in the Circle A B C D ; then the Square A B C D is 
greater than half oF the Circle A B C D : And let a 
Pyramid be ereSed on the Square A B C D, having 
the fame Vertex as the Cone ; then the Pyramid erecSed 
is greater than one half oF the Cone ; becaufe, as has 
been already dcmonftrated, if a Square be defcribed 
about the Circle, the Square AB CD fhall be half 
thereof: And if folid Parallelepipedons. be crefled upon 
the Squares of the fame Altitude as the Cone, which 
are alfo Prifms ; then the Prifm ereiled on the Square 
A B C D is one half of that erefted on the Square de- 
fcribed about the Circle; for they are to each other as 
their Bafes, and fo hkewife are their third Parts i 
Therefore the Pyramid, whofe Bafe is the Square 
A B C D, is one half of that Pyramid ere<fted upon 
the Square defcribed about the Circle. But the Pyra- 
mid eredled upon the Square defcribed about the Cir- 
cle is greater than the Cone, for it comprehends it; 
therefore the Pyramid, whofe Bafe is the Square 
A B C D, and Vertex the fame as that of the Cone, 
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is greater than one half of the Cone, Bire<3 the Cir- 
cumferences A B, B C, C D, D A, in the Points E, F^ 
G,HiandjoinAE,EB,BF,FC,CG,GD,DH, 
HA; and then each of the Triangles A E 3, B F C, 
C G D, DH A, is greater than one half of each of thp 
Segments they are in. Let Pyramids be ereficd upon 
each of the Triangles A E B, B F C, C G D, D H A, 
having the fame Vertex as the Cone; then each of 
thefe Pyramids, thus ereded, is greater than one halJT 
of the Segment of the Cone in which it is ; and fo% 
bifeding the remaining Circumferences, joining the 
Right LineS) and ereding Pyramids upon every of the 
Triangles having the fame Altitude as the Cone, and 
doing this continually, we (hall at laft h^ve Segments 
of the Cone left, that will be lefs than the Excefs by 
which the Cone exceeds the one third Part of the Cy- 
linder : Let thefe Segments be thofe that ^re on A E, 
EB, BF, FC, CG, GD, DFt, HA; and theji 
the remaining Pyramid, whofe Bafe is fhe Polygon 
A E B F C G D H, and Vertex the fame as that of thp 
Cone, is greater than a third Part of the Cylinder : 
But the Pyramid, whofe Bafe is the Polygon 
A E B F C (j D H, and Vertex the fame as that of the 
Cone, is one third Part of the Prifm whofe Bafe is the 
Polygon A E B F C G D H, and Altitude the fame as 
that of the Cylinder : Therefore the Prifm, whofe 
Bafe is the Polygon AE B FC G D H, and Altitude 
the fame as that of the Cylinder, is greater than the 
Cylinder, whofe Bafe is the Circle A S C D ; but it is 
lefs alfo (as being comprehended thereby) ; which is 
abfurd ; therefore the Cylinder is not lefs than triple 
of the Cone : But it has been proved alfo not to be 
greater than triple of the Cone j therefore the Cylinder 
is neccflarily triple of the Cone. Wherefore, ever;^ 
Cone is a third Part of a Cylinder y having the fame Bafe^ 
and an equal Altitude ^ which was to be demonftrated. 
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PROPOSITION XI; 

T H B O R E Jjf. 

Cones and Cylinders ^ cf the fame Altitude ^ ^re io 
one another as their Bafes. 

T E T there be Cones and Cylinders of the fame Al- 
^ titude, whofe Bafes arc the Circles ABCDi 
E F G H, Axes K L, M N, and Diameters of the 
Bafes A C, £ Q. I fay, as the Circie A B C D is to the 
Circle E F G H, fo is. the Cone A L to the Cone E N. 
For, if it be not fo, it fliall be, as the Circle A B C D 
is to the Circle E FG H, fois the Cone A L to fome So- 
lid either lefs or greater than the Cone EN. Firft, let 
k be to the Solid X lefs than the Cone ; and let the 
Solid I be equal to the Excefs of the Cone £ N above 
the Solid X ; Then the Cone E N is equal Co the So- 
lids X and I. Let the Square E F G H be defcribed in 
the Circle £ F G H, which Square is greater than one 
half of the'Circle, and erect a Pyramid upon the Square 
E F G H, of the fame Altitude as the Cone ; therefore 
the Pyramid ercSed is greater than one half of the • 
Cone. For if we defcribe a Square about the Circle, 
and a Pyramid be erefted thereon, of the fame Altitude 
as the Cone ; the Pyramid infcribed will be one half of 
the Pyramid circumfcribed ; for they are * to one ano-t eofthUi 
ther as their Bafes ; and the Cone is lefs than the cir- 
cumfcribed Pyramid : Therefore the Pyramid, whofe 
Bafe is the Square E F G H, and Vertex the feme as 
that of the Cone, is greater than one half of the Cone. 
Bifea the Circumferences E F, F G, G H, H E, in 
the Points P, R, S, O ; and join H O, O E, E P, P F, 
F R, R G, G S, S H ; then each of the Triangles 
H O E, E P F, F R G, G S H, is greater than one half 
of the Segment of the Circle wherein it is. Let a Py- 
ramid be raifed upon every one of the Triangles 
H O E, EP F, F R G, G S H, of the fame Altitude 
as the Cone ; then each of thofc erefted Pyramids is 
greater than one half of its correfpondent Segmertt of 
the Cone : And fo bifccling the remaining Circum- 
ferences, joining the Rip,ht Lines, and erecting Pyra- 
mids upon each of the Triangles, of the fam<? Ahitude 

S 2 as 
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as that of the Cone ^ and doting. this continually, there 
will at laft be left Segments of the Cone that wili toge* 
ther be lefs than the Solid I. Let thofe be the Segmenta 
thatareon HO, OE, EP, PF, FR, RGrGS, 
S H ; therefore the Pyramid remaining, whofo Bafe it 
the Polygon HOEPFRGStand Altitude the fame 
as that of the Cone, is greater than^ the Solid X« Let 
the Polygon D T A Yfi (^C V be defcribed in the 
Circle A R C D, fimilar ajfuLalike fituate to the Poly- 
gon H 0£ P F RG S ; and let a Pyramid he ereded 
thereon of the fame Altitude as the Cone A L : Then* 

• 1 9ftbk. becaufe the Square of A C to the Souare of £ G, is * 
as the Polygon DTAYBQpV to the Pdygon 

1 2 6/tiii. HOEPFRGS;aodthe Square of A C is t to the 
Square of £ G, as the Cirde A B C D. is to the Circle 
£FGH; it fliall be, ar the Circle A BCD is to the 
CirclcEFGH,foi8thePolygonDTAYBQCVto 
the Polygon HOEPFEG?- But as theCirde 
ABC D is to the Circle £ F G H, fo is the Cone 
AL to the Solid X (by Hip*) : And as the Polygon 
DTAYBdcVistothePolygonHOEPFRGS, 

1 6 ottUu fo is t the Pyramid, vfhok Safe is the Polygon 
DTAYBQLCV, and Vertex th^ Point L, to the 
Py raniiid whofe BsOe is the Pplygon HOEPFRGS, 
and Vertex the Point N. Therefore, as the Cone A L 
is to the Solid X, fo.is the PVfamid, whofe Bafe is the 
Polygon D T A Y B QC v, and Vertex the Point 
L, to the Pyramid whoJGe Bafe is the Polygon 
HOEPFRGS, and Vertex the Point N. But the 
Cone A L is greater than the Pyramid ,that is in it ; 
therefoi^e the Solid X is greater than the Pyramid that 
is in the Cone £ N ; but it was put lefs, which is ab<* 
furd. Therefore the Circle A B C D ^ the Circle 
£ F G H, is not as the Cone A L to fqme Solid lefs 
' than the Cone £N. In like manner it is dembn- 
ftrated, that the Circle E F G H to the Circle A B C D, 
is not as the Cone ^N to fome Solid le(s than the 
Cone A L : 1 fay, moreover, that the Circle A B C D 
to the Circle EFGH, is not as the Cone A L to 
iom^ Solid greater than the Cone £ N. For, if it be 
polfible, let it be to the Solid Z greater than the 
Cone; theri (by Invcrfion), as the,Circle EFG H is 
to the Circle A B C D, fo fliall the Solid Z be to the 
Cohe A L.. But fince the Solid Z is greater than the 

Cone 
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Cone£ N, it (hall be, as the Solid Z is to the Cone 
A L, fo is tbc^'iCone £ N to (boie Solid lefs than the 
Cone A L i and therefore, as the Circle £ F G H is 
to the Circle A B C D, fo is the Cone £ N to feme 
Solid lefs than the Cone A L; which has been proved 
to be impoffible. Therefore the Solid A B C D to the 
Circle £ F G H, is not as the Cone A L to fome So- 
lid greater than the Cone £N. It has alfo been 
proved, that the Circle ABCD to the Circle 
£ F G H, is not as the Cone A L to fome Solid lefs 
than the Cone £N i therefore, as the Circle ABCD 
if to the Circle £ £ G H, fo is the Cone A L te the 
Cone £ N : But a^ Cone is to Cone, fo is * Cylinder* 15. 5* 
to Cylinder ^ for each Cylinder is triple of each Cone ; 
and therefore, as the Circle A JBC D is to the Circle 
£FGH, fo are Cylinders and Cpnes (landing on 
them, of the fame Altitude. Wherefore, Ccnes and 
Cylindirs efthefami Altitude^ are to one another as their 
Bajes $ which was t6 be demonftrated. 

PROPOSITION XII. 

Theorem. 

Similar Cones and Cylinders are to one another in 
a triplicate Proportion of the Diameters of 
their Bafes. 

L£T there be fimilar Cones and Cylinders, whofe 
Bafes are the Circles ABCD, E FGH, and 
Diameters of the Bafes BD, F H, and Axes of the 
Cones or Cylinders K L, M N. I fay, the Cone, 
whofe Bafe is the Circle ABCD, and Vertex the 
Point L, to the Cone whofe Bafe is the Circle 
£ F G H, and Vertex the Point N, hath a triplicate 
Proportion of that which B D has to FH. 

For, If the Cone ABCDL to the Cone 
EFGHN, has not a triplicate Proportion of that 
which B D has to F H ; the Cone ABCDL (hall 
have that triplicate Proportion to fome Solid, either , 
lefs or greater than the Cone £ F G H N. Firft, let 
it havelhat triplicate Proportion to the Solid X, lefs 
than the Cone SFGHN; and let the Square 

S3 EFGH 
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E FG H be dcfcribed in the Circk E F G H, which 
will be greater than one half of the Ch^ E F G H 5 
and cre6l a Pyramid on the Square E FTJ H, of the 
fame Altitude with the Cone, then that Pyramid is 
greater than one half of the Cone. And Co let the 
Circumferences EF, FG, G H, HE, be bifeaed in 
the Points O, P, R, S ; and join E O, OF, F P, 
P G, G R, R H, H S, S E ; then each of the Tri- 
angles E O F, F P G, G R H, H S E, is greater than 
one half of the Segment of the Circle EFGH,.in 
which it is ; and crcft a Pyramid upon each of the 
the Triangles EOF, F PG, G RH, HSE, having 
the fame Altitude as the Cone : Then each of the 
Pyramids, thus erede^, is greater than half its cor- 
refponding Segment pf the Cone ; wherefore, bifcfiing 
the remaining Circumferences, joining Right Lines^ 
and crc^ing Pyramids upon each of the Trianglesjj 
having the fame Vertex as the Cone ; and doing this 
continually, we fhail leave, at laft, certain Segment?- 
of the Cone, that (hall be Icfs than the Excefs by 
yvhich the Cone EFGHN exceeds the Solid X. 
Let thde be the Segments that ftand on E O, O F, 
F P, PG, G R, R H, HS. S E ; then the remaining 
Pyramid, whofe BaiTe is the Polygon E O F P G R H b\ 
and Vertex the Point N, is greater than the Solid X : 
Alfo, let the Polygop A T B Y C V D CLbc dcfcribed 
in the Circle A B C D, fimilar and alike fituate to thq 
^ Polygon EOFPGRHS; upon which erefi a Pyra- 
hjid having the fame Altitude as the Cone; and le^ 
L B T be one of the Triangles containing the Pyra- 
mid, whofe Bafe is the Polygon A T B Y C V D Q^, 
and Vertex the Point L ; as likewife N F O one of the 
Triangles containing the Pyramid EOFPGRHS, 
and Vertex the Point N; and let KT, MO, be 
joined : Then, becaufe the Cone A B C DL is fimi- 
lar to the Cone EFGHN, it fliall be, as B D is to 
F H, (o is the Axis KL to the if\xis MN : But a^ 

i IS* 5' B D is to F H, fo is * B K to F Kl ) confequently, as 
BK is to FM, fo is KL to MN ; and (by Alterna- 
tion) as B K is to K L, fo is F M to MN. And 
fince each is perpendicular, and the Sides about the 
equal Angles BKL, FMN are proportional j the 

f6. 6. Triangle BKL fliall be f fimilar to the Triangle 
F M N. Again, becaufe B K is to K T, a? F M is 
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to M Q, the .Sides arc proportional about the equal 
Angles B K T, F M O, (for the Angle B' K T is the 
fame Part of the four Right Angles at the Centre K, 
as tKe Angle F M O is of the four Right Angles at 
the Ccrxue M) ; therefore the Triangle B K T fliall 
be * fimilar to the Triangle F MO. Ahd becaufe it* 6. i;. 
lias been proved^ that BK is to K L» as F M is to 
MN; and B K is equal to K T i and F M to MO; 
it (hall be, as T K is to K L, fo is OM to M N 5 and 
the proportional Sides are about the equal Angles 
T K L, O M N ; for they are Right Angles : There- 
fore^the Triangle LKT fhall be fimilar to the Tri- 
angle MNO. And fince, by the Similarity of the 
Tnangles B KL, F MN, it i.s as L B is to B K, fo 
K NF to FM J and, by the Similarity of the Tri- 
angles B It T, FMO^ it is, as KB is to B T, fo is 
M F to FO ; it {hall be (by Equality of Proportion), 
as Ef B is to B T, fo is N F to F O. Again, fince, 
by the Similarity of the Triangles LTK^TMOM, it 
is,. as L T is to T K, fo is N O to O M ; and, by the 
Similarity of the Triangles K B T, O M F, it is, as 
KTistoTB.'fo is MO to OF 5 it fhall be (by 
Equality of Pf opoition), as L T is to T B, fo is N O 
jp OF. But it has been, proved, that T B is to B L, 
as p'F is to F N ; wherefore, again (by Equality of 
Pi;©portion)^ as T L is to L B, fo is O N to N F ; and 
therefore the Sides of the Triangles L T B, N O F, 
are proportional j and fo the Triangles L T B, 
N O F, are equiangular and fimilar to each other ; 
and, confequejitly, the Pyramid^ whofe Bafe is the 
Triangle BKT, and Vertex the Point L, is fimilar 
to the Pyramid whofe Bafe is the Triangle F M O, 
and.Vcjtex the Point N; for they are contained under 
fia>iUr Planes^ equal in Multitude : But fimilar Pyra- 
Hiids that have Triangular Bafes, are f to one s^no- f % of thiu 
ther in the triplicate Proportion of their homologous 
Sjides ; tbereft^rc the Pyramid B K T,L to the Pyra- 
nud FMON, has a triplicate Proportion of that 
which B K has to F M. In like manner, drawing 
Rigljit Lines from the Points A, Q, D, V, C, Y, to 
K J as alfo others from the Points £, S, H, R, G, P, 
to M ; and eredting Pyramids on the Triangles having 
the fame Vertices as the Cones, we dtmonftrate, that 
every Pyramid of one Cone, to every one of the other 

S 4 CQne> 
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Cone^ has a triplicate Proportion of that which ch^ 
Sicl» B K has to the homologous Side MF9 that i9» 
which B D has to F H. But as one of the Antece*' 
t ^2. 5. dents is to one of the Confequents, fo are % ail the 
Antecedents to all the Confequents. Thereforev ts 
the Pyramid B K T L is to the Pyramid F M ON, 
fo is the whole Pyramid, whofe Bafe is the Polj- 
. lygon A T B Y C V D Q.. and Vertex the Point L, 
ro the whole Pyramid, whofe Bafe is the Polygon 
EOFPGRHS^and Vertex the Point J^. Whcre^ 
fore the Pyramid, whofe Bafe is the Polygon 
ATBYCVDCt,and Vertex the Point J., to the 
Pyramid whofe Bafe is the Polygon E O F P G R H S, 
and Vertex the Point N, has a triplicate Proportion 
of that which B D hath to F If. But the Cone whofe 
Bafe is the Circle A B C D, and Vertex the Point L, 
is fuppoled to haye to the So)id X a triplicate Propor- 
tion of that which B D has ta F H ; therefore^ as the 
Cone, whofe Bafe is the Circle A B C D, and Vertex 
the Point L, is to the Solid X, fo is the Pyramid 
whofe Bafe is the Polygon A T B Y C V DCt, and 
Vertex the Point L, to the Pyramid whofe Bafe is th^ 
Polygon EOFPGRHS, and Vertex the Point N. 
But tht; faid Cone is greater tb^n the Pyramid that is 
in it, for it comprehends it ; therefore the Solid 4$ 
alfo is greater than the Pyramid, whofe Bale is the Po- 
lygon EOFPGRHS, and Vertex the Point N ; 
but it is alfo lefs, which is abfurd. Therefore the 
Cone, whofe Bafe is the Circle A B C D, and Vertex 
the Point L. to fome Solid lefs than the Cone, whofe 
Pafe is the Circle E F G H, und Vertex the Point N, 
has not a triplicate Proportion of that which B D hs^ 
to F H. In like manner we demonftrate, that the 
Cone E F G H N, to fome Solid lefs than the Cone 
A B C P L, has not a triplicate Proportion <^ tlu^t 
which F H has to 6 D. Laftly, I fay, the Con<^ 
A B C D L, to a Solid greater than the Conip 
£ F G H N, has not 'vl triplipate Proportion of diat 
which BD h^s to FH: For, if tthi« be poffible, 
|et it be fo to fome Solid Z greater than the Coqe 
E F G H N ; then (by Inverfion) the Solid Z, to the 
Cone A B C DL, has a triplicate Proportion of that 
which FH has to BD. But fince the Solid Z is 
greater than the Cone £ FQRN, (be Solid Z (hail 
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be to the Cone ABC DL, as the Cone EFGHN 
is to fome Solid lefs than the Cone ABC D L $ and 
therefore the Cone £ F G H N, to fome Solid left 
than the Cone A B C D L, hath a triplicate Propor- 
tion of that which EA has to BD, which has 
been proved to be impoffible; therefore the 'Cone 
ABCDL, to fome Solid greater than the Cone 
EFGHN, has not a triplicate Proportion of that 
which B D has to F H^ It has been alfo demon- 
ftrated, that the Cone A B C D L, to fome Solid lefs 
than the Cone £ F G H N, hath not a triplicate Pro- 
portion of that which B D has to F H ; wherefore the 
Cone ABCDL, to the Cone EFQHN, has a 
triplicate Proportion of that which B D has to F H« 
But as Cone is to Cone, fo is * Cylinder to Cylincfer { ^ 15* %• 
for a Cylinder, having the fame Bafe as a Cone, and 
the fame Altitude, is f triple of the Conei finoe it ist ^^4 <^ 
demonftrated, that every Cone is one third Part of a 
Cylinder, having the f;ime Bafe, and equal Altitude: 
Therefore, a|fo a Cylinder to a Cylinder has a tripli- 
cate Proportion of that which BD has to FH. 
Therefore, Jimlar Coms and CfUndirs an U wu 
anothir in a triflicati Pr^porticn $f tbi Dtamidrs rf 
fbdr Bafes ; which was to be deoionftrated. 

PROPOSITION XIII. 

Theorem. 

Jf a Cylinder bi divided by a Plane parallel to the 
appofite Planes ; tben^ as one Cylinder is to the 
other Cylinder^ fo is the Axis to the Axis. 

LE T the Cylinder A D be divided by the Plane 
G H, paralid to the oppoCte Planes AB, CQ» 
and meeting the Axis £ F in the Point K. I fay, aa 
the Cylinder 6 G is to the Cylinder G D, fo i« the 

AyisEKlotheAxisKF- 

For, let the Axis £ F be both Ways produced to L 
and M; and put anv Number of Lines EN^ NL^ 
&f • each eaual to tne Axis E K ; and any Number 
pf LiqesFX, XM, t^c. each equal toFK; and 
thro- ^e Points Ly N, X, M| let Planes parallel to 

AB, 
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AB, .CD, pafss and in thofe Planes from L, N^ 
X, M^ as Centces, dcfewbe the Circles OP, RS, 
T Y, V Q^ each, eqoal to A B, C Dj and conceive 
the Cylifli4ers PR, R B, DT, TQ^ to be com'- 
pleated : Then, becaufe the Axis L N, N Ej E K^ 
are equal, to ea^ other, the Cyiinders PR, RB* 

•»'?^'*"*BGy will be ♦to one another as tsheif Bafes; and 
thecefiore the Cylinders PR, R B^ B0^ are equal: 
And fince the Axis LN, N£,, ^ K, are equal to 
e^ch other i as alfp the CylirKier^ PR, RB, BG^ 
and the Number of twines L N, N £, £ K, is equal 
to the Number Qf PyJind<rES PR, R B, B G ; th« 
Axis K L fball be the fame Multiple of the Axis 
E K, as the Cylinder P G is of the Cylinder G B. 
For the fame ReafoiT, the Axis M K is the fame Mul^- 
tiple of the Axis K F, as the Cylinder G Qjs of the 
Cylinder Q D« ; Nqw» if the A;cis KL be equal to 
the AxisX M* t\i^. Cylinder P G (hal) be equal to the 
CyMnder G C^.;; if the Axis KL be gjrjeatcr than the 
Axis K M, the Cylinder P G fliail b^ lil^ewlfe gfes^tf r 
thaq th^ Cyiinder^G.Q^; and, if lefs, ieft : Thcf eforcj 
becaufe there are four Magnitudes,. z^/2i. the AxisE K, 
K F, andthe Cylinders B G, G I> i and there are taken 
their Equimultiples,, n^mely^ .the Axtf |C.L, .and the 
Cylinder PG, the Equimultiples of the Am E K, 
and the Cylinder B G j andthe A?(is K M, ,and the 
Cylinder G'Q^, the EqurmultiplcS of the Atis KF, 
and the Cylinder G D : And it is demonftrated, that 
if the Axis K L exceeds tKc Axi^ E M, the Cylinder 
P G will exceed the Cylinder G Q^; and, if it be 
equal, equal y and, If lefs, Icfs. Therefore, as the 

fDef. 5.5. Axis BiK is to the Axis KF,fo f isthcCylfnder B G 
to the Cyli'flde^GiD. W betefotfi f if o Cylinder b§ di- 
vided by a Pla)te parallel to the oppoftte Planes ; ihen^ as 
om Cylirider is h'th'e other CyUndir^ fo is tht Axis to the 
!4^ii \ .^tfkif iM'd tt> be dtm^ftr&tcd* 
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PROPOSITION XIV. 

T H E O R E M. 

CMis a^d Cylinders^ being upon equal Bafes^ are 
to one another as their Altitudes, 

T ET the Cylinders EB, FD, ftand upon. equal 
■^ 54fes A B,'C D. I fay, as the Cylinder E B is to the 
Cyliij^er F D, fo is the Axis G H to the Axis K L. 

For, prodijce the Axis KL to the Point Ni and 
put LN equal to the Axis G H ; and let a Cylinder 
C M be conceived about the Axis L N : Then, be- 
caufe the Cylinders E B, C M, have the fame Alti- 
tude I they are * to one another as their Bafes. But* " tfthiu 
their Bafes are equal ; therefore the Cylinders E B, 
C M, will be alfo equal. And becaufe the Cylinder 
F M is cut. by a Plane C D, parallel to the oppofite 
Planes, it (ball be as the Cylinder CM is to the Cy- 
linder F D, fo is the Axis L N to the Axis K L. But 
the CyJinder C M is equal to the Cylinder E B ; and 
the Axis L N to the Axis G H ; therefore the Cylinder 
E B is to the Cylinder F D, as the Axis G H is to the 
Axis K L : And as the Cylinder E B is to^the Cylinder 
F D, fo is X the Cone A B G to the Cone C DK;t »5- 5* 
for the Cylinders are * triple of the Cones.. There-* to tfthiu 
fore, as the Axis G H is to the Axis K L, fo is the 
Cone AB G to the Cone C D K ; and fo the Cylinder 
E B to the Cylinder F D. Wherefore, Cones and Cy- 
lindiirs^ being upon equal Bafes^ are to one another as 
their Altitudes ^ which was to be deoionftrated.. 

PROPOSITION XV, 
Theorem. 

The Bafes and Altitudes of equal Cones and Cylin- 
ders are reciprocally proportional ; and^ Cones 
and Cylinders^ who[e Bafes and Altitudes are 
reciprocally proportional^ are equal to one ano'- 
ther. 

LE T the Bafes of the equal Cones and Cylinders 
be the Circles ABC D, EFG H, and their Dia- 
meters AC, £ G i and Axis K L^ M N i which are 

alio 
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alfo the Altitudes of the Cones and Cylinders : And 
let the Cylinders AX, £ O, be compleated. I fay, 
the Bafes and Altitudes of the Cylinders AX, £ O, 
are reciprocally proportional; that is, the Bafe 
A B C D is to the Bafe £ F G H, as the Altitude 
M N is to the Altitude K L. 

For, the Altitude K L is either equal to the Altitude 
M N, or not equal. Firft, let it be equal \ and the 
Cylinder A X is equal to the Cylinder £ O. But Cy- 
• II o/r^iV.iinders and Cones, that have the fame Altitude, are* 
to one another as their Bafes; therefore the Bafe 
A B C D is equal to the Bafe £ F G H : And cojifc- 
quently, as the Bafe A B C D is to the Bafe E F G H, 
fo is the Altitude M N to the Altitude K L. But if 
the Altitude K L be not equal to the Altitude M N, 
let M N be the greater; and take P M, equal to L K, 
from M N ; and let the Cylinder E O be cut thro' P 
by the Plane T Y S, parallel to the oppofite Planes 
of the Circles £ F G H, R O; and conceive £ S to be 
a Cylinder, whofe Bafe is the Circle £ F G H, and Al> 
titude P M : Then, becaufe the Cylinder A X is equal 
to the Cylinder £ O, and £ S is fome other Cylinder i 
the Cylinder A X to the Cylinder £ S, (hall be as the 
Cylinder £0 is to the Cylinder E S. But as the Cy • 
•iip//£;i.llnder A X is to the Cylinder £S, fo is* the Bafe 
A BCD to the Bafe EFGH; for the Cylinders 
A X, £ S, have the fame Altitude : And as the Cy- 
t IX /'^/i.linder E O is to the Cylinder E S, fo is t the Altitude 
AIN to the Altitude MP ; for the Cylinder £0 is 
cut by the Plane T Y S, parallel to the oppofite Planes. 
Therefore as the Bafe A B C D is to the Bafe EFGH, 
fo is the Altitude M N to the Altitude MP. But the 
Altitude M P is equal to the Altitude K L ; where- 
fore, as the Ba£? A B C D is to the Bafe EFGH, 
fo is the Altitude MN to the Altitude KL; and 
therefore, the Bafes and Jititudes of the equal Cyliaderi 
AX, E O, are reciprocally proporiUnaL 

And if the Bafes and Altitudes of the CyUnders 
AX, £ O, are reciprocally proportional ; that \sy if 
the Bafe A B C D be to the Bafe EFGH, as the 
Altitude M N is to the Altitude K L ; I fay, the Cy- 
linder AX is equal to the Cylinder EO. For, 
the fame Conftrudtion remaining, betaufe the Bafe 
ABCDistotheBafe£FGH>a$theAltitudeMN 

U 
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is to the Aititiide tCL ; and the Altitude K L is equal 
to the Altitude M P ; it fliall be, as the Safe A B C D 
Is to the Bafe EFG H, fo is the Altitude M N to the 
Altitude M P. But as the Bafe A B C D is to the Bafe 
£ F G H, fo is the Cylinder A X to the Cylinder £ S, 
for they have the fame Altitude ; alfo, as the Altitude 
M N is to the Altitude M P, fo is % the Cylinder £ 1 13 «/ '^ 
to the Cylinder £S. Therefore, as the Cylinder A X 
is to the Cylinder £ S^ fo is the Cylinder £ O to the 
Cylinder £ S : Wherefore, the Cyiinder A X is equal 
U the Cylinder £0} which was to be demonftrated. 
In like manner we prove this in Cones. 

PROPOSITION XVL 

Problem* 

^wo Circles being about the fame Centre ^ to in^ 
fcribe in the greater a Polygon of equal Sides ^ 
even in Number, that fhall not touch the lejfer 
Circle. 

T ET ABCD, £FGH, be two given Circlea 
^^ about the Centre K ; it is required to infcribe a 
Polygon of equal Sides, even in Number, in the Cir- 
cle A B C D, not touching the lefler Circle £ F G H. 

Draw the Right Line B D thro' the Centre K, as 
alfo AG, from the Point G, at Right Angles to BD» 
which produce toC; this Line will * touch the Cir-* x6. 3, 
cle EFGH: Then, bifeding the Circumference 
BAD, and again bifeiSling the Half thereof, and do- 
ing this continually, we fiiall have a Circumference 
left, at laft, lefs than AD J, Let this Circumference j ttmma. 
be L D, and draw LM, from the Point L, perpendi- 
cular to BD, which produce to N; and join L D, 
D N : And then L D is f equal to D N. And iincef *9« I* 
LN is parallel to AC, and AC touches the Circle 
EFGH, L N will not touch the Circle E K G H ; 
and much lefs do the Right Lines L D,' D N, touch 
the Circle. And if Right Lines, each equal to LD, 
be applied round the Circle ABCD, we jhall have a 
Polygon infcribed therein of equal Sides ^ even in Number , 
thot does not touch the iejfer Circle £ F G H j which was 
10 be done. 

5 PROf - 
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PROPOSITION xvn. 

PHOBLEM. 

STp defirike a /olid Polybedrnn^ in ih greater of two 
Spheres J having the fame Centre^ which fball 
not touch the Superficies of the leffeir Sphere. 

T £ T two Spheres be fuppofed abofut the fame Cen- 
■*^ trc A ; it B required to defcribe a folid Polyhc^ 
dron in the greater Sphere, not touching the Super- 
ficies of the lefler Sphere. 

Let the Spheres be cut by foone Plane paffing thro* 
the Centre ; then the Seflions will be Circles : For, 
^Def. i^ becaufe a Sphere is * made by the turning of a Semi- 
*■• circle about the Diameter, which is at Reft; in what- 

foever Pofitron the Semidrcle is conceived to be, tte 
Plane in which it is fhall make a Circle in the Super- 
ficies of the Sphere. It is alfo manifeft, that this Cir- 
cle is a greater Circle,fince the Diameter of the Sphere, 
which is likewife the Diameter of the Semicircle, is 
4. ,. . t gi^eater than all Right Lines that are drawn in tSe 
^ ^' ^' Circle or Sphere. Now, let B C D E be that Circle 
of the greater Sphere, and F 6 H of the lefler Sphere ; 
and let B D, C £, be two of their Diameters drawn at 
Right Angles to one another; let B D meet the 
ki^r Circle in the Point G, and let G L be drawn at' 
£ight Angles to A G, and AL be joined : Then, br- 
felling the Circumference £ B, as alfo the Half there- 
of, and doing thus continually, we ihall have left, at 
laft, a certain Circumference iefs than that Part of the 
Circumference of the Circle B L, which is fubtended 
by a Right Line equal to G L. Let this be the Cir- 
cumference B K ; then the Right Line B K is Iefs than 
• i« ef i*i#. G L ; and BK (hall be the* Side of a Polygon of 
equal Sides, even in Number, not touching the lefler 
Circle : Now, let the Side^ of the Polygon, in the 
Quadrant of the Circle B E, be the Right Lines B K, 
. KL, D M, M £ ; and produce the Line joining the 
X Is. n. Points K, A, to N ; and raife J A X from the Point A, 
perpendicular to the Plane of the Circle B C D E, 
meeting the Superficies of the Sphere in the Point X ; 
and let Planes be drawn tbro*^ A X and B D^ and thrd' 

AX 
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AX and KN';'^icb, from what lias been faii, wfll 
make great Circles tfl the Su^rficies of t*^ Sphere ; 
and let B XD, K XV; be Semicird^s on the Dia- 
Hi€!ters B D, K N : Then, htcatfffe XAIs pergcndi- 
cu!ar to tl^e Pkne of the CirdetBCDE, all Planes 
that pafa thro' X A ftall alfo^be perpendicular to* iS. ix-^ 
that fanie Plane. Therefore the Scrhicirclcs BXD, 
KXN, are perpendicular to that fartie Plane. And 
bccaufe the Semicirctes BEDi BXD^ KXN, are 
equal; for they Aand upon equal Diameters BD^ 
K N -, their C^jadrants B E, B X, KX, ftali be alfo 
equal. And therefore, as many Sides as the Polygon 
in the Quadrant B E has, fo many Sides may there 
be in the Quadrants BX, KX, equal to the Sides 
BK, KL, LM, ME. Let thofe' Sides be B O, 
GP, PR, RX, KS, ST, TY, YX; and join , 
SO, TP, YR; and let Perpendiculars be drawn 
from O, 8, to the Plane of the Circle B C D E : 
Thefc will f fall on B D, K N, the common SeSionsf 3S. xt* 
of the Planes ; becaufe the Planes of the Semicircles 
B X D, K X N, are perpendicular to the Plane of the 
Circle B C D E : Let the faid Perpendicular be O V^ 
S Q^, and join V Q^; then, fince the equal Circumfer- 
ences BO, SK, are taken in the equal Semicircles 
B X D, K X N, and O V, S Q^, are Perpendiculars j 
O V (hall be equal to S QL, and' B V to K Q_. But 
the Whole B A is equal to the Whole' K A ; there- 
fore the Part remaining V A is equal to the Part re- 
maining QA : Therefore, as B V is to V A, fo is 
K Q^to Q^A ; and fo V Q^is % parallel to B K. And t 2, «. 
fince O V and S O are both perpendicular to the Plane 
of the Circle B C D E, O V Ihall be * parallel to S Q. • 6. ir. 
But it has alfo been proved equal to it ; wherefore 
Q.V, S O, are f equal and parallel. And becaufef zv »• 
Oy is parallel to SO, and alfo parallel to K B j S O 
fhall be alfo % parallel to KB: Join B O, KS, andj 9. n. 
then, K B O S is * a quadrflateral Figure in one Plane : • 7, n. 
For if two Right Lines be parallel, and Points be 
taken in both of them, a Right Line joirting the faid 
Points is in the fame Plane as the Parallels are. And 
for the fame Reafon, each of the quadrilateral Fi- 
gures SO PT, TPRY, are in one Plane. And the 
Triangle Y.R X is f in one Plane ; therfefore, if Right | a* ik 
Lines be fuppofed to be drawn from the Foints O, S, 
6 P, 
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Ft T» R^ V, to the Point A» dwe idU be confti* 
tvted m certain ibiid polyhedrous Fieure within the 
Circumfeirences B X^ It X» compofed of Pp^ramick, 
wbofe BiTet are the •iiadrilaiteral Figures KBOS, 
SOFT, TPRY, andthetriangTeYRXj and 
Vertices Ihe Point A. And if there be made the 
fame Coaftmffioai on each of the Sides K L» L &1, 
M£y like as we bare done on the Side KB; and 
alfo in the other thiee Qjiadramsy and the other He- 
mifpherCy there will be conftituted a polyhedrons Fi« 
guie defcfibed in the Spiiere» compofed of Pyramids 
whofe Bales will be equal and fimilar to the aforefaid 
quadrilateral Figures^ and Triangle Y R Xt tnd Ver-i 
tices the Point A. Now^ I fay* the faid Polyhedron 
does not touch the Superficies of the Sphere^ herein 

I If* It. the Circle F 6 H is. Let A Z be drawn % from the 
Point Ay perpendicular to the Plane of the quadrilateral 
Fi|ure K! BS Oy meeting it in the Point Z ; and join 
B ^9 Z K : Then* fince A Z is perpendicular to the 
Plane of the quadrUateral Figure K B S Q, it fhall alio. 

•^«/.).ti<be* perpendicular to all Right Lines that touch it^ 
and are in the fame Plane : wherefore AZ is perpen« 
dicular to B Z and Z K. And becaufe A B is equal lo 
A K, the Square of A B ihall be alfo equal to the 

1 4* i7« Square of A K $ and the Squares of A Z» Z B, are t 
equal to the Square of A B ; for the Angle at Z is a 
Right Angle; and fhe Squares of A2^ ZK, are 
equal to the Square of AK : Therefore the Square of 
A Z» ZB, are equal to the Squares of A Z, ZK. 
Let the common Squase of A Z be taken away, and 
then the Square of B Z, remaining, is equal to the 
Square of ZK» remaining; and fo the Right Line 
B Z is equal to the Right Line Z K. After the fame 
manner we demonftrate, that Right Lines drawn from 
the Point Z to the Point 0» S» are each equal to B Z, 
Z K. Therefore s^ Circle defcribed about the Centre 
Z, with either of the Diftances, ZB, ZK, will alfo 
pais thro' the Points O, S. And, becaufe B K S O is 
a Quadrilateral Figure in a Circle, and OB, B K, 
IC d, are equal ; and O S is lefs than B K ; the An-* 
ries B Z K Oiall be obcufe ; and fo B fC greater than 
Z. But 6 L alfo is greater than B iT; therefore 
GL is much greater than B2 ; and the Square of 
GL is greater than the Square of B Z* And fince 
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' A L is ^qual to A B, the Square of A L (hall be equal 
to the Square of A B. But the Squares of A G, G L» 
together, are equal to the Square of A'Liand the 
Squares of BZ, Z A» together, equal to the Square 
of AB : Therefore the Squares of A G, G L, toge- 
ther, are equal to the Squares of B Z, Z A, together. ^ 
But the Square of B Z is lefs than the Square of G L ; 
therefore the Square of Z A is greater than the Square 
of AG ; and fo the Right Line Z A will be greater 
than the Right Line A G. But A Z is perpendicular 
to one Bafe of the Polyhedron, and A G reaches to 
the Superficies of the lefTer Sphere : Wherefore the 
Polyhedron does not totich the Superficies of the lefler 
Sphere. Therefore, thert it defcribed a/olid Polyhedron 
in the greater ^f two Spheres ^ having the fame Centre^ 
which doth not touch the Superficies, of the lejfer Sphere i 
which was to be done. 

CorolL Alfi), if a folid Polyhedron be defcribed in feme 
other Sphere, fimilar to that which is defcribed in 
the Sphere 3 C D £; the folid Polyhedron defcribed 
in the Sphere B C D £, to the folid Polyhedron de- 
fcribed in that t)ther Sphere, ihall have a triplicate 
Proportion of that which the Diameter of the 
Sphere B C D £ hath to the Dtacnecers of that other 
Sphere. For, the Solids being divided into Pyra- 
mids equal in Number, and of the fame Order, 
the fame Pyramids (hall be fimilar. But fimilar 
Pyramids are to each other in a triplicate Proportion 
of their homologous Sides ; therefore the Pyramid, 
whofe Bafe is the quadrilateral Figure K B O S, and 
Vertex the Point A, to the Pyramid of the fame 
Order in the other Sphere, has a triplicate Pro- 
portion of that which the homologous Side of the 
one has to the homologous Side of the other \ that 
is, which A B, drawn from the Centre A of the 
Sphere, to that Line which is drawn from the Cen- 
tre of the other Sphere. In like manner, every one 
of the Pyramids, that arc in the Sphere whofe Cen- 
tre is A, to every one of the Pyramids of the fame 
Order in the other Sphere, hath a triplicate Propor- 
tion of that which A B has to that Line drawn from 
the Centre of the other Sphere : And as one of the 
Antecedents is to one of the Confequents, fo are all 
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the Antecedents to aU the CqafequcntSt, Wbq;^- 
Tore^the whole foIid-Poljrhedfon^ ^hich in ip the 
Sphere defcribed abput the CeQtre At>to. the wb(^e 
foltd Pplybcdron tbatiaio ihe^thergBWc, hatj?[a 
trtpUcatc Proportion of that which hB. hath to the 
Line drawn b&n) Hhe C<i^re of , the other Sphere ; 
that i«^ which thepiameter BD h^s to ihe Diame* 
.^ . ter of |lic. other Sphere. «: 

PROPOSITION XVlil. 

The oremw 

Spbera are to one another in a triplicate Propor'^ 
■ . tion of their Diameters. 

OUppofe ABC, DEF, are two Spheres^ ^hofe 
V Diameters arc BC EF. I fey, .||hp Sphere 
ABC to the Sphere D EF, ba$ a ttiplicate Propor- 
tion of that which B C h^^s to JE F. ^ 

For, if h^iiot fo, the Sphere ABCtoaSpjiere 
cither lefler or greater than D £ F^ will have ^ tripli- 
cate Proportion of that which B C has to £ F. Firft, 
itt it be to a lefler, a» GHK; s^nd fuppofe the 
Sphere D £ F to be defcribed about the Sphere Q H K ; 
fij §fiihuznd let there be defcribed ♦^a folid l^olyhedroxi in the 
/greater Sphere D £ F, not touching the Supe;ficiesof 
rthe lefler Sphere G HlC^alfo, let a folid Polyhedron 
be defcribed in the -Sphere- A B G, fiiiiilar to that 
which is defcribed in the Sphere D £ F i then the fo- 
lid Poiyhedjon in the Sphere ABC, to the folid 
tCw»./tf^/i#Polyhedr)on in.tbc. Sphere DEF, will have a f 
ifJPrPf, triplicate Proportion of that which B C has to E F : 
But the Sphere A B C to the Sphere G H K, hath a 
triplicate Pt oportion of that which B C hath to £ F ; 
therefore, as the Sphere A B C is to the Sphere GHK, 
fo is the folid Polyhedron in the Sphere A B C^ to the 
folid Polyhedron in 4he Sphere DEF; and fbir In- 
verfion) as the .Sphere AB C is to the folid Polyhe- 
dron that is in it, fa is the Sphere G H K to the Ijplid 
Polyhedron that is. in the. Sphere D£F.. Bjut.t^ie 
Spliere A B C is greater .thanthe, SqJ id Poly nedron that 
is iii it ;.ifberefore the Sphere G H K is alfo greater 
than the Solid Polyhedron tnat is in tbeSpherc JD £ F, 

aad 
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ftnd al^ left than it, as being comprehended thereby^ 
which is abfurd ; therefore the Sphere ABC to a 
Sphere lefs than the Sphere D E F, hath not a tripli* 
c4ce Proportion of that which B C has to £ F. After 
the fame manner it is demonffrated, that the Sphere 
D £ F to a Sphere lefs than A B C, has riot a tripli* 
cate Proportion of that which £ F has to B C : I fay^ 
moreover, that the Sphere A B C to a Sphere greatet 
than D £ F, hath not a triplicate Proportion of that 
which B C has to £F : For, if it be poffible, let it 
have to the Sphere L M N greater than D £ F ; then 
(by Inverfion) the Sphere LMN to the Sphere 
ABC, ihall have a triplicate Proportion of that 
which the Diameter £ F has to the Diameter B C^ 
But as the Sphere L M N is to the Sphere ABC, fo 
is the Sphere D £ F to fome Sphere lefs than A B C^ 
becaufe the Sphere LMN is greater than D £ F. 
Therefore the Sphere DEF to a Sphere lefs than 
ABC, hath a triplicate Proportion of that which £ F 
has to BC, which is abfurd, as has been before 
proved. Therefore the Sphere A B C to a Sphere 
greater than D £ F, has not a triplicate Proportion of v 
that which B C has to £ F. But it has alfo been de« 
monftrated, that the Sphere ABC to a Sphere lefs 
than D £ F, has not a triplicate Proportion of that 
which B C has to E F : Therefore, the Sphere ABC 
U the Sphere DEF, has a triplicate Proportion of that 
which B C has t$ E Fi which was to be demon-* 
ftrated. 
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Of Plans and Sphkical. 



TRIGONOMETRY. 



DEFINITIONS. 

rHE Bujimfs of Trigonometry is^ to find tbo 
Angles when the Sida an given^ and the Sida^ 
or the Ratios of the SideSy when the Angles are 
given ; and to find Sides and Angles^ when Sides and An* 
gles are given : Jft order to whicbj it is necejfary^ that 
not only the Peripheries of Circles ^ but alfo certain Right 
Lines in and about Grcles^ befuppofed divided intofome 
determined Number of Parts. 

And fo the antient Mathematicians thought fit to di" 
vide the Periphery of a Circle into 360 PartSy which 
they call Degrees ; and every Degree into 60 Minutes j 
and every Minute into 60 Seconds \ andy again^ every 
Second into 60 Thirds ; and fo on. And every Angle is 
faid to he of fuch a Number of Degrees and Minutes y as 
there are in the Arc meafuring thai Angle. 

There are fome that would have a Degree divided 
into centefimal PartSy rather than fexagefimal ones ^ 
and perhaps it would be more ufeful to dividey not only a 
Degrecy hut even the whole CircUy into a duplicate Ratio \ 
which Divifi'in may fome Time or other gain Place. 
NoWy if a Circle contains 360 DegreeSy a ^adrant 
thereof y which is she Meafure of a Right- AngUy will 
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ffi 90 oftbofe Parts : And if it contains lOO Parts^ a 
Quadrant will he 25 of thefi Farts. 

The Complements of an Arc is the Difference thereof 
from o ^adrant. 

A ^hor^ or ^^htzzikyis o'Rtgit Line drofimfronf^ 
fine End of the An to the other. 

The RigKt Sine of any" Arc'^ whipSriralji'cOlnntinfy 
failed only a Sine, is a Right Line drawn^frofn one Pnd 
' of an Arc^ perpendicular , to the Radius drawn thro* the ' 
other End of jfi^e fgid ^Arc y and i^ th^rtfore the Semi' 
fubtenfe of double the Arc j viz. D firr^*. D O, and tbe4rc 
DO is double of the Arc DB. Hence ^ the Sine of 
an Arc of 3^ Degref is equal to one half of the R41T 
dius. For {hj$ CoroM 15. El. 4.) the Side of an ifcjp. 
fgon infer ibed in a Circle^ that is^ theSubtenfe of bo De-r 
greesy is equal to the Radius * A Sinfi divides the Radius 
into two Segments CE^EB} one ofwhifh^ Q £, which 
is inter ffpted between the Centre and the Right Sine^ is the 
ISine of tfk OmpUmAit cf the AfcDBttfa ^adrant 
(for C p=F D, which is the Sine of the Arc ufi), W 
is called, the Cofine : The ofher^ Segment B E, which is 
intercepted ^twein the Right' Sine and the Periphery y /> 
• cdtled a VerfiiSinCy and fomrtt met a Szpttst. 

And, if tU Right Line C G be' froducidfrm the 
Centre C; fBro* one Effd D of the Arty untii it mtM the 
fiJ^ht Line If G, iuhicb is pei^petldJiuM to the Dimeter 
draicn ' thro*^ thp other End t^Jf /*> Arc y thenQG it 
cdM the Secant, and B'G the Tangent, if the Arc D*. 

The Cofccant and Cptangeht of dn Arc are the Secafif 
and "ta^'gent of that Arc which is ibi Coniplefrient of the 
former An ti a ^adrant, NoftCy Ai the Chord of an 
ArCy and of its Complement to a Grcfei is the fanie ; fo^ 
tikeivipy are thi Urtey Taiigenty drid Secfiftt, of an.Arc^ 
the farfie as ih^e Siniy Tangent^ and Secant^ of its Com- 
plement to a Semicircle, 

', The Sinus Tptus is ^e ^reqieft STkcy or tbi 'Siie of 
^0 Degreesy ivhich is eqUdl to the Rddins if the Circle. 

A Trigondltirtrfcal Canon is ti ThMoy whicby begin^ 
ningfrdm dfie Minute^, orderly pcprejjes the Lengths thdf 
rvery Siftey tangent, and Secant havel in Yef^eet of fhe 
^adihsy which hfuppofed Unity 5 ana is conctiifed to hi 
flivided inth 10,000,000 or fnore decimal Parts. And 
To fhf Sl^e'j f'an^M) or Secant', of ah Arc, may he bat 
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hy Help of this Table ; anJ^ contrariwife^ a Sine^ Tan-- 
£ent^ or Secant^ being given^ we may find the Arc it ex* 
prejis. Taki not^cfe^ That in the following Tra^^ R. 
Jignifieiihe RadiuSy S. a Sine^ Cof. a Cofine^ T. a Tan* 
genty and Cot. a Cotangent; alfif ACq fignifies the 
Square of the Right Line A C ; and the Marks or Cha^ 
rASfers +,— ^ =, : : :, and v', are^ feverally^ ufedto 
Jignify Addition^ Suitra^ion^ Equality^ Proportionality ^ 
and the ExtraSiion of the Square Root : Again^ when a 
Line is drawn over the Sum or Difference of two ^an* 
tifiesy then that Sum or Difference is to be confidered as 
one ^antity. 



The Constructions of the 
Trigonometrical Canon. 

PROPOSITION I. 

Theorem. 

The two Sides of any Right-angled Triangle being 
given, the other Side is alfo given, 

FOR (by 47 of the firft Element) ACq=ABq 
+ BCq and ACq— BGq=Ai3q and inter- 
changeably A Oq — AB q=B C q. Whence, by the 
Extra6lion of the Sq\iare Root, there is given A C=s 

^ Abq-fBCq; and A BzrV^ACq— BCq; and 
BC= v' ACq— ABq. 

i 

PROPOSITION II. 

Problem. 

The Sine DE of the Arc^H, and the Radius 
C D, being given, to find tf^e Cofine D F. 

'T* H E Radius C D, and the Sine D E, being given 
-•■ in the Right-angled Trianale C DE, there will 

be given (by thclaftPr^^) v'CDq— DEqzz(CE=) 

DF. 

T4 PRO. 
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PROPOSITION III. 

Problem/ 

^be Sine HEcf any Are D B htini given^ to find 
D M <?r B M, the Sine <?/ Half the Arc. 

D £ being given, CE (by the laft Pr^^.) will be 
given, and accordingly £ B, which is the Difference 
between the Cofine and Radius. Therefore D£» 
E B, being given, ki the Right-angled Triande 
P B E, there wdl be given D B, whofc Half DM 
is the Sine of the Arc D L:^^ the Arc B D« 

PROPOSITION IV. 

P RO B L E M. 

^ ^be Sine BMef tbe Arc B L being given^ to find 

the Sine of double that Arc. 

'Tp H E Sine B M being given, there will be given (by 
* Prop, 2 J the Cofine C M. But the Trianglca 
C B M, D B £, are equiangular, becaufe the Angles at 
* £ and M are Right Angles, and the An^le at B com- 
mon : Wherefore (by 4. 6.) w^ have C B : CM:: 
(B D, or) 2 B M ; D E. Whence, fince the three firft 
Terms of this Analogy are given, the fourth alfo, 
which is the Sine of the Arc D B, will be knosvn. 

CorolL Hence CB:aCM::BD!2DE; that is, 
the Radius is to double the Cofine of one Half of 
the Arc D B, as the Subtenfe o^ the Arc D B is 
to the Subtenfe of double that Arc. Alfo, C : 

2 C M : : (2 B M : 2 D E : :) B M : D E : : t C B : 
C M. Wherefore the Sine of an Arc, and the Sine 
of its Double, being given, the Cofine oi ^he Arg 
itfclf is given, 

P R O^ 
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PROPOSITION V. 

Problem. 

The Sines of two Arcs^ B D, F D, being given, 
to find F I the Sine of the Sum^ as likewife 
E L, the Sine of their Difference. 

T £ T the Radius C D be drawn, and then CO is 
"*^ the Cofinc of the Arc F D, which accordingly is 
given, and draw O P thro' O parallel to D K ; alfo let 
O M, G E, be drawn parallel to C B : Then, becaufe 
theTrianglesCDK,COP,CHI,FOH,FOM, 
are equiangular ; in the firft Place C D : D K : : 
C O : O P, which, confequently, is known. Alfo, 
we have CD: C K : : FO : F M ; and fo, likewife, 
this (hall be known. But becaufe F 0=£ O, then will ' 

FM=lVlG=^ON5 andfoOP + FM-FI=Sine 
of the Sum of the Arcs : And QP — FM ; that is, 
O P— O N=:;E L=Sine of the Difference of the 
Arcs I which were to be found. 

CoroU, Becaufe the Differences of the Arcs B £, B D, 
B F, are equal, the Arc B D fhall be an Arithme- 
tical Mean between the Arcs B £, B F. 

PROPOSITION VI. 

Theorem. 

The fame Things being fuppofed^ the Radius is to 
double the Cojine of the mean Arc^ as the Sine 
of the Difference is to the Difference of the Sines 
of the Extremes. 



F 



O R we have CD:CK::FO:FM; whence, 
by doubling the Confequents, C D : 2 C K : ; 

F O : (2 F M, or) to F G, which is the Difference 

of the Sines EL, F I. W. W. D. 

CorolL If the Arc B D be 6o Degrees, the Difference 
of the Sines F I, £ L, (hall be equal to the Sine F O, 
of the Difference. For, in this Cafe^C K is the Sine 
of 30 Degrees ; the double whereof is equal to the 
Radius i and fo, fiace C D=3t C K, we jQiall have 

FO 
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FO=FG. And,confequentIy,ifthctwoArc8BE, 
BF, arciquidifQnt frjoif fb^ Arc 6f ^'Degrees, 
the Difference of the Sines (hall be equal to the 
Sine of the DifFefcnce F D.* ' 

Cfirpll*^ 2,1 H?"^?* if ^he Sines of all Arc^ diftant from 
one another' by a,glven Interval^, oe gfv^ri, ,ffom 
the Beginning of^ a -Quadrant to 6o'D^rees, t1ie 
o'ther Snpi may bp foun^.by one y^ddition only.. 
For the Sine of ^i, Degrcesnthe Sine of 59 Dc' 
crees-f tl)e Sine of i Degree ; and /the Sine of 62 ' 
jDcgr^es=::the Sine of 58;Degrees+^the Sine of 2' 
Degrees : Alfo, the Sirie of h\ Dpgrees=the Sipe' 
of 5^ Degrccs+ihe Sin^ of 3 Degrees^ and fo on. 

CoroU, 3. If the Sines of all Arcs, from the Beginning 
of a Quadrant to any Part of the Qjjadrant, diftant 
from each other by a given Interval, be given,' 
thence we may find the Sines ofalT^rcs to thc^ 
^ Double of that Part, for Example^ Let all the 
Sines to 15 Degrees be given ; then, by tlie prece- 
dent Analogy, all the Sines to 30 Degrees "may be 

. foiind: For the Radius is to dpubie the Cofuie of 
15 Degrees, as the Sine of i Degree is to the Djiffer- 
cnce of the Sines of 14 Degrees, and 16 pegrees: 
So, alfo, is the Sine of 3 Degrees, to the Difference 
between the' Sines of it and 18 Degrees ; and fo 
on continually, until you come to the Sine of 30 
Degrees. 

Aft^r the fame manner, as theRadius is to double theCo- 
fi^nc of 30 Degrees, or to double the Sin* of 60 De- 

Se.cs, fp is the Sine of i Degree t6 the Difference of 
e Sines of 29 and 31 Degrees: : Sine 2 Degrees 
to the Difference of ^he Sines of 28 and 32 Degrees 
: : Sine 3 Degrees, to the Difference of the Sines of 
27 and 33 Uegrces. But, in tfils Cafe, the Radius is 
to douVfe the Cofine of 30 Degrees, as 1 16 \/ 3. 

See Fip. of the Definitions. 
* Let B p be an Arc of 30 Degrees : 
' Rai. T^an. ' Cofine Sine 
T hen, as CB : BG: ; FD^DE. DO=zCB;fr^«DE=:i: ; 

i/CD7^DE2=^^E=: ^1:7^^1/1 ; CD : CE : : I : v^l ; 

CD:2GE::i:2VT=VV/3-^-^-^-'^-^ 

And, 
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Andy accoidingly|.if^9 SkiQSior^b^D^anc^sjrroin 

the Arc of 30 Degrees, be multiplfed by V 2, the 
DiiFerences of the S\m% will b^ h«d. 
BQi likewife, may the Sines of the Minutes in the Be- 

f imping of' th« Q^cadrant ihi fdm^i^ by having , the 
ines and Cofioes of one and two Minutes given. 
For, as the Radius is to double the Coftne of '2': : 
*Sihe V: Drtftrertccof theSrncsof 1' and 3': : Sine 
2' : Difference of; the^S^nes ofi o' and 4' ; that is, 
to the Sine of 4'. And fa, the Sines of the*fouc 
Brfi'MiniKes being^rven, we may thereby find the 
jSines of the others to 8^ and from thence- to^ 16'* 
jiind Co oti, 

PRiO POSITION ViX. 

i 

THEQ.RBAi* 

fnfmaU Jrcs\ tbn Sine^ and J^angents of the fame 
' Aus^ ate marlf. ta one, amther*y in a. Ratio of 
EfialUy. 

TpO,R» becaufe the Triangles C E D, CBG, arc 
* e4;iianguJ5ir» C E : C B : : E D : R G. But as the 
JPoint E approaches B, E B will vanifli in refpcd of the 
Arc B D 'f whence C E will become nearly equal to 
CB, and (a £ Q will be aifp nearly eq^ual to B G. If 

I 

E B be Icfs than the—: — r- r^^^ of the Radius, 

io,oop,ooo 
theiv the Difference between the Slni^ and the Tajigent 

I 
wil^ be ^Ifo ^fs dia^ thcr — — — r — Part of the Tan- 

I9,oo0j000 
gent. 

Coroli Since any Arc is lefs than the Tangent, and 
greater than its Sine,, and the Sine ^d 1 angent of 
51 very fmall Arc are nearly equal ; it follows, th^t 
the Arc ihall be nearly equal to its Sine : And fo, in 

, very fmall Arcs, it Ihall be* as Arc is to Arc, fo is 

P»n«i.9§!"»? 
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PROPOSITION VIII. 

Problem; 
To find the Sim 0/ the Arc of one Minute. 

'T^HE Si8e Qf a Hexagon infcxibed in a Circle, that 
^ is, the Subt6nfe of 60 Degrees, i^ equal to the Viz-* 
dius (by CarolL lyhofihe^b); and fo the Half of the 
Radius (hall be the Sine of the Arc of 30 Degrees. 
Wherefore the Sine of the Arc of 30 Degrees being 
giv€n> the Sine of the Arc of 15 Degrees may be 
found {by Prop. 3,) Alfo the Sine of the Arc of 15 
Degrees being given {by the fame Prop,) we may have 
the Sine of 7 Degrees 30 Minutes : So, like wife, can 
we find the Sine 6f the Half of this viz. 3 Degrees 45'; 
and fo on, until twelve Bife£lions being made, we come 
to an Arc of 52*, 44', 03*, 45', whofe Cofine is 
nearly e^ual to the Radius ; in which Cafe {as is ma- 
tilfeji from Prop. 7.) Arcs are proportional to their 
Srnes : And fo, as the Arc of 52*, 44', 03*, 45^, is. to 
an Arc of one Minute, fo fhali the Sine before found be 
to the Sine of an Arc of one Minute, which therefore 
will be given. And when the Sine of one Minute is^ 
found, then Ihy Prop. 2. and ^.) the Sine and Cojine 
of two Minutes will be had. 

PROPOSITION IX. 

Theorem* 

If ibe Angle BAG, being in the Periphery of a 
Circle^ be bifeSed by the Right Line AD, and 
if A C'b'e produced until Y> £= A D meets it in 
E; tbenfhallCE^AB. 

IN the quadrilateral Figure A BDC (fy 22. 3.) the 
Angles B and D C A are equal to two Right Angles 
=:D£e+DCA (^;^X3. I.): Whence th^ Angle B 
= DC E. But, lilcewife, the Angle E-irD AC (^ 5. 
I.)=:D AB,. and DC=DB: Wherefore the Tri- 
angles BAD and C E D are congruous, and fo C £ is 
equal to A B. W. W. D. 

5 PRO- 
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PROPOSITION X. 

Theorem. 

Let the Arcs AB, BC, CD, DE, EF, 6?f. ^ 
equal i and let the Subtenfes of the Arcs AB, 
A. C, A D, A £; &f . he dtawu ; then mil A B 

:AC::AC:AB+AD::AD:AC+AE 
::AE:AD+AF::AF:AE+AG. 

A 

LETADbeproducedtoH, AEtol, AFtoK, 
and A G to L, (o that the Triangles A CH, 
A D It A £ K, A F L, be Ifofceles ones : Then, be- 
caafe the Angle BAD is bire£led, we ihall h^e 
D Hr: A B {by the Iqft Pr^p, ) ; fo likcwife fliall E 1= 
A C, F K=AD, alfo GL=:AE. 

But the Ifdceles Triangles A B C, A C H, A D I, 
AEK, AFL, hecaufe of the equal Angles at the 
Bafes are ecuiangular : Wherefore it fliall bey as A B : 
AC: :AC:(AH=:) AB+AD::AD:(AI=:) 
AC+AE ::AE:(AK=) AD+AF : : AF : 
(AL=)AE+Aa W.W.D. 

CoroU. I. Becaufe A B is to AC, as Radius is to dou* 
ble the Cofine of 4. the Arc A B, it fhall alfo be {hy 
CorolL Prop, 4.} as Radius is to double the Cofine 
ofitheArcAB, fo is 4 AB :4 AC : : 4. AC : 
I.AB+4AD :: 4 AD: 4^ AC+iAE :: 4. 
AE:4 AD+J.AF, ^c. Now let each of the 
ArcsAB, B C, C D, (ff^:. be 2' ; thenwill4AB 
be the Sine of one Minute, 4 A C the Sine of 2 Mi- 
nutes, 4 A D the Sine of 3 Minutes, 4 A E the Sine 
4 Minutes, &^. Whence, if the Sines of one and 
two Minutes be given, we may eafily find all the 
other SmtSy in the following manner. 

Let the Cofine of the Arc of one Minute, that is, the 
Sine of the Arc of 89 Deg. 59', be called Q^; and 
make the following Analogies ; R. : 2 Qj, : Sin. 2' 
': S I'+S. 3'. 'Wherefore the Sine of 3 Minutes 
will be given. Alfo, R. : 2 Q.: : S. 3' : S. 2'+S. 4'. 
Wherefore the S. 4'-is given. And R. r^ Q^: : $• 
V : S. 3'+ S. 5'i and fo tbe^ine of 3' will be had. 

Like- 



Likewlfe, R. : 2 Q^: : S. 5' : S. 4'4-S. 6'; and (b we 

fliall Iwve theS,ine4>f b'.oAi^dHiHi'^f fanner, the 
Sines of every Minute of 'the <Qil^rSint will be 
given. And becaufe the RadiuSf or the firft Term 
of the Analogy; is iLlYiity,* the Operations will be 
>i^h 'git^t Eafo aH ExpedfttoRxulcuUted^y JMuI* 
'^iplication, and contrafkd by A</($tion. When the 
' Sines are fouhd td 66 Degrees, '^11 ;(;he other ^ines 
* ri}a^ bt hkd fcy Addition t^nly^ f*y Cl?r. 1/ ^f^. 6.) 
"Thi Sitt^ bemg given^, ^ha* TaDgentsond SecantI may 
befdtindfrdni theiblloMntig.Atialogie$^(in the Fi- 
gure for the Definitions) $ becaufe the Triangles 
C £ D, C B 6, C n I^ are equbnguliri^^ wt have 
CE':ED::OBrBG; that i8,*GdD:S. ;/5R.fT. 
' GB::BC::OHjHI; that is, T. : R : < ^.t:;Qpt. 
* C £: C D r: C B: C G; thatis^Oof^^ R. : : R. : Secftpt^ 
: >P£;CI) :i: OH: CJi thatit»S..^R. : :R«: Oefec. 

SC H O L I U M. 

Tljat great Gpnitirtcian^^ani in40/np<^aUi Fblkfo* 

f fbir^ . Sir Ifaac Nowton, • waf ibi firft that laid^hwn 

. a Seriet tenverffng^ in ln6nitwm ; ffotn whub^ bmng 

ibi Ara givtn^ tbeir Sines may he. found. Tf^uSf, ij^an 

Arc he called A, and ibe Radius be dn Unit^ tbe Sine 

tbereof tuiii bejfound to^ be 

A' A* ' A7 A^ 

A ' ' ' ' "f* "." ' ■ *f- ■ ' ■■ »■ . ' . ■' ■ cyitfw 

1.2.3 ' I 2.3.4.5 ' i'2.3.4..5.6.7^ i«^«^3*4.*5*6.7,.8.9 

AndtbeCofine^ 

A. A4 A^ .A, 



1.2 1.2.3.4 1.2.3.4.5.6. 1.^^3.4.^5.6.7.8 

Theft Series in the Beginning of thi^aira^nty 'when 
tbe Arc A is butfmall^ fion converge. For f» the Se» 
ties for the Sine^ if A does not exceed 10 Minutes^^ the 
two firft Terms thereof^- vizw At-.|A^# give, tbe Sine 
to 1$ Places of Figures. If the Arc A be not greaiter 
' than one Degree^ the three firft Terms will exhibit the 
. Sine to 1$ Places of Figures j andfo tb^ faid Series are 
very iifeful for finding the firft - and loft Sines rf tb^ 
^adrant. But the greater the Arc A isy tbe, more 
are tbe Terms of tbe Series, rejuired to bavt tbt Sine^ int 



'i^^s^th^ id a ii^i^PJacey nidges, 'jtniihcn, 
%0^'ihe% 'is 'nearly- iM^^^ th/ Merles 

' cofdjiries vers^%Wy ^nd\hetefofe^ this ^ I 

lZetiii]kSotir Serlesf/mnar^mlen^^ ma. 

"^ wherein tjuppofe^'the Arc^'whofe 'Sine is'/iu^hty 'tVfhe 

^um or Difference tf nvo Arcs^ via. A+z, orkr-^ : 
'And lei the 'Sine of the Art A be catted "z^ and the Coftnt 
' \f. ' then the Sine of the yfrc' A + z' wilt 'b^ expr^JJed 

thus: 

. bz a»* ba^ az* bz* 

1/ a +-^- — r— r-7— r-+-T-^ + : r-^<. 

A I i 1.2 1.2.3 1.2.3.4 1.2.3.4.5 

jlnd the Cofine is. / 

a^ b»* az' bz* ^ az* bz^ 

2. b> ■+.^»^ — <;■'■ ■ ' ' ' — '-* 

I ^1,2/1.2.3 ,1.2^3.4.: J.2.3.4.5 Jt.2.3.4.5,6 
In like manner the Sine of tbe Arc hcr-^ is 

bz az* bz^ az* b^* az* 

, ^ 1 

J, ai " ■ ■ ■ '+ . ■ ■ ■ "^ 



■^ ■.«MnM«aMr aMMii«WMiH« te«Wi 



I 1.2 1.2.3 i»2'3»4 •i«3'3.4*S 1.2.34.5.^ 

And the Cofirie is 

az bz* az^ bz* az* 

4. b4- II I ■' ' +' V ' . ■ '+■ • ' ' ', ' -" ;^^* 

, , I ^ 1.2 ^ ^•^'X* ^:i?'3:^. V^*3-*'5 

iH&tf ifrr A, I J an arithmeiical i^ean between the Arc 
[ A-7Z, 'and thi Arc A+z, And ^ibe Differenced of the 
Smes are 

bz az* bz' az* 'bz* az^ 

jj. ! — — L4:__-t+ ^ ' ■. fef^t 

I 1,2 J.2.3 i.^J.4 ^•2.3.4,s I.2.3.4-5-6 
bj: a»* l»' az* bzs az** 

6, ^+. -T-r + --+-—: — 55fc* 

.. I 1,2 l.j?-3 l-it3-4 1-2.3.4,5 1.2.3,4.5.6 

Whence the Difference of thi Differ enca^ or Jecond 
Difference, will be 

2az* 2az4 2az^ 

1.2 jc,a.3.4 1.23.4.5.6 

Of 3ia X — I ' i ! ■+' ■ , ^ -s^^t 
1,2 1.2.3.4 1.2.34.5.6 

mich 
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Which Seriis is ifuai t9 dauUe tbi Sine oftbi tmaa Arct 
drawn into tbi Verfgd Sim oftht Arc z, and cowoergH 
veryfocn. So that ifzbe the fir Ji MinuU of tbi 5|"^* 
drant, tbifirji Term of the Series gives the fecondvif" 
ference to i^ Places of Figures^ and thefecond Term to 
2$ Places. 

From bencci if toe Sines of the Arcs^ difla^t one Mi" 
nute from each other ^ he given \ the Sines of all the Ara^ 
that an in the fame Progrefjion^ may be found by an ex* 
ceeding eafy Operation. 

In thefirji andfecend Series^ f/* A=o ; thenfiallz^:zOf 
and b its Cofine will become Radius^ or i • And hence if the 
Terms wherein sl is^ are taien away ^ and i be put inftead 
ofhy the Series will become the Newtonian, in the third 
and fourth Seriesy if h be (jO Degrees^ we fhall have 
b=o, and,z:=ii. Whence^ agoiny taking away all the 
Terms wherein b is^ and putting i infiead ofz^ we fhall 
have the Newtonian Series arife. 

Note, All the faid Series ea/ilyfiow from the Newto- 
nian ones. By tin fifth Propofition. 

PROPOSITION XL 
Theorem. 

In a Right-angled Triangle^ if the Hypotbenufe he 
made the Radius ^ then arc the Sides the Sines of 
their oppojite Angles ; and if either of the Legs 
he made the Radius^ then the other Leg is the 
Tangent of its oppojite Angle^ and the Hypo* 
tbenufe is the Secant of that Angle. 

I T is manifcft, that C B is the Sine of the Arc D, 
^ and A B the Cofine thereof; but the Arc C D is the 
Meafure of the Angle A, and the Complement of the 
Meafure of the Angle C : Moreover, if A B in the fe- 
cond Figure to this Propofition, be fuppofed Radius, 
then B Cis the Tangent, and A C the Secant of the Arc 
B D, which is the Meafure of the Angle A. So, al(b, if 
B C be made th&Radius, then is B A the Tangent, and 
AC the Secant,of the Arc BE, orAngleC. W.W.D. 
Therefore, as A C being takt*n as fome given Meafure, 
is to B C taken in the (ame Meafure; fo (hall the Num- 
ber 10,000,000 Parrs, into which the Radius is fup- 
pokd to be divided, he to a Number expreffing, in the 

fame 
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fahie Parts, the Length of the Sine of the Angle A ; ^ 

that is, 

it will be, as A C : B C : : K : S^ A. 

by the fame Reafon^ as AC : B A : : R : S, C. 

alfo, as AB : BC : : R : T, Ai 
and^ as BG : BA : : R : T, C. 

Ahd To, if any three of thefe Proportionals be given^ 
the fourth may be fduiid by the Rule of Tbra* 

PROPOSITION XII. 

T H £ d R £ Hi. 

Sides ef plane Triangles are ds the Sines of 

tieir ofpojite AngUs. 

T F the Sides of a Triangle, irifcribcd in a Circle, be 
^ bife(£led by perpendicular Radii; then (ball the half 
Sides be the Sines of the Angles at the Periphery ; for 
the Angle B D C, at the Centre, is dotible of the Angle 
B A C at the Periphery {by 20 El lib. 3.) ; and io (the 
Halfoif BbC, viz,) BDEi=BAC, and BE is the 
Sine of (B D E, or) B AC. For the fame Reafon, B F 
fliall be the Sine of the Angle B C A, and A G thd 
Sine of the Angle ABC. 

In a Right-angled Triangle v^e have BD=l.Bd 
=: Radius [by 31 End. 3.) ; but Radius is the Sine of 
a Right Angle : Whence half B C is the Sine of the! 
Angle A. 

Xn art obtufe-angled Triangle^ let BI, CI, be 
drawn ; and then the Angle I (Hall be the Comple- 
ment of the Angle A to tvro Right Angles {hy^zEl. 3. J; 
and fo they (hall both have the fame Sine. But thflt 
Angle BP £ (wboftf Sine is BE^s: Angle I ; there- 
fore B £ {hall be the Sine of the Angle B A C. And 
fo in every Triangle, the Halves of the Sides are the . 
Sirfes of the oppofite Angles : But it is manifeft, that 
the Sides are to one another as their Halves. And 
therefore, the SiJes $f plam Triangles are as the Sines of 
iheir oppofite Angles. W. W. D, 

' '' / ■ 
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PROPOSITION xiir. 

T H s o & B M. 

In a plane Triangle^ the Sum of ibe Legs y the 'Dtf^ 
ference of the Legs^ the Tangenf of the half Sum- 
of the Angles at the Bafe^ and the Tangent of 
one half their Difference ^ are proportional. 

LE T there be a Triangle ABC, whofc Legs are A B^ 
B C, and Bafe A C! Produce Aa to H, fo that 
B H=:BC ; then (hall A H be the Sum of the Legs}, 
and if you make B IzzB A, then I H will be the Dif-^ 
ference of the Legs* Alfo, the Anrie H-B CrzAngle* 
A+ACB(^;F32£/.i.);andfoEBCtbeHalfther©of 
szhalf the Sum of the Angles A, and. A C B, and its 
Tangent (putting the RadiuszzE B) is EC. Again^ 
letBD be drawn parallel to A C, and make H FnC D ;. 
then, finceHB=CB, we (hall have {Byj^EL i.) the 
Angle H B F=C B D=BC A (*;^.29i?/. i.) Aifo, the 
Angle H B D=Angle A ; whence F BIXhM be the 
Difference of the Angles A and AC B, and £ B !>» 
whofe Tangent is E D, half their Difference. LetIG 
be drawn thro* I parallel to A C or B D ; and then (iy: 
2£/. 6.) AB:BI: :CD:DG. ButAB=B]? 
whence we (hall have C D=D G i but C D=H F,. 
and fo H F=:D G j and, confcquently, H G=D F,. 
andf H G=t DF=:D E ; and becaiife the Triangles 
A H C, I H G, are equiangular, it fifall be, as A H :. 
IH::HC:HG::tHC:tHG::Ee:EI>. 
That is, A H th^ Sum of ibe Legs^ /« I H the Difference 
of the LegSy Jball bey cj E C the Tangent of one half the- 
Sum of the Angles at the Bafe^ to ED the Tangent ofone^ 
Mf of their Difference. W. W. D. 

PROPOSITION xiy. 

Theorem. 

In aplano Triangle^ the Bafe^ the Sum of the Side^: 
the Difference of the Sides^ and the Differ enct^ 
df the Segments of the Bafe y are proportional. 

LE T D C be the Bafe of the Triangle BCD. About 
. the ^ntre B, with the Radius B U, let a Circle be 
defcribed; produce D B to G^ and from Bkt fall B £ 
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(Perpendicular to the Bafe; then (hall D G=:D B+ 
iB CzzSum of the Sides^ and D H=:Oifierence of the 
Sid^s ; and D £> C £» are the Segments of the Bafe 
whofe DifFdrence is DF; then, becaufe (hy Cor. 
^Prafis J7. EL 3.) the Redangle under D C and D F 
is equal to the Redangle under D G, I^ H, it (kail 
be {6yi6£l.6.), as DC : DG : : DH : 1>F. 

PROPOSITION XY. 

» 

Theorem. 

The Sum and Difference ^ any two ^miitm W^ 
ing giveny to find the Scuantities tbemfelvtSi 



I 



F ope half of the Sum be added to one half of the 
PifFqr^nce, the Aggregate (hall be equal to fhe 
greater of the Quantities ; and if from one half of the 
Sum be taken one half of the Difference, the Refidue 
Ihall be equal to the lefler of the Qijiantities. For, fee 
there be two Quantities A B, B C j and let there be 
taken A D=B C ; then D B will be their Difference^ 
-and AC (heir Sum ; which, bifeded in £, gives A K 
or E C the half Sum ; and D E or E B the half Dif- 
ference. Hence, A B=:A E+EB=the half Sum-f 
the half Difference ; and B C=:C E— E B= the half 
Sum — the half Difference. 




' Note, I. In any plane Triangle^ if two Jnglei be given 
ibs third Angle is alfo given \ becaufe it is their Compicr 
ment t§ two Right Angles. ' 

\\. If one of the acute Angles of a Right -dngled Tri" 
etngli be given, fhe other acute Angle will be given, 3/- 
eaufe it is the Complement of the given Angle to a Right 
Angle, 

li[. And if two Sides of a Right-angle I Triangle be 
given, the other Side m/ry be found by the firji Propofi* 
tion^ without a Canon. 



U2 
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^be Trigonometrical Solutions of a Rigbt-angleJ 
Triangle may be at follows, Vid. Fig, A, 



I 



Given 



The . 
Legs A B 
andBC 



Sought 



Ihc 

Leg A B, 

and the 

Hypo- 

thenufe 

AC 




JUm 



Make, 



as 



AB:BC::R: T, ©f 
the Angle A, whofe Com- 
plement is the Angle C. 



AC: AB: : R : S, C, 
wbofe Complement is the 
Angle A. 



K: i. A: : AB rBC 
S, C:R::AB:AC. 



The 
Hypo- . 
4f thenufe 
AC, and 

the Angle 



« iiilMil 



K:S, C:: AC:Afi. 



The Trigonometrical Solutions of Oblique-angled 
Triangles. Vid. Fig. to Prop. i2, 

Ma lce^ as 

5,(J:fc),A::AB:iC.AJib. 
S, C : S, B: : AB: AC. But 
when two Angles are given, the 
third is alfo given : Whence the 
Cafe wherein two Angles and a 
Side are given, to find the reft, 
falls iiito this Cafe.. 




Givti) 



" — J C H 




I Given 
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\ Make, as 
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All the 
Angles 
AjByC. 



The 
two 
Sides 
A B, 
BC, 
and C, 
the An- 
gle op - 
poiiteto 
one of 
them^ 



Sought 



All the 
Sides 
AB, 
AC, 
BC. 



ihc 

Angles 
A and 

B. 



The 
Angles 
A and 




>,C :S,A:: AB : BC. And 
L C : S, B : A B : AC. Whence, 
ir\the Angles are given, the Pro- 
portions of the Sides may btf 
found, but not the Sides them* 
ielves, uniefs one of them be fir ft 
'<nown. 

AB;BC::6,C:S,Ajwhich 
cherefore may be found. When 
\ By the Side oppofite to C, the 
;iven Angle, is longer than CB» 
the Side oppofite to the fought 
Angle, the fought Angle is lefs 
chan a Right one. But when it 
is (horter, becaufe thp Sine of an 
Angle, and that of its Complex- 
(Tient to two Right Angles, is the 
fame, the Species .of the Angle A, 
(nuft be firft known, or the oolu* 
non will be ambiguous. 

l^td. Ftg. toi^ri>/>. 13. BC+AB;. 
BC-^AB : : T,^±S - T, A— C 

2 2 

Whence is known the Difference 
of the Angles A and C, in^ofe 
Sum is given $ and fo ^by Propp 
15.) the Ancles jibcp).lclyes will 
be giv?n. 



f^id. Fig. B. Let the Ferpendi- 
cular be drawn from the Vertex 
to the Bafe, and find the Seg- 
ments of the Bafe by Prop, 14,' 
viz, makeasBC : AC+AB:: 
AC-^AB: DC— DB. /And 
fo B D, D C, are given from this 
Analogy ; and thence the Angles 
ABD, ACD, will be given by 
the RtTolution of Right-angled 
Triangles. 
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Spherical Trigonometry, 



DEFINITIONS. 

• * 

I, CJ^HE Poles of a Sphere \are two^Pcints In 
-* the Super^ies of she Sphere^ (has are the 
' Extremes j)f iteAiis. 

JL The Pok of a (^irde in a Sihere is- a Point in 
the Superficies of the Spherf, fro^ which 411 

. Might Lims tlH^'art drawn to the Circnm^etr 
enee gf the Circh ane equal to one anpther. 

lil. A greaP Circle in a Sphere is that whofe 
Phne faffe's thro^ the Centre of the Sphere, 
and whofe Centre isthefam^ with that i>f the 
Sphere. 

ly. A fpherrcal '^tangle is a Figure compre^ 
hended' under the Arcs of three g^at Circles in 
a Sphere. 

y. A fpherical Angle is that which, in the Setr 
ferficies of the Sphere, is contained under two 
Arcs of great Circles ; and this Angle is equal 
to the Inclination of the Planes of the /ai4 
Qrflfs. 



ff^a- 
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PROPOSITION I. 

:i^reai Circles A C B, A F B, mutually bifeS eadb 

cPher. 

FOR, 'fincc the Circles have the fame Centre, 
their common Sedion fhall be a Diameter of 
each Circle, and fo will cut them into two 
equal Parts. 

CffroU. Hence the Arcs of two great Circles in th«J 
Superficies of the Sphere, being lefs than Semicir^ 
cles, do not comprehend a Space j for they cannot, 
4H)lefs they meet each other in twooppofite Points 4 
that is, unlefs they are Semicircles. 

PROPOSITION II. 

S^fnym the Pole C of any Circle A F B, ^^ drawn 
a Right Line CD to the Centre thereof^ the 
{aid Line mil be perpendicular to the J^lane $f 
that Circle^ Vid. Fig. to Prop. i. 

T ET there be drawn any Diameters E F, Gtt, in 
^-^ the Circle A F B ; then, becaufe in the Triangles 
CD F, C D E, the Sides C D, DF, are equal to the 
Sides CD, D E, and the Bafe CF equal to the Bafe 
C E (by Dif, 2.) ; then {by 8 EL i.) (hall the Angle 
C DF= Angle CD E, and fo each of them will be a 
£.ight Angle. After the fame manner we demonftratCp 
that the Angles CD G, CDH, are Right Angles ; 
4iiu] fo (by 4 £/. n .) CD fliall be perpendicular {a 
the Plane of the Circle A F E. . W. W. D. 

CorolL r. A great Circle is diftant from its Pole by the 
Interval of a Quadrant; for, fince the Angles 
CDG,C DF, arq Rjsht Angles, tbeMeafures of 
them, v/z. the Arcs CG, C F, will be Quadrants. 

%, Great Circles, that pafs thro' the Pole of lome other 
Circle, make Right Angles with it; and, contrari- 
wife, if great Circles make ^ight Angles with fome 
other Circle, they Ihall pafs thro' the Poles of that 
other Circle ; for they naufl iiecri&rily .pafs thr6* 
the Right Line DC. 

U 4 PR O. 
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PROPOSITION III. 

If a great Circle E C F *^ defcribed about the 
Pole A •, then the Arc C F, intercepted between 
A C, A F, is the Meafure of the AugkCh Ft 
^rCDF. Vid. Fig. to Prop. %. 

*T* H E Arcs A C, A F {by Cor. 1. Prop. 2.) are Quar 
^ drants ; and, confequently, the Angles ADC, 
A D F9 are K'lght Angles ; Wherefore (by Def. 6, 
£/. 1 1.) the Angle CDF ( whofe Meafure is the Arc 
C F} is equal to the Inclination of the Planes A C B^ 
A F B, and alfo equal to the Spherical Angle C A F» 
orCBF. W.W,D, 

CorolL I. If the Arcs A C, AF, are Quadrants, then 
fliall A be the Pole of the Circle paffing thro' th^ 
Points C and F ; for A D is at Right Angles to the 
PJaneFDC(*jF4£/. II.) 

%. The vertical Angles are equal ; for each of them i^ 
equal to the Inclination of the Circles ; alfo the ^4'!> 
joining Angles are equal to two Right Angles. 

PROPOSITION IV. 

Triangles fiiall bt equal and (ongruous^ if tbeyt 
have two Sides equal to two Sides^ and the An* 
gles (omprebended by the two Sides alfo eqiud. 

PROPOSITION V, 

Alfo Triangles Jball be equal and congruous^ if ^9 
Side, together with the adjacent Angles in one 
Triangle y be equal to one Side^ and th£ adjacent 
Angks of the other Triangle, 

PROPOSITION VI. 

Triangles mutually equilateral tir^ <tlfo mutual^ 

equiangular. 

PROPOSITION VII. 
In Ifofceles Triangles^ the Angles at the Bafi are 

mah 
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PROPOSITION VIIL 

4nd if the Angles at the Ba/e be equals then th$ 
Triangle Jhall be IfoJceUs. 

TH E S E five ] aft Propofuions are demonftrated in 
|he fame manner, as in plane Triangles. 

PROPOS^ITION IX. 

Jf^ two Sides $f a Triangle are greater than the 

third. 

FO R the Arc of a great Circle is the fliortcft Way, 
between any two Points in the Superficies of thp 
Sphere, 

PHOPOSJTION X, 

4 Side ^f a Spherical Triangle is lefs than a 

Semicircle. 

I* E T A C, A B, the Sides of the Tris^ngles ABC, 
■^ be produced till they meet in D : Then (hall the 
Arc A C D, which is gres^ter than the Arc A C, be 4 
gemicircle. 

PROPOSITION XL 

fhe three Sides, of a Spherical Triangle are l^s 

than a whole Circle. 

FO R B D+D C is greater than B C (Jy Prop, o.) ; 
and, adding on each Side B A-f A C ; then DBA 
4- D C A9 that is a whole Circle, will be greater than 
BA+BC+AC, which are the three Sides of the 
jSpherical Triangle ABC, 

PROPOSITION XIL 

/» a Spherical Triangle ABC, the greater 
Angle A is fubt ended by the greater Side. 

MA K E the Angle B A D= Angle B ; then (hall 
A D=BD (^>r 8 (?//*«); and fo B D C=:D A+ 
p C, and thefe Arcs are greater than A C. Wherefore 
the Side B G, that fubtends the Angle B A C, is greatct 
than the Side A C, that fubteods the I^ngle B. 

3 PROt 
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PROPOSITION XIII. 

fn any Spherical Triangle ABC, if the Sum of the 
Legs AB and B C be greater^ equals or lefs^ than 
41 Semicircle^ then the internal Angle at the Baft 

* B A CJhall be greater^ equals or lefs^ than the 
external and oppofite Angle BCD; and fo the 
Sum of the jingles A and A C l&fiaall alfo he 

. ^reiater^ equals or lefs^ than two Right Angles^ 

FIRST, let AB+AC=:Sem!circlc=AD; thea 
BC=B D, and the Angles RC D and D equM 
{by 8 ofihii) ; and therefore the Angle BCD ftaM 
benAngle A. 

Secondly, let A B^i-B C be greater than A BD^ 
then (hall ^C l>e greater than B D ; and io the Angle 
D (that is, the Angle A, iy 12 ^/*/i)fcail be greater 
than the Angle B C D. In likemanoerwq deoiooiSrare, 
if AB+BC be togeibarlafs than a Semicircle, that 
<be Apgle A will be lefs than the Angle BCD: And 
kecaufe the Atigles BCD and B C A are = two Right 
Angle&, if the Angle A be greater than the Angle 
B CD, then fhall A and B C A be greater than two 
Right Angles 5 if the Angle A=BC D, then IhaH A 
and B C A •be cquaV to tivo Right Angles ; and if A 
i>e lefs than B t D, then will A and B C A be lefe 
4ban iwo Ri^t Angles. W. W.B. 

PROPOSITION XIV. 

%nMny Spberifial Triangle <j H D^ the Poles of the 

* Sidfs^ , being j^n^d by great Circles^ do eonfti- 
. auie.Amtim' Triangle ^XM^, which is the 

Supplement of the Triangh G H D ; viz. the 
Sides, If X, X M, and N M, Jballbe Supple- 
ments tf the Arcs that are the Meafures of the 

*' jifglesD, G, H^ Jo the Semicircles •, and the 
Arcs ihalave the Meafures of the Angles M, X, 

I N, w// be the Supplements of the Sides G H^ 
GD, Mud H D5 to Semicircles. 

FR O M the Poles G, H, D, let the great Circ'ea 
XCAM, TMNO, XKBN, bedcfcribedi 
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then, bec«ur€ G is the Role of the Circle X C A M, 
we (hall have G MiiQiiadrant (&r. i. Prof. 2.) ; 
and fince H is the Pole of the Circle T M O, then 
will H M be alfo a Quadrant, and fo [hy Cor. i Prop. 
3O M (hall be the Pole of the Circk G H. In like 
nUAner^ becaule D is the Pole of the Circle X B N^ 
aad H the Pole of the Circle T M N, the Arcs D N, 
HN> will be Ouadrants ; and fo (by Cor. 2. Prop, 3.) 
N (hall be the Pole of the Circle H D. And becaufe 
G X, D X, are Quadrants, X will be the Pole of the 
Qrcle GD, Thefe Things premifed, 

fiecatife N K=Quadrant, and X B=:Quadrant {by 
Cor. I. Prop. 2.) i then will N K+X B, that is, NX 
-(-K BrztwoQuadrants, or a Semicircle ; and fo N X 
is ,the Supplement of the Arc K. B, or of the Meafiire 
of the Angle H D G, to a Semicircle. In like man- 
ner, because M Cz^Q^adrant, and X A=:QuadraQt, 
then will M C+X A, that is, X M +A C=two <^a- 
drants, or a Semicirde y tpA^ confequemly, X M is 
the Supplement of the Arc A C, which is the'Mea- 
ftlre oif the Aflgle ^6 D. LMcewiife, &ice M O, 
NT, are Cb^drants, we (htll have M O-f N T=: 
O T+N M^Scmioirole : And therefore N M is the 
EupjpJcment ^i the Arc O T, or of the Meafure of 
the Angle G H D to a Semicircle., W. W. D. 

Moreover, becaui'e DK, H T, are Quadrants, D*K 
+H T, or K T'f H D, are equal to two Quach^ants, 
or a Semicircle ; ther^Dre > K T, or the Meafure of 
the Angle XN M, is the Supplement of the Side H D 
tp a 8emtcircle« After the fame manner it i\% d^mon- 
ftrated, that O C, the Meafure of the Angle X M N, 
is the Supplement of the Side G H ; and B A, the 
Meafure of the Angle X, is the Supplement of the 
SideGD. W. W. D. 

PROPOSITION XV, 

f,quianguhr Sfberical Triangks are alfo equi^ 

lateral. 

FO R their Supplementals {by 14 ^fthis) arc equila- 
teral, and therefore equiaagulat alfo ; and to 'hem- 
(elves arelikewifc eqUilaterkl (^y Part 2. Ptop, 14.) 

•^ PRO- 



I 
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PROPOSITION XVL 

^7 be ib^ee /ingles of a SpbericalTriangle are greater 
than two Right Angles^ and lefs tban fix, 

"C^ O R the three Meafqres of the Angles G, H, D, 
-^ together with the three Sides of the Triangle 
XN M, make three Semicircles {by 14,0/ this) $ but 
the three Sides of the Triangle X N M are lefs than 
two Semicircles {by u of this). Wherefore the three 
Meafures of the Angles G, H,C>, are greater than a 
JS.emipircle ; and fo the Angles G, H, Dj are jg;reater 
than two Right An^es. 

The fecond Part of the Propofition is manlfeft ; for, 
in every Spherical Triangle, the external and internal 
Angles, together^ only make fix Right Angles: Where«* 
f(»re the internal Angles are lefs than fix Right Angles, 

PROPOSITION XVII. 

If from the Point R, not being the Pole of the 
Circle A FB E, there fall the Arcs R A, R 6, 
R G, R V, of great Circles to the Circumference 
of that Circle \ then the great eft of tbofe Ares 
is R A , which pajfes thro* the Pole C thereof i 
and the Remainder of it is the leaji \ and tbofe 
that are more diftant from the greatejt are UJi . 
tban tbofe which are nearer to it^ and they make 
an ohtufe Angle with the former Circle A F B, 
^» the Side next to the greatefi Arc. Vid? Fig, 
to Prop. 1 , 

l>Ecaufe C is the Pole of the Circle A F By then fliall 
-'^ C D, and R $, which is parallel thereto, be perpen- 
dicular to the Plane A F B. And if S A, S G, S V^, be 
drawn, then (hall S A {hynEl 3.} be greater than S G^ 
and S G greater than S V. Whence, in the Rigbtf 
angled planeTriangles R S A, R S G, R S V, we Aiali 
have R S q+S A q, or R A q, greater than R S q-f 
S G q, or R G q ; and fo R A will be greater tt^aii 
RG, and the Arc R A greater than the Arc R G. In 
)ike pannier, R S ^+S G q, or R G<}) ihall be greater 

?h4i| 
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thanRSq^SVq, or RVq; and fo Rafliallbe 
greater than R V, and the Arc R G greater than the 
Arc R V. 

' tdly^ The Angle R G A is greater than the Angle 
CG A) which is a Right Angle {by Cor. Prop. 3.) ; 
and the Angle R V A is greater than the Angle 
C V A, which alfo is a Right Angle. Therefore ihc 
Angles R G A, R V Ay are obtufe Angles. 

PROPOSITION XVIII. 
In SfberkalXriangles AG R, AGX, Rigbi^ 
Mgkd at A, tbe Legs containing the Right An- 
gle are of tbe fame AffeRion witb tbe oppqfite 
Angles ; tbat iSj if tbe Legs be greater or lefs 
tban ^adrants, tben^ according^, will the 
Angles oppqfite to them be greater or lefs than 
Right Angles. Vid. Fig. to Prop, f . 

FOR if A C be a Quadrant, then will C be the 
Pde of the Circle A F B ; and the Angles A G C, 
A V C, Will be Right Angles. If tbe Leg A R be 
greater than a Quadrant, then Ihall the Angle A G R 
be greater than a Right Angle {by l^ of this) ; and if 
the Lc^ A X be lefs than a Quadrant, the Angle 
A G A (hall be lefs than a Right Angle. 

PROPOSITION XIX. 

If two Legs of a Right- angled Spherical Triangle 
be of the fame AffeSion (and confequently tbe 
Angles)^ tbat is^ if they are both lefs^ or both 
greater^ tban a ^adrant^ then will the Hypo- 
thenufe be lefs than a ^adrant. Vid. Fig, 
to Prop. I . 

IN the Triangle ARV, or BR V, let F be the 
Pole of the Leg A R ; then will R F be a Qua- 
drant, which is greater than R V (Ay 17 of this). 

PROPOSITION XX. 

^Jif ibey be of a different AffeSlion^ then fhall tbe 
• Uypotbenufe be greater tban a ^adrant. 
Vid. Fig. to Prop. i. 

FO R, in the Trianrie A R G, the Hypothenufc R G 
^ is greater than R F> which is a Quadrant* 

.'»:: ^ PRO. 
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PROPOSITION XXI. 

If the Hypotbenufe be greater than a ^ajr^mif 
$ben tba Legs etf the tSgbi jfytgie^ and, fo the 
Aigles ofp^fite t9 tbem^ at^eif a Hffenent Af- 
feSkn \ but if kffer^ ef tbe fa$fie Affkdinn. 
Vid. Fig. to Prop- i. 

THIS Propofuioiv being the Q^mttf^oi thff former 
onesji eafilj( /blloWs from thein. 

PROPdSITIO^N XXll 
In anffpberical Triangk Afi^C^J/Aie- Angles at 

the Bafo B and C beef Pie Jam 4ffe3i0H^ then 
. tbe Perpendicular falls wtthin tbe Tpiangle% 
* and if they be,cf a different AffeElitin^ tbe 

Perpendicular falls wiibeut the €fiangU. 

t'N the firft Cafe, if the Perpeadicular dees not MI 
■*• within, let it f^U without iheTrtangle (a$ iri^^.a.); 
then, in the Triangle ABP, the Si4e A P is of the 
fame ASe&ion with the Aogle 6. And, in like man- 
ner, in the Triangle AC P, A P ia of the feme Af- 
^dion with the Angle A C P ; therefore, fince ABC 
and A C P are of the (ame Affedion, the Angles 
ABC, ACB, ihall be of a difl^rent AfeAion; 
which (s contrary to the Hypothefis. 

In the fecond Cafe, if the Pcrperidietllaf do«s not 
fall without, let it fail within (as in fig^ i.) Theh> in 
tbe Triangle A B P, the Angle B is of th« fame Af- 
fedlion with the Leg A P. So, likewife, in the Tri- 
angle A C P, the Angle C is of the fame AfFcAion with 
A P ; and therefore the Angles B and C af e of the 
fame AfFeiSion ; which is contrary ta ehe Hypothefis. 

PROPOSITION xxin. 

In Spberical Triangles B A C, B H E^ Rigbt-^etih 
gled at A and H, if tbe fame acute Angle J^^ 
at tbe Bafe B A, cv B H, then tbe Sines of the 
Hypotbenufes fhall be proportional to tbe Slitt 
of tbe perpendicular Arcs. 

P OR the Right Lines C D, £ F, b^peifen^ 
^ cular CO the fame Plane, are p^rallfb AHo^ ^ 




■■f' 
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J^Py perpendicular to the Radius O B, are likewife pa« 
rkllcl : Wherefore the Planes of the Trianelcs E F R, 
CDP, are alfo parallel {bj 15 El. 11.) Wherefore 
CP, £ R, the common Se£^ions of thofe Planes, with 
the Plane paiBng diro* B£» C O, u^ill tte paraUel {b^ 
16 El. II.) THi:refore the Triangles C D P^ E F R j^ 
^all be equiangular: Wherefore CP, the Sine of th6 
Hypothenufe B €, is to C £>> the Sine df fh^ perpendi- 
cular Af c C A, as E R, the Sine of the Hypothenufe 
Br £, to £ F, the Sin^ of tke perpendicttlar Am &Hl 
W. W, D. 

PROPOSITION 3tXIV. 

The fame "Things being fuppafed^ A CK HK, the 
Sines of the Safes y are proportional /c I A, G H» 
fh Tangents of the perpendienlar Arcs. 

P O R, after the fartie manner as in the lift Propofi^ 
■*' tion, we demonflrate, that the Triangles (XA I> 
ICHG, areeijuiangularj whence, QjA : AI : : RH i 
ITG. 

r > 

PROPOSITION XXV. 

}n a Spherical Triangle ABC, Right-angled at A^ 
as theCofine of the Angle B, at the Bafe B A, fji^ 
U the Sine of the vertical Angle AC^^fok tb(^ 
Cofine ^ the Perpendictdar tot the Radius. 

Prepara^tion. 

T. E T the Sides A B, B C, C A, be produced, f<* 
-^ that B E, B F, C I, C H, be Quadrants ; and fron* 
the Poles B and C draw the great Circles E F D Gy. 
1 H G; then will the Angles at E, F, I, H, be Right 
Angles J ^nd fo D is the Pole of B AE [by Cor. 2. 
Prop. 2: of this), and G the Pole of I F C B : Alfo, A E. 
will be rr. Conipleaient of the Arc B A, atrd F E thtf; 
Meafure of the Angle B = G E>, and D F their Com- 
plement : Alfo, B C (hall be = F I = Meafure of the 
Angle G, and CF their Complpmcnt: Likewifey, 
C A = H D; and D C their Corapleoient. Thefo 
Things premifed, in the Triangles H I C, D C F, Right- 
angled at J and F, and having the fame acute Angle 
Ci fmcp BAis lefs than a Quadrant, it will be, as S,. 

DF: 
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DF:S, til::S,DC:S, HC; thit is, thcColltie 
of the Angle B is to the Sine of the vertical Angid 
^ Be A^ asthe Cofineof C A is to Radius. W W Di 

PROPOSITION XXVL 

fbe Cofine cfthe Bafe : Cqfine of the Hypotbinuji 
: : R : Qof. cf the Perpendicular. 

P O It in the Trian|le8 A E D, C F D, Rigbt- 
" angled at E, F, having the fame acute Angle U ; 
becaufe A E is lefs than a Quadrant, we have, S^ £ A I 
S,CF:rS,DA:S,DC. W. W. D. 

PROPOSITION XXVIL 

S, of the Bafe iRiiT^of the Perpendicular 2 
T, of ibe Angle at tbe Bafe. 

P OR in the Triangles fi A C, B £ P, Right-an- 
^ gied at A and £, and having the fame acute An- 
gle B ; becaufe A C is lefs than a Quadrant, we have 
S,BA:S,BE::T, AC:T,EF. W. W* D* 

PROPOSITION. XXVIIL 

Cof of ibe Vertical Angle : R : : T, oftbe Pef\ 
pendicular : T, of tbe ffypotbenufe* 

T N the Triangles GIF, G H D, Right-andcd at 
^ I and H, and having the fame acute Angle G, he* 
caufe H D is lefs than H C, ora Quadrant^ it is> as Sf 
GH : Si GI ; : T, HD : T, IF. 

PROPOSITION XXIX. 

S, oftbe Hypotbenufe :R : t S,of tbe Perpendl* 
cular : S, of tbe Angle at tbe Bafe. 

IN the aforefaid Triangles wc have S, I F ; S, GF* 
::S, HD;S,GD. 
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PROPOSITION XXX. * 

R : Cof. 0f the Hypotbenufe : :T^ of the vertical 
Angle : Cot: of the Angle at the Bafe. 

T N the Triangles HIC, D F C, Right-angled at I 
-*• and F, and having the fame acute Angle C, be- 
caufe DF is lefs than a Quadrant, we have S, CI : 
S,CF: :T, HI:T, DFj that is, R: Cof. BC 
: : T/C : Cot. B. 

The laft fix Propofitions are fuiEcient for folving all 
the fixteen Cafes of Right-angled Spherical Triangles. 
Thefe fixteen Cafes, with their Analogies deduced 
from the faid Propofitions, are as follow : 
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Fid. Fig. to Prop. 25, 26, 27, 285 
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Cof. C A : R : ; Cof. B : S, C ; 


3y Prop. 
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• 
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BA, 
CA. 

baTBT 



B. 



AC. 



Cor. B A : R : : Cof. B C : Cof. 
C A. If B C be lefs than a Qua- 
drant» then fliall B A and C A be 
of the fame AfFe£lion ; if greater, 
of a dfferent : But fi A is given, 
and therefore the Species thereof. 
Wherefore the Species of AC is 
alfo given. 

S, BA:R: :T»CA: r,B,of 
(he fame Ailcdion with the op- 
pofite Side C A* 

R:S,BA::t,fi; i,AC,ot 



the faifie Kind with B. 
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By Prop. 
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By Prop. 
27, and 
18. 



ambiguous. 



BC, 
AC. 



C. 



11 



KrCo. C:: l,Bc:: 1,C A. II 
B C be lefs than a Quadrant, the 
Angles C and B are of the fame 
Aff»5tton ; if greater, of a diffe- 
rent. Therefore^ if the Species 
of the Angle B be given, then 
wil] AC be given. 

Cof.C : R:l T, CA : T, BC. 
And fo, if the Angle C and C A, 
be of the fame AfFe^ion, then B C 
(hall be leiler than a Quadrant; 
f of a diiFerent, greater. 

I, BC:T,CA:;R:Cof.CJ 
If B C be lefs than a Quadrant, 
then CA and BA, and confe- 
quently the Angles, (hall be of the 
/ame AfFeAion ; if greater, of a 
difFerent. But the Species of C A 

d given ; therefore the Species of 
the Angle C will be alfo given. 
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AC,B. 
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AC. 



B,C. 



^C,C. 



AC. 



BC. 
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ft : S, BC : : S, B : S. XC,"o< STpS?. 



the liune Spedea with B. 



S, B:S»AC::R:S,]^<;, an- 
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aod 



By Prop. 
29. 



•M* 



biguous. 

B. "S, BC:Rr;S, AC:S, 

the fame Speci es with C A. \iq. 

IJC. T, C:Cot.B::k:Cof. BO.BjFrop* 
And foy if the Andes B and C are 30, 19^ 
of the fame Afieoton, then fliaU ao^ ao* 
B C be lefs than a QuadranC, if oi| 
a diffcrcnty greater 



B R:Cof. BC::T, C ; Cot. jlSyPron^ 
And fo, if BC be left than Bp^ wMfi 
Quadrant, the Angles C nd B 3i« 
(hall be of the (ame Aftftion ; 
if greater, of a different. Bui 
the Species of the Angle C i 
given; therefore the Species o 
the Anrie B will be given alfo. 
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j 

Of the Solution of Right -angled Spherical 

Triangles^ by the five circular Parts. 

^Tp HE Lord Neper (the npble Inventor of X»©ga- 
^ rithms) by a due Confideration of the Analogies 
by which Right-angled Spherical Triangles are folved, 
found outtwo Rules, eafy to.bc remembfered, by mean« 
of which, all the fixteen Cafes may be fplved : For 
fince, in thefe Triangles, befides ehe. Right Ai>gles, 
there are three S des, and two Angles ;* the two Sides 
comprehending the Right Angle, aodJlieCompiements 
• • of the Hypotheiiufej and the two other Angles, were 
called by Neper ^ Circular Parts ; and when there are 
given any two of the faid Parts, and a third is fought ; 
one of thefc three, which is called the Middle Part^ 
' either lies between the two other Parts, which are call- 
ed Adjactni Eictremes \ br.is feparated f(om thetii) and 
then are called Oppofite Extremes : So if the Comple- 
ment of the Angle B {Fig, to Prop, 25.) be fuppofed 
the middle Part, then the Leg A B, and the Comple- 
ment of. the Hypothenufe BC, are adjacent extreme 
Paris ;• but the Complement of the Angle C, and the 
Sides A C, arc oppofite Extremesl Alfo, if the Com- 
plement of the HypothenufeB C.be fuppofed the mid- 
dle Part, 'then the Complements of the Angles B and 
C are adjacent Extremes, and the Legs A B, AC, axe 
oppofite ExtreiLcs. In like manner, fuppofing the Leg 
A B the middle Part, the Complement of the Angle B 
and A C are adj .cent Extremes; for the Right Angle 
A doth not interrupt the Adjacence, becaufe it is 
not a circular Part. But the Complement of the 
Angle C, and the Complement of the Hypothenufe 
B C, are oppofite Extremes to the faid middle Part, 
Thefe Things premifed, 

RULE L 

/;/ afjy Right-angled Spherical Triangle, the ReSf- 
angle under the Radius^ and the Sine of the 
middle Pari, is equal io the Re£f angle under 
the Tangents of the adjacent Parts. 

RULE 
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R U L E II. 

f he Re£f angle under the Radius^ and the Sine of 
the middle Party is equal to the Re £1 angle 
under the Coftne of the ofpofite Parts. ' * 

Each of the Rules have three Cafes: For the mid-* 
die Part may be the Complement of the Ahg^e B, 6t 
C ; or the Complement of the Hypothfenufe B C \ 6t 
one of the Leg?*, A B, A C. 

Cafe I. Let the Complement of the Angle C be the 
IhidiJIc Part; then (hall AC, and the Con<plemcnt of 
the Bypothenure' B C, be adjacent Extreme.** By 
Prop, z8. the Cbfine 6fthe vertical Anole C is to Ra- 
dUis'as xkt Tanoent'Of C A is to the Tang;ent of the 
Hy{)othenufe B C. Then (by Alternation) we flial! 
b'ive Cof. C : T,:C A : : R TT, B C. Bui R : T, 
B C : : Cot. B C : R (as has been before fliewn); 
Wherefore Cof, C : T, A C : : Cot. B C : R i whence 
A Cof. CzrT^ ACxCot. BC. 

And the Complement of the Angle B, and A B, arc 
©ppofite Extrem'e^ to the fame middle Part, the Com- 
plement of the Angle C ; and [by Prop. 25,). as the 
Cofine of the Angle C, to the Sine of the Angle 
CDF, To is the Cofine of D F to Radius! But the 
Sine of CDFirAE=Cof. B A, and Cof, D F=S, 
EF=iS, An^le B. Whence it will be, as Cof, C : 
Cof. B A : : S, B : R. And R xCof. G=:Cof. B A 
XS, B; that is, Radius drawn into the Sine of the 
middle Part, is equal to the Refianglc under the Co- 
fines of theoppofite ExtrenKfs. ■ . ' 

Cafe 2. Let the Complement of the Hypothendfe 
B C be the middle Part ; then the Complements of the 
Angles B and C will he adjacent Extremes. In the 
Tfiangie UC¥ {by Prop. 27.) it is, as S, C F : R : : 
T,DF : T, C. Whence (by Alternation) S, CF : 
T,DF::(R:T, C: :)Cot.C:R. But S, CF 
nCof. B C and T, D F=Cot. B. V/herefore Rx 
Cof. BC=Cot.CxCoLr B; that isj Radius drawn 
into the Sine of the middle Part is equal to the Pxo-^ 
duel Qi the Tangents of the adjacent extreme Parts. 

X 3 And 
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And B At AC» are the oppc£te Extremes t6 the 
faid middle Part, viz. the Complement of B C ; and 
(by Pr9p. 26.) Cof. B A : Cof. B C : : R : Cof. A C» 
Wherefore we fliall hare RxCoT. BCzfCoT. B A 
Cof. AC. 

Cafe 3. Laftly, let A B be the middle Part ; and 
then the Complement of the Angle B, and A C, ivill 
he adjacem Extremes^ and {by Pnp. 27.) S, AB: 
1L::T,CA:T,B. Whence S, AB :T, C A j: 
(R : T, B ; :) Cot. B : R. And fo RxS, ABs:T» 
CAxCot.B. 

Moreover^ the Complements of B C, and the An- 
gle C, are oppoTite Extremes to the fame middle Pari 
AB ; and in the Triangle G H D (h Pr^p. 25.) we 
have Cof. D : S, DG H : : Cof. GH : R. But CoT. 
D=:Cof. A£=S, AB, and S, Gi=S, IFsS, BC. 
Alfo, Cof. G H=:S, H I=S, C. Wherefore it wil 
be, as S, A B : S, B C : : 8, C : R. And henceR 
XS, ABssS, BCxS, C. 

Andfo, in every Cafe, the Refiangle under, the Ra- 
dius, and the Sine of the middle Part, fliall be equal to 
the ReAanele under the Cofines of the oppofite Ex- 
tremes, and to the Redangle under the Tangents of 
adjacent Extremes : And, confequently, if the afore- 
faid Equations be refolved into Anal6gies {hy 16 EL 
60» the unknown Parts may be found by the Rule of 
Proportion. And if that Part fought be the middle one, 
then Ihall the firft Term of the Analogy be Radius, 
and the fecond and third, the Taneenta or Cofines of 
the extreme Parts. If one of the Extremes be foueht, 
the Analogy muft begin with the other ; and the Ra- 
dius, and the Sine of the middle Part, muft be put in 
the middle Places, that fo the Part fought may be in 
the fourth Place* 

1 N Oblique-angled Spherical Triangles {Fig. id 
^^*P* 3i«} BCD, if a perpendicular Arc AC 
be let fall from the Angle C to the Bafe, continued, 
if need be, fo as to make two Right-angled Spherical 
Triangles B AC, D A C; then, hy thofe Right-angled 
Triangles, may moft of the Caies of Oblique-angled 
onds be folved. 

PRO- 
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PROPOSITION XXXI. 

Tie Cqfints ^f the Angles B and D, at the Bqft 
B D, inn proportional to the Sines of tie ver- 
tical Angles HCA.^ DC A, 

FORCoT. Angle BtS, BCA::(Cof. CA:R 
: :) Cof. D : S, DC A {by 25 9ftbi$.) 

PROPOSITION XXXU. 

fbe Cojines of the Sides B C, DC, are propor^- 
tional to the Cofines of the Bafes B A» D A. 

FO R CoC BC : Cof. B A : : (Cof. CA : R : :) 
Cof. DC : Cof. D A (^ 26 of Ms.) 

PROPOSITION XXXIII. 

^be Sines of tbe Bafes B A, jyA^are in a red* 
procal Proportion of tbe Tangents of tbe An* 
gks B and D, at tbe Bafe B D. 

T> Ecaufe {hy 27 cf tins) S, B A : R : : T, AC : 
^^ T, of the Angle B. And by the fame inverfly, 
R : S, D A : : T, of the Angle D : T, A C. Then 
vrill it be (by the Equality of perturbate Ratio, ac- 
cordingto Prop. 23. £A 5.) S, B A : S, D A : ; T, 
AnglcD : T, Angle B. 

PROPOSITION XXXIV. 

The Tangents of tbe Sides B C, D C, are in a re- 
ciprocal Proportion of tbe Cofines of tbe ver- 
tical Angles B C A, D C A. 

B Ecaufe, by alternating the 28th Prepofititn^ we 
have T, BC : R : : T, C A : Cof. B C A, and 
bv the fame, R : Cof. DC A : : T, DC : T, C A. 
Wherefore, by Equality of perturbate Proportion, T, 
BC : Cof. DC A : : T, DC :Cof. BCA. 
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PROPOSITION XXXV. 

The Sines of -the Sides B C, D C, are proportional 
to the Sines of the ofpojite Angles D and B. 

BEcaufc {by the 2<)th of this') S, B C : R:: S, C A : 
S, of the Angle B j and, by the fame, inverting, 
R : S, D C : : S, Angle D : S, of C A: Whence, by 
Equality of percuibate Ratio^^ S, B C : S, D C : : S, 
D ; S, B, 

PROPOSITION XXXVI. 

Jh any Spherical Triangle ABC, the ReSangle 
C F X A E, ^r F M X A E, cont tuned under the 
Sines of the Legs B C, B A, is to the Square 
of the Radius^ as I L or I A— L A the Dif- 
ference of the, 'verfed Sines of the Bafe C A, 
and the Difference of the Legs A Mj /^ G N, 
to the verfed Sine of t^e An^le B. . 

T E T a great Circle P N be defcribed from the Pole 
■■-^ Bj and let BP, BN, be Q^iadrants ; and then 
PN is the Meafure of the Angle B ; alfo, defcribe 
from the fame Pf)le B a leflcr Circle C*F M thro' C ; 
the Planes of thefe CircKs (hall be' perpendicular tp 
the Plar.e B O N [by the 2d of tim.) And P G, C H, 
being p- rnendtc'jlar in the lame Phane, fall on thecom- 
mon Scrdions ON. F M ; (uppofe in (^, H. Again, 
draw H I perpendiculas to A O ; and then the Plane 
dr<>wn thro' CH, HI, fhiill be perpendicular to the 
Plane A O B. Whence A I, which is. perpendicular 
to H I, will be perpendicular to the k^ght Line C I 
{by Def. /^, El. 1 1.) j and fo A I is the verfed Sine of 
the Arc A C, and A L the ver ie<i Sine of? the Arc A M 
-B M— B AzrB C— B A. : Thelfofteles Triangles 
C F M, P ON, are equiangular, fince M F, N O, as 
alCo C F, P O <^;^ i6 EL 1 1.) are parallel. Where- 
fore, if Perpendiculars C H, P G, be drawn tp the 
Sides F M, ON, the Trian2;les will be divided fimi- 
lurly, and we (hail have F M :«0 N : : M H : G N, 
^}fo, bef avjfip the Jnap^les A O E, P I H, D L M, 
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are equiangular, we {hall have A£ : AO : : 

IL:MH. . • :^ ' ; >. '* 

But it has been proved, that FM:ON::MH: . 
G N.. Wherefore it fhall be, as AExFM : A^O^ 
ON:: ILxMH : M HxG N, or fo isl L to G N; 

that is, the Reftangle under the Sines of the Legs, Is 
to the Square of Radiusr, as the DifFerence of the verfed. 
Sines of the Bafe,'^nd the DifFerence of the Legs B C, 

B A, is t6 the verfed §irte of the Angle B. W. W. D. 

\ . . 

P R O P O S I T r O N XtoVIL 

^be Difference bf the verfed Sines 'df:7wo Arcs^ 
dr awiinta half, the. RaiiM^ is -equal to the 
ReSian^k unjer jheMfie of m^f the Sum^ and 

the Sine of half the Di^erencey of thofe Arcs. 

■ ■ ' _ ' .... 

T , E T there be t>ya Arc«j BE, B Fy .wbofc Dif- 
±JJ ference {) F l|B<4)e. bife4e4 in D ; then.lhalJ.BO 
'be the half &%m^ ai]d V ^ ^he half Difference of thofe 
Arcs, G £ :=! L is thj^ D,iff(5r,ence of the verX^d Siojf^ of 
the Arqsi E,£ F ; alfo,.FO is the.Sine of the half 
pifFerence of the Arcs. And'bccaufe the Triancrles 
C D K, F E G, arO' equiangular, we haveDK: 
•GE:':'(CD:FE::) t* C D : f F E. Whence • 

,DKx'fFE,orDKxFpz=GExtCD=ILxi 



•« > 
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^be verfed Sine of any Arc^ drawn into half the 
Radius ^ is equal to the Squhre of'thf Sine of 
one half of thrfaid Arc. 

'Tp H E Triangles C B M, DEB, are equiangular, 

-*- fince the Angles at M and E are Right Angles, 

and the Angle at B is common. Wherefore E B : 

BD::BM, :BC. And then will EBxBC=: 

BMxBD; and EBxt B C=:B M xtBD = 
BMq- W,W,D. t 
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PROPOSITION X3CXIX. 

fyaiff SfbiriislTrioMgU A B C^iffhfe Lfgs^ tm- 
tainiffg t hi Angle B, are B C, A B^and BAfefuh- 
tending that Aftgk AC \ if tbe Arc AM be 
taken ^ Difference $ftbeL^fs:BC—'AB I 
s tbenJMl the RjOai^k under tie Sines af the 
Legs B C, B A» be to the Square of the Radius^ 
as the Reffangie^ ttud^r the Sine of the Arc 

2 ^2 

is to the Square of the Sine of one half of thd 
Angle B« Vid. Fig. to Prop. 36. 

BEcaufe the Redangle under the Sines of (he Legs 
AB, B C» is to the Square of Radius^ as I L is to 
the verfed Sine of the Angle B, eras ^RxIL to^R 
drawn into the verfed Sine of the Angle B (if Prep. 36. 
tftbis.) And fincefRxILrsReaangle, under the 

Sines of the ArcslS±^> and^£=15?s (fy 

2 2 

Prop. 37, efthis. ) And alfo ^ R drawn into the verfed 
Sine of the Angle B is equal to the Square of the 
Sine of one hdf of the Angle B {fy Prep. 38 rfth's.) 
Therefore the Redandle under the Sines of the Sides^ 
to the Square of Radtusf, ihall be as the Redande 

TOdertheSincsoftheArq^^^'^**and ^^^*^ ■ 

is to the Square of the Sine of one half the Anfile B. 
W.W.D, 
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^e twelve Cafes of oblique-angled Spherical Tri* 

angles are as follow : 



Angles 

B, D, 
tandBC. 



as 



Given I Sought ( Make, 

R:Cof. EC : :T,B:Cot.BCA '?'*'<"- 



Angles 
B,BCD 

and the 
Side BC 



Angle 

c. 



Angle 
D. 



mmmm 



The 

Sides 
BD, 
CD, 

and the 
A nge B. 



iX lii 



The 

Side 

BD. 



{by Prop, 30, of this) : Alfo Cof.ff*!^;,, 
B : S, DCA : : Cof. D : S, DC A «J#*« 5 
(by 31. of this). Wherefore thcCofi BC: 

Sum of the Angles BCA, DCAjc^J/g^XT 
if the Perpendicular falls within 
the Triangle, or the Difference, 
if it falls without, will be z= 
BCD. Whether the Perpen- 
dicular falls within, or without 
tke^ Triangle, may be known 
from the Affedfion of the Angles 
B and D (by 22. of this) ^ which 
Admonition ought to be obferved 
in the following Soltitions. 

R : Cof. BC : : T,B : Cot.BCA^^" ^'J^' ^ 

(Prop. 30 ./• this.) And s,^;;;^:r'' 

BCA : S, DCA : : Cof. B : Cof. «/* « h 
D {by Prop. 31.) If BC A be'**>5/- ' 
left than BCD, the Angle D flialJ '^^;^J^ 
be of the fome Affedion with the tie jiagk 
Angle B. If B C A be greater BCAmay 
than the Angle BCD, then the^'/^'^/,^* 
Angles B and D fliall be of ^andts* * 
different Affedion, by the Con*. 
yerfe of Prop. 22. 

R;Co(;B::T,BC;T, HA 
[by 28. of this:) And Cof. B C : 
Cof. B A : : Cof. D C : Cof. C A 
{by 32. of this.) The Sum or Dif- 
ference of B A and D A, accord- 
ing as the Perpendicular falls 
within or without the Triangle, 
is equal to B D ; which cannot 
be known, unlefs the Species of 
the Angle D be firft known. 



Given 
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I Given 



Sides 

BC, 

DB, 

and the 

Angle 6. 



Sou^htl 



Make, as 



The 
Side 
CD. 



Angles 

B,D, 

and the 
Side 
BC. 



Sides 

B Cy 

BD, 

and the 
Angle B. 



R : Cof. B ; : T, BC : T, B A 

(by 28. of this.) And Cof. B A :' 
Cof. BC : : Cof. DA : Bof. D C 
{by Prop. 32. /7//Wj.) According as 
DA is iimilaror diffimihr to CA» 
or to theArigle BDCfo fhall DC* 
be leffer or greater than a Qua- 
drant {by 19, 6tnd 20. of this.) 



The 
Side 



R;Cof. B::T,BC;T,BAC/!y 
28: of this.) And T, D, : T, B : : 
S, BA : S, D A {by 33. of this. ) 
The Sum or Difference of B A 
and DA isrzBD. 



Ai^gie 

D." 



J iie 

Sides 
BC, 
DC, 

arid the 

Angle 

B. 



Angle 

c! 



R:Co(. B::T,liC: r,BA(^ 
Prop. "28. t/'this.) And S, D A : 
SV B'A : : T, B : T, J) {iy 33. ef 

this,) According as B'D is greater 
or leffer than B A, the Angle D 
(hall be fnnilar or diflimilar io 
the Angje B {by 22. bfthii.) 



8 



i nc 

Angles 

BCD, 

and B, 

and the 

Side 

BC. 



i'nc 

Side 

DC. 



Col. BC:R::Cat:B:T,BCA 
{by '^0. of this.) -Afid T,D'C : 7\ 
BC ::&f.;BCA : pof. D C A 

h 34' of this,) The Sum or Dif- 
ference of the Angles B C A, 
jD C A, according jas the Per- 
pendicular falls within or with- 
:'out the Triangle, is equal to the 
Angle BCl^. ; 

Cof. BC -R : : Cot. fe: T,BCA 

{by 30. of this,) Alfo, Cof. DCA- 

:C6f. BCA::T, BC: T,DC 

\{hy 34, cf this.) If the Angle 

'DCA be fimilar to the Angle B 

(that is, if AD be fimilar to 

CA), then DC (hall.be lefs than 

a Qiiadrant. \i the Angles 

;DCA and B be diffimilar, then 

'DC fhall be greater than a Qua- 

jdranr, which follows (yrcwPr^^. 

118, 19^ andao. cfthis.\ 
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Gi 



iven 



The. 
Sides 
BC, 
DC, 
aod the 
Angle 



The 

Angles 

B,D, 

and the 
Bide 

BC. 



All the 
Sides 
AB, 
BC. 
CA. 
Fid. 

Fig. 
Prop. 

36. 



S -ughf 



Ihc 

Angle 

D. 



I'hc 
Side 
DC. 



The 
Angle 

b! 



Ail the 
Angles 

G,H, 

D. m. 

Fig. 

Prop. 

14. 



'The 
Side 

GD. 



Make, as 



S,CD:5, B::S, BC:S, Dj 

which is ambiguous. The Ana- 
logy follows from* Prop, 35. of 

this. 



S, D :S, BC:: :S, B:S, DCi 
which Side is ambiguous. 



As the Redtangle under the Sines 
of the Legs A B, B C : the Square 
of Radius : : the Rediangle under 



the Sines of the Arcs 



AC + AM 



ind^ ^~^ ^ : the Square of the 
Sineof I the Angle B (by Pro, 39.) 



In the Triangle X N M, the Arc 
M N is the Complement of the 
Angle G H D to a Semicircle. 
X M is the Complement of the 
Angle G, and X N the Comple- 
ment of the Angle D : And the 
Angle X, the Complement of the 
Side G D to a Sen^icircle/ Where- 
fore, if the Angles be changed 
into Sides, and the Sides into An- 
gles, the Operation v/ill be the 
fame as in Cafe 1 1. of this ; fince 
Arcs, and their Complements to 
Semicircles, have the fame Sines. 
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^e following REMARK, h^ 

npM AT this Is true but in a ptrticulat Cftfef miiu 
'- when tWb of the Angles of the Tri«ng)c are 
Right ones*, and two of the Sides QuadrantSy nay te 
thus demonftrated : For, if poiHbl^y let foqie Triangle 
R S T, Fig. to Pr9p. i4th» be fuch, that iu Side» R S» 
ST, TR, be equal to the Meafarei of QHD^ 
H G D, G D H, the Angles of a Triande G H D i 
and, alfo, that the Mcafures of R S T, S T R,T RS. 
the Angles of the Triangles R S T, be equal toGH, 
G D, H D, the Sides of the Triangle G H D $ and 
produce MX, M N, two Sides of the fupplemeotal 
Triangle, to Semicircles, and they will meet fome- 
where, fuppofe at E ; and there will be conftruded 
thereby the Triangle N £ X, of which X £ (tht Supr 
plement of XM,which, by the i4thPr«^. was the Sup- 
plement of the Meafure of the Angle H GD) is equal 
to the Meafure itfelf of the fame Angle H G D : And, 
' in like manner, N £, the Supplement of N M, which| 
by the 14th Pr^p. was the Supplement of the Meafure 
of the Angle GHD, is equal to the Meafure itfelf of 
the fame Angle GHD. But the third Side X N is not 
the Meafure of the third Angles G HD, but its Sup- 
plement, by the 14th Pr^p. Moreover, of the Angle 
£ X N ( whofe Supplement is N X M), the Meafure, 
by the 14th Prop, is equal to G D ; and of the Angle 
XN£ (whofe Supplement is MNX) the Meafure, 
by the 14th Prop, is equal to H D. But of the third 
N E X (which is equal to N M X) the Meafure is not 
equal to G H, but its Supplements 

Now make N VnR TnB K, the Meafure of the 
Angle G D H, and draw the great Circle £ V. And 
fmce R S, by Suppofition, is equal to the Meafure of 
the Angle G H D» which is-equal to £ N^ and fince the 
Meafure of the Angle S R T is, by Suppofition, equal 
to D H, which is alfo equal to the Meafure of the An^ 
gle X N £ ; the Angle X N £ is equal to the Angle R^ 
Then, confequently, by the 4th Prop, the Triangles 
$RT,£N V, will have the fiafeSTcqual to the Bafe 
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£ V; the Angle T to the ^ogleN V£| and the An* 
de S, to the AngleN £ V. But S T ( whidi is equal to 
£ V}, by Suppdition, is equal to the Meafure of the 
Angle HG D ; to which Meafure X £ is alfe equal : 
Therefore £ V is equal to X £ ; and^ confequently, by 
the 7th Prop, the Angle £ V X is equal to the Angle 
£X V ; and the An^ £X V (whofe Meafure^ at 
hath been fhewn above, is equal to GD) is equsd to 
the Angle T (or N V £), fince, bv Suppofition, the 
Meafure of this is alfo equal to G D. Therefore the 
Angle £ V X is equal to the Angle £ V^N, and ib both 
Right ones \ and, confequently, £XV a Right one 
alfo. Therefore, by the 2d Cmr. to the 2d Prop, £ V 
and £ X are both Quadrants. 

But if £ V be a Quadrant, and at Right Angles to 
N X, then £, by lArrop. and its CoroU. is the Pole of 
17 X ; and fo £N a Quadrant alfo, and the Angle 
E N V a Ri|ht one. Therefore, if the Sides of a Tri- 
angle (N £ V, or its Equal) RST are equal to the 
Meafures of the Angles of fome other Triangle 
G HD, and the Meafures of the Angles of the for-, 
mer, equal to the Sides of the latter ^ two Sides of 
fuch a Triangle RST, or GHD, muft be Qua- 
drants, and two Angles of each Ri^t ones. 

Therefore, if a Triangle RST be conftruded^ 
ifvhofe Sides are'equal to the Meafures of the Aneles 
of another Triangle G H D ; the Meafures of the A|i^ 

ties of the Triangle RST ihall not be equal to the 
ides of the Triangle GHD, unlefs in the one Cafe 
before- mentioned. Therefore the Meafures of the 
Angles of the Triangle GHD, ufed as the Sides of a 
Triangle in the nth Cafe^ will not give us a Side of 
G H D, but the Meafure of an Angle of the Triangle 
RST, unle& in the one afore- mentioned Caie^ 
which was to bi dtmonjlratidm 

But to find a Side GD of a SpbericalTriangle GHD, 

whofe Angles are all given, produce M N, that Side of 
the Supplemental Triangle^ which is equal to the Sup* 
phement of the Meafure of G H D, the Angle oppofite 
to the Side fought, and M X, either of the other Side^^ 
till they meet, as in E. And there, as hath been before 
ihewn^ the Sides £ X, £ N, of the Triangle E X N, 

are 
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are'exi^Iy equal to the Mbafures of the Angled 
H GD, GHD, of the Triangle G HD ; andof the 
Angles E X N, E N X, of the Triangle E X N, Ac 
Meafures are equal to GD, HD. But the. Side XN 
is equal to the Supplement of the Meafure of the An- 
gle G D H. And of the Angle X E N, the Meafure 
is equal to the Supplement of G H, 

Therefore the S o l u t i o n is thus : 

Change one of the Angles G D H, adjacent to the 
Side fought^ into its Supplement ; and then work with 
the Meafures of the Angles as th^' they were Sides ; 
and the Refult will be G D> the Side fought. 

The preceding Fault, as well as the OmifSons here- 
after mentioned, are not peculiar to our Author ; but 
may be found in Dr. Harris^ Mr. Cafwell^ Mr. Hfymsy 
and many other Trigonometrical Writers, 

In the Solution of our 9th and loth Cafes, they have 
told us, that the ^ajita are ambiguous ; which fome- 
times, indeed, is true, but fometimes alfo falfe. There- 
" fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might difcover when the 
^afita are ambiguous, and when not. 

This Overfight may be corrected by the following 
Diredlions ; wherein, becaufe every Sine correfponds 
to two Arcs, to one lefs than a (Quadrant, and to an- 
other, which is the Supplement of the former to a Se- 
micircle (a true DiftinSion of which of thefe are to 
ufed, being neceflary to be known, before a proper So- 
lution can be given to fuch Problems as thefe are), I 
ftall beg Leave for Brevity-fake, to call the lefTer Arc 
. the acute Value, and the greater the obtufej whether 
the Sme be of an Angle, or a Side. 

In the tenth Cafe^ there are given two Angles^ B, 
andT>^ and B C, j Side oppojite to one oftbofe 
Angles D, to find DC, the Side oppoftte to the 
other. 

'TpO the acute Value of DC, and alfo to its ob- 
^ tufe one, add ii C 5 and if each of thefe Sums are 

greater 
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I fa?^ ^^ I ^^^^ * Semicircle, when the Sum of the 

Angles B, D, h | g^|?^^^^ I than two Right Angles 1 

both the Values of D C may be admitted, and then it 
is ambiguous : But when only one of thofe Sums is 

I grca cr i ^^^^ ^ Semicirck, only one Value of D C 

can be true, viz. the <^ " ^ > one j and then it is not 
ambiguous. 

Ih the nintb Cafe^ there are given two Sides B C, 
D C, and one Angle B, oppojite to D C, one of 
thofe Sides J to find D the Angle oppofite to the 
other. 

TO the acute Value of D, and alfo to its obtufe 
Value» add B; and if each of theie Sums is 
C greater \ ^^^^ ^^^ Kx^i Angles, when the Sum 

df the Sides is | S^^eatcr I ^^^^ ^ Semicircle, both the 

Values of D may be admitted, and confequently D is 
ambiguous: But when only one of thole Sums itf 

C greater l^^izn two Right Angles, onfy one Value of 

D is true, viz. the | Z^\^ ^ \ one j and then it is not 
ambiguous. 

Nor are we better ufed in the firft Gafe y for tho* i^ 
is determined by the given Angles, whether the Per- 
pendicular falls within or without the Triangles ; ycty 
in each of thofe Varieties, the ^Ijuefita wiU be fome- 
times ambiguous, and fometimes not. 
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In the firft Cafe there are given two Angles B, D, ^ 

and BC^ a Sidevppofite td D, one of tbem^ ia 
.. find C the third Angle, 

V 

1 . Let the Perpendicular fall within ; that isj let the 
given Angles be of the fame Species* 

■Tp O the acute Value of D C A, and alfo to its ob- 
'' tufe one, add the Aftgle B C A; and if each of thefe 
Sums is lefs than two Right Angles, then either the 
acute Value of DCA^ or its obtufe one added to 
B C Ay gives a Value of B C D ; which ^ therefore, is 
ambigucnis^ And when only one of thefe Sums is lefs 
than two Right Angles^ the acute Value of DC A, 
added to EC A, gives the only Value of BCD; 
which then is not ambiguous, tho* in both Varietiea 
the Perpeodicul^ fell within. 

2. Let the Perpendicular fall without y that is, let 
the given Angles.be of a different Species. 

W H E N the obtufe Value of the Ancle D C A is 
lefs than the Angle B C A, the Angle BCD maybe had 
by fubtra6*ing either Value of D C A from B C A ; and 
then B C D is ambiguous. But when the obtufe Value 
*of D C A is not lefs than B C A, the acute Value of 
D C A, taken from B C A, gfves the fingle Value of 
BCDi which, therefore, is not ambiguous j tho* in 
both Varieties the Perpendicular fell without* 

In the fifth Cafe we lie under the fame Mhfor-^ 
tune^ where there are given^ as in the firft ^ 
the Angles. B, D, and the Side B Cr to find B D 
the Side lying between tboje given Angles. 

1. When the Perpendicular falls within ; that Is, 
when the gjven Angles are oi the iame Species. . 

TOthe acute Value of DA, and To alfo to its obtufe 
one, add B A \ and if c^ch of thefe Sums is lefs 
than a S^emicircle, theneirhf r the acute Value of DA, 
9r Its obtufe one, added to B A,gives the Value of B D ; 

which 
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which thence is ambiguous. And when only one of 
ihefe Sums is lefs than a Semicircle, the acute Value 
of D A, added to B A, gives the only Value of B D ; 
which then is not ambiguous, tho' in both Variepes 
the Perpendicular fell within. 

2. When the Perpendicular falls without ; that is, 
when the given Angles are of different Species. 

W H E N the obtufe Value of D A is lefs than B A, 
B D will be had by fubtrading either Value of D A 
from B A; and then B D is ambiguous. But when 
the obtufe Value of D A is not lefs than BA, the 
acute Value of D A, taken from B A, leaves the only 
Value of B D ;- which, therefore, is not ambiguous, 
tho' in both Varieties the Perpendicular fell without^ 

In the third i we have the fame OmiJJion j when 
. there are given two Sides B C, CD, and B an 

Angk oppojite /« C D one of them^ to find the 

third Side B D. 

rp I R 8 T, we may obferve, that the Species of D A is 
always known j for it isofi H'ff '^^ 1 1 ^^'^^'^^ 

With the Angle B, when D C is | ^^ll^^^^ \ than a Qua- 
drant;* And, 

If A D be lefs than A B, and alfo the Sum of AD 
and A B lefs than a Semicircle; then AD, either 
added to, or fubtra(Sted from A B, will give the Value 
of B D ; which, therefore, is ambiguous. 

But if AD be not lefs than A B, or if their Sum be 
not lefs than a Semicircle ^ then their Sum in the for- 
mer, and their DtfFereqce In the latter Variety, fhall 
give one fingle Value of BDj and then it is not 
ambiguous. 
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The feventh Cafe ^ much refembUs the third ; for 
there are given two Sides B C, C D, and B an 
Angle f oppoftte toCH one of them y to find the 
jingle B C D, (jfing between thofe two Sides. 

AND here we may obferve, that the Speeiesof the 
AngleDCAisknawfl;foriliaof{f;^^^^^^ 

Kind with the Angle B> when D C is { ^^^^^ I than 
. a Quadrant. And, 

If D C A be lefs than B C A, and the Sum of 
D C A and BC A ler» than a wo Right Anf^les ; thea 
D C A, either added to, or fubtraded from, B C A, will 
give the Angle B C D; which, therefore, is ambiguous^ 

If D C A be not lefs than BC A, or the Sum of 
D C A and B C A not le& than two Kxpkt Angles; 
then their Sum in the former, and their Difference in 
tl>e latter. Variety, fliall give the Angle Value of 
B C D i which, then, is not ambiguous*. 

N. B. If any one will be at the Trouble to make a 
double Calculation for the Side D C, or the Angle 
D, as taught in the Remarks on the 9th and loth. 
Ca(es ; they will find the feveral Varieties in the 
1^9 3^9 5(b, and jth^ to be as here laid <iown ia 
thefe eafy Rules, 

The Truth of thefe Rules may be eafily deduced, 
from the loth,^ 13th, i8th, and 22d Prdp. eftbis ; and. 
the 2d, 8th, and ijth ExampUs^ following Pfo^. 30^ 
9f this. 

In our third Cafe of oblique plane Triangles, our Au- 
thor (hould have added this : 

If A B be lefs than B C, the Angle A is 
guous 3, otherwife^ not* 
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The PREFACE. 

CTT^RE Mathematics formerly received confi- 
jL derable Advantages ; firjt^ by the Intro- 
duSlion of the Indian CharaSers^ and af^ 
terwards by the Invention of Decimal Fractions \ 
yet has it JiHce reaped^ at leafi^ as much from the 
Indention of Logarithms^ as from both the other 
two. The Ufe of thefe^ every one knowSj is of 
the greateft Extent, and runs through all Parts 
of Mathematics. By their Means it is that Num- 
herd almcft infinite, and fuch as are otherwife im- 
praSlicaMe^ are managed with Eafe and Expe- 
dition. By their Affijiance the Mariner fleers his 
V^Jfely ^he Geometrician invejtigates the Nature of 
the higher Curves, the Aflronomer determines the 
"Places of the Stars, the Philofopher accounts for 

¥3 other 
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other Phenomena of Nature \ andy lajily^ the 
Ufurer computes the Inter eft of his Money. 

The Subject' of the following Treatife has been 
cultivate4 by Mathematicians of thefirjl Rank\ 
fome of wbom^ taking in the whole Doffrine, have 
indeed written learnedly ^ but fcarcely intelligibly ' 
to any but Mafters* Others^ again^ accommodating 
tbemfelves to the Apprehenjion of Novices^ have 
feleSied out fome of the moft eafy and obvious PrO' 
per ties of Logarithms^ but have left their Nature^ 
and more intimate Properties^ untouched. My 
Deftgn therefore in the following Tra3 iSj to 
fupp/y what feemed ftill wanting^ viz. to difco- 
ver and explain the DoSlrine of Logarithms^ to 
thofe who are not yet got beyond the Elements of 
Algebra and Geometry. 

The wonderful Invention of Logarithms we owe 
to the LordUcpcr^ who was the firft that con* ^ 
ftruHed and publifhed a Canon thereof ^ at Edin- 
burgh, in the Tear 1614. This was very gra- 
cioufiy received by all Mathematicians^ who were 
immediately fenjible of the extreme Ufefulnefs there- 
of And ibo^ it is ufiial to have various J^ations 
contending for the Glory of any notable Invention^ 
yet Neper is univerfally allowed the Inventor of 
Logarithms^ and enjcys the whole Honour thereof 
witboHt any Rival. 

Thefan^e Lord Neper afterwards invented ano- 
ther anfl mere commodious Form of l^cgtirithmSy 
which he communicated to Mr, Henry Briggs, . 
^^^PJf^r ^f Geometry aiOxford^who was hereby 
introduced as a Sharer in the compleating thereof : 
But the fjord Neper dyings the whole Bujinefs 
remaining was devolved upon Mr. Bfiggs, who 
wit^ prodigivus AppHcalton^ and an uncommon 

Dex- 
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Diximtyt compofed a Logaritbmic Canon^ agree* 
abk io that nevo Form^ for tbefirft twenty Chi^ 
Uads cf Numbers {or from t io a 0000), and 
for eleven other Chiliads^ viz, from 90000 to 
1 01 0000. For all which Numbers he calculated 
the Logarithms to fourteen Places of Figures^ 
This Canon was publifbed at London in the Tear 
X624. 

Adrian Vlacq publifbed again this C^npn at 
Gouda in Holland, in the Tear 1628, with the 
intermediate Chiliads^ before omitted^fiiled up ac- 
oording to Briggs'j Prefcriptions', but thefe Tables 
are not fo ujeful as Briggs*/, becaufe the Loga* 
rithms are continued but to 10 Places of Figures. 

Mr. Briggs has alfo calculated the Logarithms 
of the Sines and Tangents of every Degree^ and 
she Hundredth Parts of Degrees^ to 1 5 Places of 
Figures', and has fubjoined to them tke natural 
Sines i Tangent s^ and Secants, to 15 Places of Fi- 
gures. The Logarithms of the Sines and Tangents 
are called artijicial Sines and Tangents. Thefe 
Tables, together with their ConflruSion and Uje^ 
were publifbed after BriggsV Death, at London, 
in the Tear 1633, by Henry Gillebrand, and by 
him called Trigonomecria Briunnica. 

Since tben^ there have been publifbed, infevefal 
Places, compendious Tables, wherein the Sines 
and Tangents, and their Logarithms, conjtft of but 
feven Places of Figures, and wherein are only the 
Logarithms of the Numbers from i to 100000, 
which may be fufficient for moft JJfes. 

The beft Difpofition of thefe Tables, in my Opir 
nion, is that frfl thought of by Nathanael Hce, 
-of Suffolk; and, with fome Alterations /or the 

Y 4 better. 
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belter^ fallowed by Sherwin in bis Maihemalicd 
Tables^' publijbed at London in 1705; wherein 
are the Logarithms from \ to 10 1 000, conjifiing 
of feven Places of Figures. To which arefubr 
joined the Differences^ and proportional Parts^ kf 
means of which ^ may be found eafily the Logarithms 
of Numbers to 1 0000000 ; obfervingy at the fame 
Time^ that thefe Logarithms confift only of feven 
Places of Figures. Here are alfo the Sines^ Tan- 
gents y and Secant s^ with their Logarithm^ and Dif^ 
ferences for every Degree and Minute of the ^a- 
drantj with fome other Tahks of t/fe in fra^icaf 
Mathematics. 
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CHAP. I. 

Of the Origin and N at u mz of 
LOGARITHMS. 

S in Getometrjii the Magnitudes of Lines are 

often defined by Numbers ; fo, likewife, on 
the othjsr Hand, it is fometirties expedient to 
expound Numbers by Lines, viz, by afTum* 
ing foofie Line which may reprefent Unity ; the Double 
thereof, the Number 2 ; the Triple, 3 ; the one Half^ 
the Frat^ion^; ^nd foon« And thus the Geaefis and 
Pcoperties of feme certain Numbers are better con^ 
ceived, and more clearly confidered, than can be done 
by abftrad Numbers. ^ 

Hence, if any Line a ♦ be drawn into itfelf, the Quan- • ^ig* »« 
tity a^, produced thereby, is not to be taken as one of 
two Dimenfions, or as a Oeometrical Square, who(e 
Side is the Line a^ but as a Line that is a third Pro- 
portional to fome Line taken for Unity, and the Lin6 
a. So, likewife, if ia* be multiplied by J, the ProduA 
tf' will not be a Quantity of three Dimtfnfions, or a 
Geometrical Cube, but a Line that is the fourth Term 
in a Geometrical Progreffioti, whofe firft Term is i, 
and fecond « j for the Terms i, tf, «*, a^y «♦, tf^, «*, 
^^y &c. are in the continual Ratio of i to a. And 
the Indices affixed to the Terms fliew the Place of 
Plllance tiliat cycry Tf rm is from Unity. For Ex- 
ample, 
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ample» tf Ms in the fifth Place froth Unfty, a* in the 
fixth, or (ix Times more diftant from Unity than a^ 
or tf ■, which immediately follows Ufiity. 

If, between the Terms i and a^ there be put a mean 
Proportional, which is v" <?> the Index of this will be|s 
for its Diftance from Unity will be one half of the 



I 

T 



Diftance of a from Unity ; and fo a may be written 
for \^ a. And if a mean Proportional be put between 
a and tf «, the Index thereof will be 1 1, or ^ ; for its £Mf- 
tance will be feiquiatteralof the Diflanceof ^ fromUnity. 
If there be two mean Proportionals piJt between i 
and a ; the firft of them is the Cube Root of a^ whofe 
Index mud be y ; for that Term is Diftant from Unit^ 

only by a third Part of the Diftance of a from Unity ; 

I 

T 

and fo the Cube Root may be exprefled by a. Hence 
lihe Index of Unity is o j for Unity is not diftant froiii 
itfeJf. 

The fame Series of Quantities, geometrically pro- 
portional, may be both Ways continued, ks well de- 
fcending towards the Left Hand, as afcending towards 

I I I I I 
the Right ; for the Terms — , — , — , '—, — , i, j, <»?, 

a^ «♦ a^ a* a 
ir', tf^, a', ifc. are all in the fame Geometrical Pro- 
greffion. And fince the Diftance of a from Unity is 
towards the Right Hand, and pofitive or + i, the 
Diftance equal to that on the contrary Side, viz. the 

I 
43iftance of the Term — , will be negative, or— 1» 

a 

irhlch Ihall be the Index of the Term — , for which 

a 
may be written a ' . So like wife in the Terms a^ *, 
the Index — aftiews, that the Term ftands in the fecond 
Place from Unity towards the Left Hand, and the £x* 

I 
preffions a * and — are of the fame Value. Alfo a « 

a"- ' 
I 

is the fame as — . For thefe negative Indices ihew, 

that the Terms belonging to them go from Unity^thd 
6 ^ cgntrary 
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contrary Way to that by which the Terms, whofe In- 
dices are pofitive, do. Thefe Things premifed, 

If on the Line A N, both Ways Indefinitely extended* 
be taken A C, C E, E G, G I, I L, on the Right Hand 5 
and alfoAF^rn, k^c. on the Left; all equal to one ano- 
ther ; and if, at the Points n, r, A, C,|£,G,I, L, be, 
ereded to the Right Line A N, the Perpendiculars ttZ^ 
TA, AB, C D, E F, G H, IK, LM, which let be 
continually proportional, and reprefent Numbers, 
whereof A B is Unity : The Lines AC, A E, A G, 
A I, AL, — Ar, — ^An, refpcdlively exprefs theDiflances 
of the Numbers from Unity, or the Place anB Order 
that every Number obtains in the Series of Geometri-^ 
tal Proportionals, according as It isdiflant from Unity. 
So fince A G is triple of the Right Line A C, the 
Number G H flialJ be in the third Place from Unity, 
if CD be in the firft ; So likewife (hall L M be in the 
fifth Place, fince AL=5AC. If the Extremities of 
the Proportionals, 2, A, B, D, F, H, K, M, be joined 
by Right Lines, the Figure sn L M will become a Po- 
lygon confiding of more or ]efs Sides, according as 
there are more or lefs Terms in the Progreflion. 

If the Parts A C, C E, E G, G I, I L, be bifeded in 
the Points r, iy g^ i, /, and there be again raifed the 
Perpendiculars cd^ ^fy g ^> ' ^> ^^> which are mean 
Proportionals between AB, CDj CD, EFi EF, 
G H; g H,^IKiI K, L M; then there will arifea new 
Series of Proportionals, whofe Terms, beginning from 
that which immediately follows Unity, are double of 
thofe in the firft Series,' and the Differences of the 
Terms are become lefs, and approach nearer to a Ra- 
tio of Equality than before. Likewife in this iiew Se- 
ries, the Right Lines A L, A C, exprefs the Diftances 
of the Terms L M, C D, from Unity ; vi%. fince A L 
is t^ti Times greater than A f , L M (hall be the tenth 
Term of the Series from Unity : And becaufe A / is 
three Times greater than A c, ^JT will be the third Term 
of the Series, if cd be the firft j and there Ihall be two 
mean Proportionals between A B and ef\ and between 
A B and L M there will be nine mean Proportionals. 

And if the Extreniities of the faid Lines, viz. B, d^ 
D, /, F, A, H, i^c. be joined by Right Lines, there 
will be a new Polygon made^ confifting of more, but 
ihoirter Sides than the laft. 

If. 
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Iff again, tbeDiftances Ar, rC, C/, ^E, C^c. be 
fuppofed to be bifeded) and mean Proportionals be* 
tween every two of the Terms be conceived to be put 
M thofe middle piftances; then there will arife anor 
Iher Series of Proportionals^ containing double the 
Number of Terms from Unity than the former does ; 
but the Difference of the Terms will be kfs ; and if 
the Extremities of the Terms be joined, the Number 
of the Sides of the Polygon will be augmented accord- 
ing to the Number of Terms j and the Sides thereof 
will be lefTdr, becaufe of the Diminution of the Dis- 
tances of the Terms from each other. 

Now, in this^new Scries, theDiftancps AL, AC, 
bfc. will determine the Orders or Places of the Terms ; 
viz, if A L be five Times greater than A C, and C D be 
the fourth Term of the Series from Unity, then L M 
will be the twentieth X^rm from Unity. 

If in this manner mean Proportionals b^ continu* 
ally placed between ievery two Terms, the Number of 
Terms at laft will be made fo gfeat, as alfo the Nunaber 
of the Sides of the Polygon, as to be greater than any 
fiven Number, or to be infinite ; and every Side of the 
^olygon (o leflened, tt6 to become lefs than any given 
jght Line; and confequently the Polygon will be 
changed into a curve-lined Figbrfcj for any curve- 
Jined Figure may be conteiVeO as a Polygon, whoft 
Sides are'infioitcly fmall^ and infinite in Number. 

A Curve defcribed after this manner is tailed Loga^ 
rithmeticali in which> if Numbers be reprefented by 
Kight Lines ftanding at Right Angles to the Axis AN, 
the Portion of the Axis intercepted between any Num- 
ber and Unity (hews the Place or Order, which that 
Number obtains in the Series of Geometrical Propor- 
tionals, diftant from each other by equal Intervals. 
For Example ; if A L be five jTimes greater than A C^ 
and there are a thoufand Terms in continual Propor- 
tion, from Unity to L M ; then will there be two hun- 
dred Terms of the fame Series from Unity to C D, or 
CD fliall be the two hundredth Term of the Series 
from Unity ; and let the Number of Terms from A B 
to L M be fuppofed what it will, then the Number of 
Terms from A B to C D will be one fifth Part of that 
Number^ 

The 
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TheL<jgari thmettcal Curve may alfo be conceived to 

l?e defcribed by two Motions, one of which is equable, 
and the other atcelerated, or retarded, aeccrdiftg to a 
given Ratio. For Example, if the Right Line A B 
moves uniformly along the Line A N, fo that the End 
A thereof defcribes equal Spaces in equal Times ; and, 
til the mean Time, the faid Line A B fo increafes, that 
the Increments thereof, generated in equal Times, be 
proportronal to the whole increafing Line, that is, if 
A B,' in going forward to cJ^ be increased by the Incre- 
ment dy and in an equal Time when it is come to* 
C D, the Increment thereof is D py and Dp to iic is as 
dtf is to A B ; that is, if the Increments generated in 
equal Times are always proportional to the Wholes j 
or, if the Line A B, moving the contrary Way, dimi- 
xtiflies in a conftant Ratio, fo that white it goes thro' 
the equal Spaces, the Decrements A B — r^, r^ — 
n?, arc proportional to A B, ta ; then the End ofthe- 
Line, increafing or decreafing in the faid manner, de- 
fcribes the Logaritbmctical Cuf ve. Fof IVncc Ah : d^^ 
* : dciDp: :T)C:fqi it fliall be - (by Compofition 
of Ratio), as AB :rff :: rff :DC riDC:/^, and 
fo an. 

By thefe two Motions, vhn, the one equable, and the* 
other proportionally accelerated or retarded, the Lord 
Neper laid down the Origin of Logarithms, and called 
the Logarithm o^ the Sine of any Arc, That Number 
which neareft defines a Line thai equally increafes^ while^ 
in the mean Time^ the Line exprejfing the whole Sine fro^ 
fortionally decreafis to that Sine, 

It fs manifeft, from this Defcription of the Logarith- 
metic Curve, that all Numbers at equal Diftances are 
continually proportional. It is*alfo plain, that if there 
be four Numbers A B, CD, I K, L M, fuch, that the 
Diftance between the firft and fecond be equal to the 
Diftance between the third and the fourth : Let the 
Diftance from thefecond to the third be what it will,, 
thefe Numbers will be proportional. For, becaufe 
the Diftances AC, IL, are equal, A B'fliall be to the 
Increment Dx, as IfC is to the Increment M T» 
Wherefore (by Compofition) A B : D C : I K : M L. 
And conirariwife, if four Numbers be proportional,, 
the Plftance between the firft and the fecoiid 'fhali' 

be. 
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be equal to the Diftance bet wees tbcribiid ao4tbe 
fourth. 

The Diftance between any two Numbers la called 
the LfOgarithm of the Ratio of tboTe Numberi> and 
indeed doth not meafure the Ratio itfcif, but the Num« 
ber of Terms in a given Scries of Geometrical Propor- 
tionals proceeding from one Number to another \ and 
defines the Number of equal Ratios by the Compofi* 
tion whereof the Ratios of Numbers are known. 

If the Diftance between any two Numbers be dou- 
ble to the Diftance between two other Numbers, then 
the Ratio of the two fomiier Numbers ihall'betbe 
Duplicate of that Ratio of the two latter. For let the 
Diftance I L between the Numbers I K, L M, be dou- 
ble to the Diftance A c^ between the Numbers AB, 
td\ and fince I L is bifefled in /, we have A c=:I /, =: 
/L ; and the Ratio of I K to / ;n is equal to the Ratio of 
ABtof^; and fo the Ratio of I K to L M, theDu- 
|}Iicate of the Ratio of 1 IC to i m {hy Def. lo. EL 5.}» 
Iball be the Duplicate of the Ratio of A B to r ^. 

In like manner, if the Diftance £ L be triple of the 
Diftance A C, then will the Ratio of £ F to L M be 
triplicate of the Ratio of A B to C D : For, becaufe 
the Diftance is triple, there fliall be three Times more 
Proportionals from £ F to L M, than there are Terms 
of the fame Ratio from A B to C D ; and the Ratio of 
£ F to L M, as alfo of A B to C D, is compounded 
of the equal intermediate Ratios [by Def. 5. El, 6.) 
And fo the Ratio of £ F to L M, compounded of 
three Times a greater Number of Ratios, ihall be trip- 
licate of the Ratio of AB to C D. So, likewife, if the 
Diftance G L be quadruple of the Diftance A r, then 
fhall the Ratio of G H to L M be quadruplicate of 
the Ratio of khtocd. 

The Logarithm of any Number i& the Logarithm 
of the Ratio of Unity to that Number; or it is the 
Diftance between Unity and that Number. And fo 
Logarithms exprefs the Power, Place, or Order, which 
every Number, in a Series of Geometrical Progref- 
iionals, obuins from Unity. For Fxample, if there be 
lOOOOOOO proportional Numbers from Unity to the 
Number 10, that is, if the Number 10 be in the 
1 0000000th Place from Unity y. then it will be found 

by 
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If Computation, that in the fame Series from Vniiy^ 
to 2, there are 3010300 proportional Terms ; that is^ 
the Number 2 will ftand in the jotosooth Place. In 
like manner, from Unitv to 3,. there will be found 
47712 13 proportional Terms, which Number defines 
dicPlace of the Number 3. The Numbers i oodoooo, 

?oiO30O9 4771 213, fliallbethe Logarithms of the 
lumbers 10, 2, smd 3. 

If the firft Term of the Series from Unity be called 
jT, the fecond Term will be y%j the third^S (sfr. And 
fince the Number 10 is the 10, 000, oooth Term of 
the Series, then will ^*'»°«»^*'<*^ = lo; alfojp'^»°»^* 
= 2; alfojF*^'^**'^ == 3 J and foon. 

Wherefore all Numbers (hall be fome Powers of 
that Number which is the firft from Unity ; and the 
Indices of the Powers are the Logarithms of the 
Numbers. 

Since Logarithms are the Diftances of Numbers 
from Unity, as has been ihewn, the Logarithm of 
Unity (hall be o ; for Unity is not diftant from itfelf : 
But the Lc^rithms of Fra^ons are negative, or dc- 
fcending below nothing ; for they m on the contrary 
Way. And fo if Numbers, increaung proportionally 
from Unity, have pofitive Logarithms, or fuch as are 
aflfeSed with the Sign +, then Fradionsor Numbers, 
in like manner decreafing, will have negative Loga- 
rithms, or fuch as are afiei^ed with the Sign -^ ; which 
is true when Logarithms are confidered as the Dif- 
tances of Numbers from Unity. 

But if Los^arithms take their Beginning, not from 
an integral Unit, but from an Unit that is in fome 
Place of decimal Fra&ions ; for Fxample, from the 
Fraction „^^^^^^^t5^ ; then all Fradions greater 
than this, will have pofitive Logarithms ; and thoie 
that are lefs, will have negative Logarithms. But 
more (hall be faid of this hereafter. 

Since in the Numbers continually proportional, C D, 
E F, G H, IK, ^c. the Diftances C E, E G, G I, 
btc, are equal, thi: Logarithms A C, A £, A G, A I, 
lsf<. of thofe Numbers (ha^l be equidifterent, or thtf 
DiiFerences of them (hall be equal : And fo the Lo- 
garithms of proportional Numbers are all in an Arith- 
metical Progreifioo ', and from hence proceeds that 
common Definition of Logarithms, viz, that Loga- 

riihms 
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rjkhms are Numbers^ whiA^ idng ad^md t9 Pnp^**^' 
ti^ns^ bayt i^tal Differ encei. < . 

In ihe firft Kind <rf Logartthmidxat ^^^ pub** 
lUhed, tke firi^ Xerox of the comiMial Pfopoitionjds 
was placed only To far diQantfrDm Unkjr^ as that Term, 
exceeded Unity. For Example, if v » he die firii: Term 
of the Series from Unity A 3^ the LDgaritkoi'tfaereDf, 
or the Dtftance An, or By, was, according to him, 
equal tat^y, or the Increm^t of the Number above 
lenity. As foppofe vn be i,eoooooi, be piaced- 
0,0000001 for its Logarithm hni and fiom henc%» 
by Computation, dte Number lo fliall be the 
23025850^^ Term of the Series s which Number 
tkMrefoffe is ihe Logarithm of lo in this Form of Lo- 
garithms, and exprefles its Diftance from Unity in 
fncb Parts whereof t;y or A « i£ oae. 

But this Pofition is entirely at Pleafure; for the 
Diftance of the firft Term may hare any gif en Racio 
to the fixcefs thereof aboit Unity ; and according to 
that various GLatio (which may he liippofed at Plea- 
fure,) that is, between vy vnd By, the Increment of 
the iirft Term above Uarty, and the Diftance of the 
fanie from Unity, diere will be produced differenc 
Forms of Loigarithms, 

This Arft Kind of Logarithms was afterwards 
ckaffged by Nefmrj iitto anocber more convenient one, 
wherein he put the Number 10 not as the 2302 585^ 
Term of the Series but the looooooo^^; and in this 
Form of Logarithms, the firft IcKrement vy fiiall be to 
the Diftance By, or A », as Unity, or A B, is to the 
Decimal Fradion 0,4342994, which therefore ex^ 
preii'es the Length of the Subtangent A T, Fig, 4. 

After Neper*% Death, the excellent Mr. Henry Briggs^ - 
by great Pains, made and publifhed Tables of Loga- 
rithms according to this Form. Now (Ince in theie 
Tables, the Logarithm of 10, or the Diftance thereof 
from Unity, is i,oooo(>oo, and i,i/0, 100,1 000, loooo, 
tsfc, are continual Proportionals, they fhali be equi- 
diftant. Wherefore the Logarithm of the Number leo 
fhall be 2,0000000; of 1009, 3*0000000; and the 
Logarithm of loooofhall be 4,0000000 ; ajid.foon^ 

Hence the Losariihms of all Numbers between i 

I— 

and 19 aau« begin witb e> or Q muft ftaad in the 

firft- 
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ftfft Place to the Left-hand ; for they are lefler than 
the Logarithm of the Number lO, whofe Beginning is 
Unity ; ^nd the Logarithms of the Numbeis between 
10 and joo begin with Unity ; for they are greater than 
1,0000000, and lefs than 2,0000000. Alfo the Loga- 
rithms between 100 and looo begin with 2 ; for they 
are greater than the Logarithm of 100 which begins 
with 2, and lefs than the Logarithm of loco ihat be- 
gins with 3. In the fame manner it is demonfirated, 
that the firft Figure to the Left-hand of the Loga- 
rithms between 1000 and loooo muft be 3 ; and the 
firft Figure to the Left-hand of the Logarithms be- 
tween lOOOO and looooo will be 4 ; and fo on. 

The fiift Figure of every Logarithm to the Left- 
hand is called the Charaderiftic, or Index, becaufe it 
(hews the higheft or moft remote Place of the Num- 
ber from the Place of Units. For Example, if the 
Index of a Logarithm be i, then the higheft or moft 
remote Place from Unity of the correfpondent Num- 
ber, to the Left-hand, will be the Place of Tens, If 
the Index be 2, the moil remote Figure of the corre- 
fpondent Number (hall be in the fecond Place fromi 
Unity, that is, it fliall be in the Place of Hundreds ; 
and if the Index of a Logarithm be 3, the laft Figure 
of the Number anfwering to it, (hall be in the Place 
of Thoufands. The Logarithms of all Numbers that 
are in decuple or fubdecuple Progreifion, only differ in 
their Charaderiftics, or Indices, they being written in 
all other Places with the fame Figures, For Example, 
the Logarithms of the Numbers 17, 170, 1700, 17000^ 
are the fame, unlefs in their Indices ^ for fmce 1 is to 
17, as 10 to 170, and as 100 to 1700, and as 1000 to 
17000; therefore the Diftances between i and 17, be- 
tween 10 andAi70, between 100 and 1700, and be- 
tween jooo and 17000, fhali be all equal. And fo, 
fince the Diftance between i and 17, or the Logarithm 
of the Number 17 is 1.2304489, the Logarithm of the 
Number 170 will be=2.2304489, and the Loga- 
rithm of the Number 1700 (hall be 3.2304489^ be- 
caufe the Logarithm of the Number 100=:, 
2.0000000. In Tike manner, iince the Logarithm of 
the Number 1000=3.0000000, the Logarithm of the 
Number 17000 fball be 4.2304489. 

2» S«. 
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So alfo the Numbers, 6748. 674,8. 67,48, 6,74?. 
0,6748. 0,06748, are continual Proportions in the 
Ratio of 10 to I ; and fo 



3,fc9l7St 
2*8291751 
1,8291751 
0,8291751 
—1,8291754 
— 298291751 



their Diftances from, each 6748 

other (hall be equal to the 6 7 4,8 

Diftance or Logarithm of 6 7,4 8 

the Number 10, or equal 6,7 4 8 

to 1,0000000. And foy 0,6 748 

fitlce the Logarithm of 0,0 6748 

the Number 6748 is 

3,8291751, the Logarithms of the other Numbers Ihalt 

be as in the Margin ; where j^ou may obferve, that thd 

Indices of the lall two Lo|;arithms are only negative^ 

and the other Figures pofitive; and fo, when thofc 

Other Figures are ta be added, the Indices muft be fub« 

tradted, and contrariwile.^ 

CHAP. 11. 

O/" the Arithmetic of Logarithms in whott 
Numiers^ or whole Numbers adjioineJ t^ 
Decimal FraSliom. Fig. a. 

ijEcaufe, in Multiplication, Unity is to the Muhf«- 
^ plier, as the Multiplicand is to the Produd; the. 
Diftance between .Unity and the Muhiplier ifaall be 
equal to the Diftance between the Multiplicand and* 
the ProdiwS. If therefore the Number G H be to be 
Kftultiplied by the Number E F, the Diftance betwfcert* 
Q H and the Produ<a muft be equal to the Diftance 
A E, or to the Logarithm of the Multiplier ; and ib% 
if G L be taken equal to AE, the Nitmber LM Aall 
be the Product ; that is, if the Logarithm of the 
Multiplicand AG be added to the Logarithm of the 
Multiplier A £, the Sum fliall be the Logarithm of th^ 
Produa. 

In Divifion, the Divifor is to Unity, as the Rvf- 
dcnd is to the Quotient : and fo the Diftance betweei^ 
the Divifor and Unity mail be equal to the Diftance 
between the Dividend and the Qitotifent. So if L IVf 
be to be divided by E E, the Diftance £ A (ball be 
eq^ual to the Diftance between L M and the Quotient ;, 
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And To, if L Q be taken e<|uai to E A, the Quotient 
Will be at G; that is, if from AL, the L(garuhtn of 
the Dividend, be taken G L, or A £, the Logarithm; 
of the Divifor, there will remain A G, the Logarithm 
of the Quotient. 

And from hence it appears, that whatfoever Ope- 
rations in common Arithmetic are performed by mul- 
tiplying or dividing of great Numbers, may be done 
much eafier, and more expeditioufly^ by the Addition 
or Subtradion of Logarithms. 

For Example, Let the Number 7589 be to be mul- 
tiplied by 6757. Now, if the Lo- 
garithms of thofe Numbers be Log. 3.8801846 
added together, as in the Margin, Log. 3;8297539[ 
their Sum will be the Logarithm Log, 7.7099385 
of the Product, whofe Index 7 \ 

fhews, that there are feven Places of Figures, befides 
Unity, in the Produ£l ; and in feeking this Loga- 
rithiti in Tables, or the neareft equal to it, I find that 
the Number anfwering. thereto, which is lefler thsm the 
Produd, is 51278000; and the Number greater than 
the ProdudI is 5 1279000 ; and if the adjoined Differ- 
encei, and proportional Parts, be taken, the Num- 
bers that muft be added to the Place of Hundreds and 
Tens in the ProduS are 87 ; and that which muft be 
added in the Place of Unity, will necefTarily be 3, fince' 
feven Times 9=63 ; and fo the true Produ£l fliall be 
51278873. If the Index of the Logarithm had been. 
8 or 9, then the Numbers to be added in the Place of 
Tens or Hundreds could not be had from thofe Tables 
of Logarithms which confift of but 7 Places of Fi- 
gures, oefides the Characleriftic ; and fo, in this Cafe^ 
the ValacquiM or Briggian Tables fliould be ufed ; in 
the former of which, the Logarithms are all to ted 
Places of Figures, and in the latter to fourteen. 

If the Nttikiher 78596 be to be 
divided by 276, by fubcraSing the Log. 4^8954004 
Logarithm of the Divifor from the Log. 2.4440448 , 
Logarithm of the Dividend, the Log. 2.4513556 
Logarithm of the Quotient will be 
had. And to this Logarithm, the Number 282, 719 
anfwers ; which therefore fliall be the Quotient. 

Becaufe Unity, any aflfumed Number, the Square 
ttiereofy the Cube the Biquadrate, (s^c* are all con* 

Z 2 tinual 
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tinual Proportionals, their Diftances from each other 
fl)all be equal to one another. And To it is manifeft^ 
that the Diftance of the Square from Unity is double 
of the Diftance of its Root from the fame : Aifo the 
Diftance of the Cube is triple of the Diftance of its 
Root ; and the Diftance of the Biquadrate is quadru- 

• pk of the Diftance of its Root from Unity, (^c. And 
(b, if the Logarithm of any Number be doubled, we 
ihall have the Logarithm of its Square ; if it be tripled, 
we fliall have the Logarithm of its Cube ; and if it be 
quadrupled, the Logarithm of its Biquadrate. And 
contrariwife, if the Logarithm of any Number be bi^ 

~ feded, we ftiali have the Logarithm of the Square Root 
thereof : Moreover, a third Part of the (aid Loga- 
rithm will be the Logarithm of the Cuhe Root of the 
Numbpr ; and a fourth Part, the Logarithm of the 
Biquadrate Root of that Number. 

Hence, the Extractions of all Roots are eafily per-^ 
formed, by dividing a. Logarithm into as many Parts 
as there arc Units in the Ijadex of the Power. So if 
} ou want the Square Root of 5, the Half of 0,6989700 
muft be taken, and then that Half 0,3494850 will be 
the Logarithm of the Square Root of 5, or the Lo* 
garithm of ^ 5, to which the Number 2)^36o6S 
jnearly anfwers. 

C H A P^ III. 

Of the Arithmetic of Logarithms^ when the 
Numbers are FraStions. Fig. 3. 

WHEN Fraftiort* are to be worked by Loga- 
rithms, it is neceflary, for avoiding the Trou- 
ble of adding one Part of a Logarithm, and fubtradt- 
tngtbfr other, that Logarithms do not begin from an 
integral Unit, but from feme Unit that is in the Tenth 
or Hundredth Place of Decimal Fra£iion8: For 
Example, let P O be ^^^^4^^^^, and from this 
let the Logarithm begin. Now this Fradion is 
ten Times morediflant from Unity to the Left-hand, 
ihan the Number 10 is diftanttherelrom to the Rif/ht; 
Ibr there are 10 prbportional Terms in r ■*'. k^;:.-. of. 
10 to I , froai Unity to P O. And fo. if v i' ;; .. r.^xy^ 

the 
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ihe Logarithm thereof, according to this Suppoiitioni 
will not be o, but O A =10.0000000. Now the 
Diftance of Ten from Unity is i.ooooooo« whence 
the Oiftance of the Number 10 from P O will be 
li.ottooooo. Alfo the Diftance of the Number 
100 from P O, or iu Logarithm, beginning from P O, 
fball be 12.0000000 ; and the Logarithm oF 1000, or 
the Diftance from PO, will be 13.0000000. Andthus^ 
the Indices of all Logarithms are augmented by the 
Number 10 ; and thufe Fractions whofe Indices are 
-—I, or — 2, or — 3, i^c, are now made 9, 8, or 7, t^c. 

But if Logarithms begin from the Place of a Frac- 
tion, whofe Numerator is Unify, and Denominator 
Unity with 100 Cyphers added to it (which they muft 
do when FraSions occur that are kfs than P O), then 
that Fradien will be ico Times more diftant from 
Uuity^ than 10 is diftant from it ; and fo the Loga- 
rithm of Unity will have 100 for the Index thereof* 
And the Logarithm of any Tens will have 101 for the 
Jndex, that of any Hundreds 102, and fo on ; ail the 
Indices being augmented by the Number 100. 

The Logarithms of all Fradions that are greater 
than PO (whereat they begin) will be po(itive« And 
fince the Numbers 10, i, -^^ ,4^, tw&> ^^' ^'^ "* 
a continual Geometrical Progreliion, they will be 
equally diftant from each other ; and accordingly their 
Logarithms will be equ id liferent : And fo, when the 
Logarithm of 10 is 11.0000000^ and the Logarithm 
of Unity is 10.C000000 ; then the Logarithm of thft 
Fradion ^^ will be 90000000, and the Logarithm 
of the Fraction ^^ will beS.ooooooOi and, in Y\\m 
manner, the Index of the Logarithm of V^'^^ will 
be J. Alfo, for the (ame Reafon, if the Index of the 
Logarithm of Unity be lOO, and of 10 be loi, then 
will the Index of the Logarithm of the Fradion ^ be. 
99, and the Index of the Logarithm of ^^ will be 98, 
and the Index of the Logarithm of the Fradion -, -J-^-^ 
(hall begy, i^f. And thefe Indices (hew in what Place 
from Unity the firft Figure of the Frad^ion, not be- 
ing a Cypher, muft be put. For Example, if fhc Index 
be 4, the piftance thereof from the Ind^x of Unity 
(which is 10), v/z. 6, (hews that the firft fignifica- 
tive Figure of the Decimal is in the fixth Place from 
(Jnity I and therefore fiye Cyphers are to be prefiiced 

123 thereto 
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thereto towards the Lefl*hadd. So, alfo^ if the Index 
of Unity be lOO, and the Index of the Fradion be So, 
the firft Figure thereof (hall be in the'20th Flace from 
Unity, and 19 Cyphers are to be prefixed thereto. 

Now, let it be requtred to multiply the Fra^ftion 
G H by the FradJion DC. Bccaufc Unity is to the 
Multiplier as the Multiplicand is to the Produd; the 
Diftance between Unity and the Multiplier (ball be 
equal to the Diftance between the Multiplicand an4 
the Produft. Therefore, if there be taken G 1= A C, 
the Produ£): IK fliall be at I. And, accordingly, if 
from O G, the Logarithm of the Multiplicand, there 
be taken G I©r A C, there will remain O I, thetiOgar 
riihm of the Produd. But A C=:0 A— O C, which 
taken from OG, there will remain OG+OC— 
O A=0 1 $ that is, if the Logarithm of the Multiplkf 
and Multiplicand be added together, and from %he 
Sum be taken the Logarithm of Unity (which is 
5ilways expreffed by 10 or lOO with Cyphersy. the Lo- 
garithm of the Product will be had. For £xamp]e| 
let the Decimal Fra<5iion 0,00734 be to be multiplied 
\)y the Fraftipn 0,000876. Set down 100 for the 
Index of the Logarithm of Unity, ahd then the Lo- 
garithms of the Fra^ioiu willbb as in the Margin ; 
which being added together, and the 
Logarithm of Unity being taken away 97,8656^1 
from the Sum, the Remainder is the 96.94.25041 
Logarithm of the Pr-oduA, whofe In- 94^8082002 
dcx 94 ihcws, that the firft Figure of 
the rroduift is in the fixtKPlace from Unity 5 and (q 
there muft be five Cyphers prefixed^ and then the Pro- 
duft will be 0,00060642984. 

In Divifion, the Divifbr is to Unity, as the Divi- 
^nd is to the Qiiotient; and fo the Diftance between 
the Divifor ai>d Unity (hall be equal to the Diftance 
bet>vecn the Dividend and Quotient. And fo. If 
the ^rzA'iof) 1 K be to be divided by D C, you muft 
take IG=C A, and the Place of the Quotient 0iall 
beG. But CAszOA— OC, which being added 
toOI, we have OA+OI— OC=OG; that is^ 
if thfe Logarithm of Unity be added to the Logarithin 
of the Dividend, and from the Sum be taken the Lo- 
garithm of the Divifor, there will remain the Loga- 
;i/thm of the Quotient i fo if the Number C D be tcf 

be 
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1|C divided bj 1 1^, you muft ta]ce the Diftance CS= 
1 A, and then S T will be the Quotient, whofe Loga- 
rithm is OA+OC~OI. Let 00=0.34.7, IK, 
3=0.00478. Th^n add the Logarithm 
cif Unity to the Logarithm qf C D 5 19-5403295 
th^t is, put I or 10 before the Index 7*6794279 

thereof, and from that fMbtrafl the Lo- — . 

arithm of the DiYilbr,and theRemain- 1 1.8609016 
Jer will be the Logarithm of the Quo- 
tient, whofe Index 1 1 (hews, that the Quotient is be- 
tW^Gti the Nunrjbers 10 and fOO^ and I fcek the Num- 
ber anfwering the Logarithm, which I find to bo 
72,594. If the Logarithm of a Vulgar Fra<3ion, for 
Example ^, be required, the Logarithm 
t)r Unity muft be added to the Loga- 10.84 5098Q 
rithm of the Numerator 7 j qr, which 0.9030900 ' 

IS 9II one, you muft put 10 or 100 be- ■ ■ 

fore the Index thereof, and fubdud from 9.9420080 
it the Logarithm of the Deiwminator 
5 1 and there will remain the Logarithm of the Vul- 
gar Fradlion i, or thb Decimal ^87 s. 

If the Powers of any Fraflion D C be required, yon 
muft aiTume £ C, £ G, G I, I L> each equal to A C ^ 
and then E F will be the Square, G H the Cube, and 
i K the Biquadrate of the Number D C ; for they are 
continually proportional from Unity. Befides, A Err 
2AC=2 AO— 2OC; whence OE=OA— AE 
r=2 O C — O A ; that is, the Logarithm of the Square 
is the Double of the Logarithm of the Root, lefs the 
Logarithm of Unity. In like manner, fince A Gir: 

iAC=i30A— 3OC, wefcallhayeOGnOA— 
G= 3 OC — 2 O Ar=: the Logarithm of the Cube, 
n triple the Logarithm of the Root, — the Double 
of the Logarithm of Unity. For the fame Reafon, 
becaufe AI=4AC = 4 A — 4 OC, we have O I 
zi: 4 O C — 3 O A, which is the Logarithm of the Bi» 
quadrate. And, univerlally, if the Power of a Frac- 
tion be xr, and the Logarithm L, then (hall the Loga- 
rithm of the Power n:=zn L — n O A-f O A ; that is, 
if the Logarithm of a Fradlton be multiplied by n^ and 
Jirom the Produ6i be taken the Logarithm of Unity, 
multiplied by ff-*— i, the Logarithm of the Power n of 
th^ Fr^ion will be hd§)« 

Z 4 For . 
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For Example, if it is required to find ihe 6th- 
Power of the FraSiun aV— >^5» ^^^ Logarithm of this 
Fraflion 8.6989700, which, being multiplied by 6, 
gives the Number 52.1938200 ; and if from 52 the 
Number 50, which is the Index o& the Logarithm of 
Unity drawn into 5, be taken away, the Remainder 
will be the* Logarithm of the 6th - Power, viz. 
2 1938200, to which the Number ,000000015625 an- 
fwers. For the Index 2 (hews*, that 7 Cyphers muft 
be put before the firft Figure, 

If the 8th Power of the FraiHon ,05 be required, 
by multiplying the Logarithm by 8, there will l^c 
produced 69.5917600 ; and fmce 70, which is feven 
Times the Index of the Logarithm of Unity, cannot be 
taken from 69, unlefs we run into negative Numbers, 
the Index of the Logarithm of Unity muft be fuppofed 
100, and then the Index of the Logarithm of the 
Fraftion will be 98. Now this Logarithm drawn into 
8, gives 789,5917600; and if 70c, which is 7 Tinies 
the Index of the Logarithm of Unity, be taken from 
789, there will remain 89.5917600, the Logarithm 
of the 8th Power of the Fradion ^'^, whofe correfpond- 
ent Number is ,000000000039062. For fince the In- 
dex is 89, and the Difference thereof from loo is 11 j 
the firft fi2;nificative Figure of the Frafiion (hall be in 
the nth Place from Unity; and fo there muft be 10 
Cyphers placed before it. 

if the Roots of the Powers of Frafiions be defired, 
for Example, the Square Root of the Fraction E F^ be- 
caufe the Root is a mean Ploportional between the 
Fradtion and Unity, you muft bifeft A E in C, and 
then CE) will be the Square Root of the Fraction E F. 
^ OA— OE 
But A C = i AE ="~— i and fp the Loga^ 

OA+OE 

rithm of the Root = OA— AC = • And 

• 2 > 

if the Cube Root of the Fraftion G H be fought, this 
(hall be the firft of two mean Proportionals between 
Unity and G H ; and fo, if A G be divided into three 
equal Parts, the firft of which is A C, then CD (hall 
be the Root fought: And becaMfe AC = 4 AGs:: 
OA_OG ^ jf ^jjj3 jjg j^j^^j^ f^^^ Q^^ there -will 

•3 remain 
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remain 3 1.-..^ =: O C =s Logarithm of the Cube 

3 

Root of the Fraftioa G H. fio, likewife, the Biqua* 

drate Root of the Fradlon IK will be had^ by di« 
vid'tng Al into four equal Parts ; for the Root is th« 
firft of three ^lean Proportionals between Unity 
and the Fradibn ; and, confequently, if A C =: ;J A J, 
then will C D l;>e the Biquadcate Root of the Fradion 

IK- But AC =E^ Air: ^^~2l} and foOC^s 

OA-AC:;:32^^±£l ' 

4 ■ • 
* And yniverfelly , if the Root of any Power xr of the 

Fraction L M be required, the Logarithm of the Root 

thereof v^ui be , , ^j 1 — ^j that w» if the 

n 

Number «-r^l be prefixed to the Index of the Loga- 
rithm, and the Logarithm'thus 'augmented be divided 
by », the' Qiiotient will give the Lozarithm of the 
Root fought. So if the Cube Root of the Fraction f or 
•5 be fought, you muft place i=«-^i '(fince the Cube 
Root is required) before the Logarithm thereof, and 
(here will be had 29.6989700, a third Part of which is 
9,8996566, which is equal to the Logarithm of the 
Cube Root of theFraftion 7; and the Number ,79371 
anfwering to this Logarithm, is the Root fought. 

CHAP. IV, 

Oftlbe Rule of Proportion by Logarithms^ 

^HE Rule of Proportion (hews how, by having 
-* three Ni/tnbcrs given, a fourth Proportional tq 
thenii piay be found; wz. if ^the fccond and third 
-Tcrn:is be multiplied by pn^ another} and the ProducSl 
divided by the firft Terip, then will the Quotient be the 
fourth proportional Term fought. But this fourth Terni 
is much eafier found by Logarithms ^ for if the Loga- 
rithm of the firft Term be taken from the Sum of the 
LQgariihips( pf the fecond and third Term, the Num- 

bee 
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' ber remaining vf'M be the LQgari|;hm f2f tht foyrtb* 
fought. '" ' 

Or (his may be (Jqne fomethiflg eafier yet, if infie^ 
of the Logarithm of the firft Term be taken its Corn-f 
pleQien( Arlthmetic^af, or the Difference of that Lo- 

Sarithpij an^. the Number lo.ooocopo, which is 
one by fettir^g down the Difference between each Fi* 
gurc of fhe IlK>garithm, and the Figure 9 j fpr then| if 
that Arithmetical Complement be added to the Sum 
of the other twq Logarithms^ and ff Unityi whicb^ii 
the firft Figure to the. Left-hand, be taken from the 
Sum, the Remainder will be thf Logarithm of th^ 
fourth Term fought; and fo, by this Way, the Loga* 
lithm of the {cAiiftA Term is found by onjy one Addition 
of thre^ ^Mmbers, The Reafop of this ^^|ji \^ ^unifei| 
from hence : Let there b^ th/£f Numbers A, B, C, 
the firft of which is to be taken from the Sum of the 

fecon4 9ni third* Now Ijhis jan.^^ no^ only be doDe 
by the coipppn Way, but, likewife, if there be any 
pther Number E tak^fi, and ff om th'\^ the^e be takei^ 
A, there will refp^in E-—A 5 .^nd if ,thp Numberf 
^, C, dpd £-^A| be ^11 adde^ together, and from 
^h^tr Sum he taken £, there will remain B-fC«— A* 
$0, if J he Number i^ be to be t^kcp from 23, 
t^ake the CQflfipIenjejht.of the Number i^ to lOp ?5 
which i$ 85^ and add this Number to 2^, and a| 
the Sum will b^ 108, from which loP bting jog 
taken> there remains the Number' S'. 

Here follow feme Trigonometrical Examples of the 
Rule of Proportion Tolved by L^aH^hnis. 

Let A BC be a Right-lined Triangle, wherein arei 
given the Angle ^ 36 Dearees 46', tbe Angle B qS 
Degrees 32'* and the Side 8 C 3478 j the Side A C is 
required. Say (/^ Cafe 1, of Plane Trig,), as the Sine 
ixf the Angle A is 

to the Sine of ahe Arith. Coflnp. S, A. 0.2228938 
Aflgle B, fo is BC Log, Sin, B. 9*995 1^56 

to AC. And be- Log. BC. 354*3296 

caufe the Loga- Log. A C. iT7sgt§3> 

rithm Sine of ihc ^ ^^^^ ^^ 

Angle A is the firft Term of the Analogy, I fubftitute 
Its Complement Arithmetical for the fame, and add 
the Legai'ithm of BC, the Loganthfin^of S, B, and 
the (aid Complement^ all thiee together, and reject 

Unity 
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Unity J which is in the firft Place to the Left-hand ; 
and then the Logarithm of the 9ide AC will be given^ 
and the Number anfwering thereto is 5746,306, equal 
to the Side fought AC, 

I^et th^re be a Spherical Triangle A B C> tn which 
Sire given ail the Sides, viz. B C =7 30 Degrees, 
AB=c24 Degrees s*, aod A C=42« Degrees 8' ; the 
Allg^ 3 IS required. Let B A be produced tp M, fo 
that &M=B C 5 then will A M, the Difference jpf the 
Sides B C, B A, be equal to 5 Degrees 57^ Novr 

i by Cafe 11. in oblique-angled Spherical Triangles) 
ly. As the Rectangle under the Srnes of the Lege is 
to the SqOaie of Radius, fo is the Re6langle under the 

Sioef of ih^ Arcs ^£±^,^Sz:^,tptheSqua^ 

. ^ . ■ . .^ 
i^f the Sine isf one half the Angle B. 

But ^£±^ :x a4'D,g«« A and ^^^^H 

2 ? 

fP l8 Dejgrees 6' 5 and b^wufe Ihc firft T^rpfi.of th/e 
Anidogy is the R^^inngle vtnd^f Che ^ii»es pf A @9 B ^t 
4ad the fecond Ttrtn i$ the Square of Radi^vsythe Sun^ 
pf the Log^iricbm Sines of A B« B C, mvA l>c t^l^n f roi^ 
double the Logariibm of Radius, and what lemaiaii 
^uft be added to th^ Spm of the Logarithm $, <tf 

^5r"*"^^,and^^T^^, which is the fame as if 
2 2 

tT>e Ldgarithm Sines of ea^h of the Arcs A B, BC^ 

SdfVom Log.S,BCComp.ArUh. o.30i04|^ 
flie Log. of ♦'Og-S.AeComp.Amh, 0.3598364 

Radius; or if Log.S,^£±^ 9.609880J 

the-Coff)pte- * 

«»« AH*. ^^. S AC-*M ,,,.308, 

thefe Sines 2 Log. S t Angle B 19 -79305+9 

betaken^and 

thofe Complements and the faid Sines be all added to- 
gether, then fliall the Sum be the Logarithm of the 
8quare of the Sine of half the Angle B. And ^ the 
Half thereof, viz. the Logarithm 9.8965274, is the 
Logariihm Sine of half the Angle 63:51 Degrees 59^ 
56'', and the Double of this Angle (hall be 103 Do* 
grccs59' 52'' = §, which was fought. 

6 CHAP. 
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C H A P. V. 

Of the continual Increments of frapor^ 
twuil ^ar^titiest and bow tojind by Lo-^ 
gdritbms, any Term in a Series of Pra^ 
fortionals, either ihcreqfing or decreajing^ 

Fig* 3- ^ / 

T F any wheve in the Axis of the Logarithpictical 
-* Curve, there be taken any Number of equal Parts 
S V, V Y, Y Ctt ^^ W^ at the Points S, V, Y. 
Qj, fcfr. be raifed the Perpendiculars S T, V X, Y Z, 
Qtt, fffr. then, from the Nature of the Curve, fliall ail 
thefe Perpendiculars be cohtinualty proportional ; andf 
therefore, alfo, the continual Inctements X.^ Zs, Dv, 
fliall be proportional to their Wholes. For fince S T : 
VX : : VX : VZ : : YZ : Qn, it (hall be (by Divifion 
of Proportions ST ^X;^:: VJKi: Zz:! YZ:nir; 
Sind (by Gompofitipn of Propoftion) VX : X at : : YZ : 
Zz : : Qli : nw. Hence if. X;** be any Paft of any 
Right Line S T, then will Zz be the fame Pan of the 
Right Line V X, and alfo riir the fame Part of th© 
JRight Line YZ, For Exa mple, if X*" be the ^^ 
Part of ST, then will Zz=-^V ^X, and nir=^*^ y Z ; 
or, which comes to the famej we (hall h^ve V^X=2 
ST + ^^ST, YZ = VX + ^^VX, alfo, 0X1 = 
YZ+^'^YZ. 

Now make, as S T is to V X, fo ts Unity AB ta 
NR ; then fliall A N = S V j and fo each of th« 
Right Lines S V, V Y, YQ,, eff^. flialUe equal to 
the Logarithm of R N 5 and A V, the Logarithpi of 
the TermVX, fliall be equal to AS+ANzr^jOga- 
xithm of ST+Logarithm of,N R. Alfo AY, the 
Logarithm of the Term Y Z, fliall be equal to A S+ 
2 A N =: Logarithm S T +: 2 Logarithm N R.-; and 
•AQ, the Logarithm of the Term Q_n, fliall be equal to 
AS -f 3 A N = Logarithm S T 4- 3 Logarithm N R* 
And univerfally, if the Logarithm of the Number N R 
be -multiplied by a Number, exprefliog the Diftanpe 
of any Tarn from the fixft> and the Produdl be added 

•0 
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to tht Logarithm of the firft Term, then will the Lo- 
garithm of that Term be had : But if a Series of Pro* 
poFtionals be decreafing, that is, if the Terms dimini& 
in a continual Ratio., and Qn be the firft Term f 
then the Logarithm of any other will be had, by multi* 
plying the Ix)garithm of the Number N R, by a Num- 
ber that exprdTes the Dtftance of its Term from tht 
iirft, and fubtrading the Produ£l from the Logarithm 
of the iirft. And if the faid Product be greater than 
the Logarithm of the firft Term, then the Logarithms 
muft begin from a Unit in fome Place of Decimal 
Fraftions, as from O P, and then the Logarithm of 
the Number Q^n will be DQ. 

Now, let L M reprefent any Money, or Sum of 
Money, put out to Intereft> fo that the Intereft there- 
of be accounted but at the End of every Year, and 
kt K ^ be the Gain or Intisreft thereof at the End of 
the firft Year ; then will I K be the Sum of the Inr 
tereft and Principal. And again I K, becoming the 
Principal at the End of the firft Year, Hby which is 
proportional to I K, or in a conftant Ratio, will be the 
Gain at the End of the fecond Year ; and fo H G, at 
the End of the fecond Year, will become the Princi- 
pal; and at the End of the third Year F/*, propor- 
tional to G H, will be the Gain. Now let us fuppofe the. 
Principal to be augmented every Year ^ Part there- 
of, fothat I K=rLM+ ^LM,GH=1K + ^IK, 
£ F = G H+ 7^ G H, and fo on« And accordingly^ 
the Terms LM, I K, G H, EF, is^c. aretontinual Pro-* 
portionals, and it is required to find the Amount of the 
Money at the End of any Number of Years. 

Let L M be a Farthing. Becaufe L M is to I K ay 
I to I + :^, or as I to 1.05, as A B is to N R, thei^ 
will N K.=i.05, whofe Logarithm A N, is 0.021 1893, 
or, more accurately, 0.0x1892991, it is required to 
find the Amount of a Farthing, put out at Compound 
Intereft, at the End of 600 Yesrs, Multiply A N by 
600, and the Produd will be 12.7135794, and to this 
Product add the Logarithm of the FraSion -^jr^yViTu 
97.0177288 (for a Farthing is >^ Part of a Pound), 
and the Sum 109.7313082 (hall be the Logarithm of 
the Number fought ; and fince the Index 109 exceeds 
the Index of Unity by 9, there (hall be nine Places 
^ Figures ^ove Unity in the correfpondent Num* 

ber ^ 
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fcef ; ind that Numbcrv b«itig fought i^ the Tabtoi 
will be found greater than J3865000OCH and k(s than 
^386660009. And therefore a Farthlns pUt out, at 
Intcrell upon IilCereft^ iit j pit Ctnt. ferAnmimy at the 
£nd of 606 Yeari will amount to above 5386500000 
Pounds ; which Sum eouM hardly, be made up^ by ttU 
the Gold and Stiver that has been dug out of the Bow^ 
ck of the Earth, from the Beginning of the World to 
this Time. 

Let Qjt^ etpovnd any Sum of Money due to (bnUe 
Perfen at the End of a fall Year. Now it is tenain^ 
that if the Debtor fliouM pay down, at prefent, the 
whole Sum of Money, he would lofe the yearly Ufury 
or IntereA that his money would eain him ; and fo a 
kifer Sum, being put out to Intereff, wilU at the Entl 
of one Year, toaether with the Intereft thereof, be equal 
to the Sum of Money Qn. Now this pre^nt Sum <tf 
Money ,Wbich,togeth«r with the Intereft thereof,is equal 
to the Sum of Money Qn, is called the prefent Worth 
of the Money Qji. Let A N be the Ix^arithm of the 
Ratio Which the Principal has to the Sum of the Princi* 
pal and Inteteftii that is, if the Principal be twenty Times 
the yearly Intereft, let AN be the Logarithm of the 
Number t 4 -^ or 1.05, and take QY equal to A N; 
then will Ay be the Logarithm of the prefent Worth 
«f the Money Q,n« For it is manifeft, that the Mo- 
4iey Y Z put out to lotereft, will, at the End of one 
Year« amuuAt to the Money Qjtl; and fo, to have the 
liog^ithm of the prefent Worth thereof, or YZ, 
the Logarithm A N tnuft be taken from the Loga^ 
rithm A Q^ ^^^ ttitrt will remain the Logarithm AY 
t>f the prefent Worth, Or Y Z. But if the Sum Qji 
be not due till the End of two Years, then the Loga- 
rithm 2 A N muft be Ribtra£i»d from the Logarithm 
A Q^, and thene will remain A V, the Logarithm of 
Ihe prefent Worth, or of the Sum that muft be paid 
at prefent for the Money Qn due at the End ^f 
two Years. For it is manifeft, that the Money V X 
being put out to Intereft, will, at the End of two 
Years amount to the Sum of Money Qn. By the 
feme Rtafoilk, if the Sum Qn be not due until the 
£nd of thfee Years, the Logarithm 3 A N miift be fub- 
tra£led from the F^ogarithm of Qn, and the Remainder 
AS Btall be the LogarithoLi q£ the Numbef ST, or 

ST 
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S't Qiall ht the prefent Worth of the Stlin Qn due 
ikt the three Years End. And umverfally, if the Lo-* 
|;arithtii AN be multiplied by the Nuirtber Of YearSf 
it the End of which the Sum Qjti is due, and the 
Number produced be taken from the Logarithm A Q^ 
then will the Logarithm of the prefent Worth of th^ 
6am Q^tl be had. And from hence it is manifeft^ if 
{1386500000 Pounds be dae to fame Society at thtf 
End of 600 Years, then would the prefent Worth ot . 
that vaft Sum of Money be fcarcely a Farthing. 

If the pfeportional Right Lines HG, E F, A B,C D» 
Fig,\, are Ordinates to the Axis of the Logarithmetical 
Curve, ahd if their Ends F H, D B, be joined by Right 
Lines, which^ produced, meet the Axis in the Points P 
and K, then the Right Lines G P, A K, will be always 

Sual. For ftDce OH : £ F :: A B: C D ; it wiU be, as 
H : F 1 : : A B : D R. But becaufe of the equiangular 
Triangles P G H, H i F, as alfo K A B, B R D, we have 
PG:H/::(GH;Fi::AB:DR::)KA.cBR. 
And fince the Coofequents H x, BR, are equal, the 
Antecedents PG, K A, (hall be %\h equal. W.W. D. 

If the Right Lines CD, E F, eqwally accede to 
A B, G H, fb that the Point D at laft may coincide 
with B, and the Point F with H, then the Kight Lines 
D B K, F H P, which did cut the Curve before, wiU 
be changed into the Tangents B T, H V. Arid the 
Right Lines A T, G V, will be always equal to each 
dtfaer i that is, the Portion of the Axis A T, or GV, 
intercepted between the Ordinate and the Tangent, 
which is called the Subtangent^ will every where be 
of a conftant and given Length. And this is one of 
the chief Properties of the Logarithmetical Curve; for 
the different Species or Forms of thoTe Curves are 
determined by the Subtangents. 

The Logarithms^ or the Diftanoes from Unity of 
the fame Number, in two Logarithmctick Curves of 
different Species, will be proportional to the Subtan- 
gents of their Curves. For let H B D, S N Y, Fig. 4, 5. 
be (^urves, whofe Subtangents are AT, MX, and let 
A B=M N=Unity ; aifo, D C=QY; then ftall A C, 
the Logarithm of the Number C D, in the Logarith- 
nfettck Curve H D, be to M Q^, the Logarithm of the 
Number QY (or of the faid CD), in the Curve 
S'Y s as the Sitbtangent A T ia to the Subtangent 

MX. 
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M X. For let there be fuppofed an infinite Num6ef 
of mean Proportional Terms between AB, CD. or 
M N, Q^Y, in the Ratio of A B to « ^, or MN to 
mn; and llnce AB = MN, then will ab zz m«» as 
alfo be :=Lno^ And becaufe the Number of propor- 
tional Terms in each Figure are equal, they do divide 
the Lines A C, M Q^, into equal Numbers of Parts, 
the firft of which are A <i, M m, and fo the faid Parts 
* Oiali be proportional to their Wholes; that is, it will be 
as Atf : Mm : : A C : M Q^ And bccaufe the Tri- 
angles TAB, Hcbj arefimilar (for the Part of the 
Curve B b nearly coincides with the Portion of the 
Tangent), as alfo the Triangles XMN^ N^ », w« 
have Atf, or Br : ^£ : : T A : A B. 
Alfo, as »«, or ^c : N« : : M N, or AB : M X. 
. Where (by Equality of Proportion) it will be, Br : 
K«::TA:MX::Atf:Mm:;AC:MQ^; which 
tvas to hi dimonftraied* If A T be called a, fince 

AB : AT : : ^tf : Br, then will Br =:liiif. 

AB 

Hence, if the Logarithm of a Number extremely 

near Unity, or but a fmall Matter exceeding it, be 

fiven, then will the Subtangent of the Logarithmetick 
}urve be h|d. For the Excefs kc is to the Logarithm 
Br, as Unity A B is to the Subtangent A T. Or evea 
if there are any two Numbers nearly equal, their Dif- 
ference (hall be to the DifFerence of the Logarithms, 
as one of the Numbers is to the Subtangent, For 
Example, if the Increment ^ r be ,00000 00000- 
ooooi 02255 31945 60259, andBror A<3theLoga« 
rithm of the Number a^ be ,00000 00000 oocoo- 
44408 92098 50062. Now if a fourth Proportional 
be found to the faid two Numbers and Unity, v/k. 
43429448x903251, this Number will give the Length , 
of the Subtangent A T, which is the Subtangent of 
the Curve expreffing Briggs's Logarithms. 

If a Sum of Money be put out to Intereft on this 
Condition, that a proportional Part of the yearly Rate 
of Intereft thereof be accounted every Moment of 
Time, viz. fo that at the End of the ficft Moment 
of Time, er indefinitely fmali Particle of a Year, the . 
Intereft gotten thereby be proportio/ial to chat Time ; 
which being added to the Principal, :again begets In- 
tereft at the End of the fecond Moment gf Time, 

and 
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ind then • the Principal and this Intereft become a 
Principal, and fo on i it is rec^uired to find the Amount 
of that Sum at the Year's End. Let a be nearly thei 
Intereft of Unity, or 6f one Pound. Then, if one 
Whole Year^ or l^ gives the Intereft tf, the indefinitciy 
(mall Particle of a Year Mm will give the Intereft 
Mm X ^, proportional to M w; arid, accordingly, if 
Unity be- expounded by MN, the fiift Increment 
thereof fhall htnozzl^m xa. This being granted^ 
let a Logarithmetic Curve be fuppofed to be dtfcribed 
through the Points N n^ whofe Axis is O M Q^. 
Then, in this CurvCj if the Proportion of the Axis M Qj 
cxpreiles the Time, the Ordinate Q^Y will repfefent. 
the Money proportionally increafing every Mortient, 
tb that Tiifte, For if there be taken m /, &c. =: M iw* 
the Urdihates Ipj Stc* {ball be a Series of continual 
Proportionals in the Ratio of MN tomni that is^ 
they increafe in the fame Ratio as the Money doth. 

Again, Let the Right Line N X touch the Loga* 
rlthmetical Curve in N, and the Subtangent thereof 
MX Ihall be conftant and invariable, and the fmall 
'Triangle N ^« (hall be fimilar to the Triangle XMN. 
But it has been proved, that the Increment n o =:M m / 

^AzzN^X^i and fo«^:N^::Noxfi:N^::tf: . 
z. But z^ no is. to N ^, fo (hall M N be to MX. 
Wherefore it (hall be; as a is to i, fo is M N, or i, 
to MX == J = Subtangent. , ,. 

Now if the yearly Rate of Intereft be ^-q. Part of the 
Principal, or if tf = ^ ==.05, then wHl MX x -^ 

= 20. 

Becaufe in different Forms of Logarithms, the 
Logarithms of the fame Number are proportional to 
thcr Subtangents of their Curves : If M Q. expreflea. 
the Time of a whole Year, or Unity, then ihall Q^Y 
be the Amount of the Money at the Year's End. And 
to find Q_Y, fay, As MX, or ^'^, is to 0-4342944. 
(which Number expounds the Subtangent of the 
Logarithmetic Curve exprcffing Briggs*$ Logarithms), 
fo is one Year^ or Unity, to a Brlggian Logarithm, 
anfwering to the Number Q^Y. This Logarithm will j 
be found 0.0217147^ and the Number anfwering to 
the fame is 2*05 127 =:Q.Y) whofe Increment above . 

A a ^ftify>. . 
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tJ'nlty, or the Principal, exceeds ihe yearly I-nterefl 
,05 but a foiall Matter. And fo if the yearly lo- 
tereft of loe Pounds, be 5 Pounds^ the pcoportional 
yearly Intereft, which U added to the Princi^f IQO 
at the ]^d of each Particte of the Year, will amount; 
only at the Year's End to 5 Pounds 2 ShiUin|s and 6^ 
Pence. 

And^ if fuch a Kate of Intereft be reqjulred, that 
every Moment a^ Part of it continually proportionall 
to tjiieincreafin^ Principah be added to. the Principal^; 
fe that at the i ear's End an Increment be produced 
that ihall be any given Pl^rt of the Principal ; for 
Exaniple, the -^ Pait ; fay, As the Logarithm of the 
Number IJ05 is to 1 j, that is,, as 0.02^1189.3; is to.i i: 
fi^is the Subtangent 0,4342944^ to^=^ 20.499. an4' 

I 

then will a zz =r ^©488. Fbr if fuch a Pirt? of 

20.49 
the Rate of Intereft .0488 be fitppofed, a$ anfwers t» 
a Moment, that is, having the fame Ratio to,a0488 as' 
a Moment has to a Year,^ and it be made, as. Unity is. 
to that Part of the Rate of Intereft^fo is th«; Principal:. 
to the momentaneous Increment thereof; then will 
. the Money, continually increafiog in that Manner, be 
augmented, at the Year's End, the -^ Part thereof*. 

C H A P. VI. 

QT the Method by which Mr. Briggs cam^: 
puted his Logaritbmt, and the Demow^ 
Jiration there^* 

ALthough Mr. Briggi h«s no wherede/cribed the 
Logartthmetical Curve, yet it is very certain, thar^ 
lirom the Ufe and* Contemplation thereofj the Man* 
ner and Reafon of hisv Calculations wiH appear. 
In any Logarithmeikal Curve HBD, let there be three 
Ordinates A B^ ^ ^» ^x, nearly equal to one another ;. \ 
that is, let their DiiFerences have a very fmall Ratio ' 
to the faid Ordinates \- and then the Differences of 
their Logarithms wtll be proportional to the Differ^ 
cnces of the Ordinates.^ For fince the Ordinates are 
niarly. e^qal to oar vof^r^. they wiU^ be very nigh 

to 



to each other; and fb the Part of the Ciirve 6 it in- 
tercepted by them, will almoil coincide with a ftrait 
Line ) for it is certain, that the Ordinates Inajr be (o 
near to each other, thdt the iDifFerence between the 
Part of the Uurve, and the Right Line fubtenditig ity 
tf^ay have to that Subtenfe a Ratio ltf$ thafi anjr 
given Ratio* Therefore the Triangles Bci^ Brip 
may be taken for Right-lined, and will be equiangu- 
lar. Wherefore^ ^i sriBc: iBriBc :: AfiAa^ 
fhat is, the Excefles of the Ordinates, or Lines above 
the lead, IhaQ be proportional to the Differences of 
their Logarithms. And from hence appears the Rea- 
fon' of the Correfilion of Nunfibers and Logarithm9 
by Differences and proportional Parts. But if A B 
be Unitv, the Logarithms of Kumberd (hall be pro^- 
portional to the Differences of the Numbers. 

If a mean Proportional be found between i and 10^ 
or, which is the fame Thing) if the Square Root of i^ 
hi extraded^ this Root or Number will be in the mid- 
dle Place between Unity and the Number lO, and the 
Logarithm thereof (hall be f ot the Logarithm of lOj 
and fo will be given. If, again^ between the Numbed 
before found, and Unity^ there be found a mean Pro* 
portional^ which may be done by extracting the Squard 
RoGit of the faid Number, this Number or Root, wilt 
be twice riearer to Unity than the former^ and its Lo« 
garichifi will be one Half of the Logarithm of chat, or 
one f^oUrth of the Logarithm of lO. And if in thii 
manner the Square Root be continually e^litradied, and 
the Logarithms bife^ed^ you will at lafi get a Num- 
ber, whofe Diftance from Unity (hall be lefs than thd 
f ftOBOftftp'aofto&qga Part of the Logarithm of i o. And 
after Mr. Briggs had made 54 Extractions of the Square 
Rootj he found the Number i. 00000 ooodo ooboo- 
l'27Si 91493 20032 3442 i and its Logarithm was 
0. 00000 oodoo 00000 05551 11512 31237 82702. 
Sfippofe this Logarithm to be equal to A ^, or fi r, and 
let f i be the Number found by cxtrafting the Squari^ 
Root } then Will the Excefs of this Number above 
Urilty, viz. rszL ,00000 ococo 60000 1 2; 8 1 9 1 49^- 
20032 3442. 

Now, by means of thefc Numbers^ the Logarithms 
6f all other Numbers may be found in the following 
manner ; Between the giv ent Number (whofe Loea- 

A < » ritbiA 
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rithtn is to be found) and Unity, find fo many. iqejur 
Proportionals (as above), till at laft a Number be gotr 
len fo little exceeding Unity, iliat there be 15 Cypbeis 
next after it^ and a like Number of fignificative Figures 
after thofe. Let this Number be a by and let thefignifir 
cathre Figures, with the'Cyphers prefixed before tb^m* 
denote the Difference bc^ Then fay. As the Differ- 
ence rj is to the Difference bcj fo is Br a given 
^Logarithm, t6 Bf, or A a^ the Logarithm of the Num- 
\itr ab^'y which therefore is given. And if this Lor 
garithm be continually doubled, the fame Number of 
Times as there were Extraflions of the Square Root^ 
you will at laft have the Logarithm of .the Number 
fijught. Alfo, by this Way may the Subtangent of 
iPhe Logarithmetic Curve be found, viz. by faying^ As 
r J : B r ! : A B, or Unity : A T, the Subtangent, which 
therefore will be found to be o.43429t4482Q0325i ^^ 
by which may be found the Logarithms of other Num- 
'bers ; to wit^ if any Number NM be given afterwards^ 
as alfo its Logarithm, and the Logarithm of another 
Nutaber, fufficiently near to N M, be fought, fav. As 
N M is to the Subtangent X M, fo is no^ the Diftance 
of the Numbers, to N^, the Dfftance of the Loga- 
rithms. Now, if N M be Unity = A B,, the Logar 
rithms will be had by multiplying the fmall Differences 
i ^ by the conftailt Subtangent A T. 

By this Way may be found the Logarithms of 2, 3;^ 
and 7; and by tbefe the Logarithms of 4, 8, 16, 32, 
64, ^c, 9, 27, 81, 243, ^c. as alfo 7, 49, 343, 
isfi. And if from the Logarithm of 10 be- taken the 
Logarithm of 2, there will remain the Logarithm oi 
5 i fp there will be given the Logarithms of 25, 125, 
625,'4!fr. 

The Logarithms of Numbers compounded of the 
aforefaid Numiers, vtz, 6, 12, 14, 15, 18, 20, 21, 
24, 28, ^c, are eafily had by adding together the Lo- 
garrthnis of the component Numbers. 

But fince it was very tedious and laborious to find 
the Logarithms of the prime Numbers, and not eafy 
to compute Logarithms by Interpolation, by firft, 
fecond, and third, ^c. Differences ; therefore the 
great Men, Sir Ifaac Newton^ Mercator^ Gregory^ 
IVallis^ and, laftly. Dr. Hatley^ have pnbliftied infinite 
converging Series,, by which the Logarithms of 

Numbeci 
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"Numbers to any Number of Places may be had Jijore 
ej^editioufly, and truer: Concerning which Series 
I>r, Halley has written a learned Tract, in the Philofo- 
phical Tran/a£iions ; wherein he has demonftrated tho£s 
Scries after a new Way, land Ihews how to compute 
the Logarithms by them. But I think it may be more 
proper here to add a new Series, by Means of which 
may be found, eafily andcxpeditioufly, the Logarithms 
of large Numbers. 

Let 2 be an odd Number, whofe Logarhhm is* 
fought ; then fhall the Numbers z — i and z+.i be 
even, and accordingly their Logarithms, and the 
DifFerence of the Logarithms, will be had, which let 
be called y. Therefore, alfo, the Logarithm of a 
Number, which is a Geometrical Mean between 
z — I and 2+1, will be given, viz. equal to the 
Half Sum of the Logarithms, Now the Series 

• V * 4- ' o. 7_._l££ 4._JL3 • 

42 242' 3602S 151202^ 252202* 

bfc. fhall be equal to the Logarithm of the Ratio, 

I which the Geometrical Mean between the Numbers 

2—- 1 and 2+1 has co the Aritbjnetical Mean^ viz. to 

the Number 2. 

If the Number exceexts 1000, the firft Term of the 

Series JL is fufficienC for producing the Logarithm to 

13 or 14 Places of Figures, and the fecond Term 
will give the Logarithm to 20 Places of Figures. 
But, if 2 be greater than loooo, the firft Term will 
exhibit the Logarithm to 18 Places of Figures ; ani 
fo this Series is of great Ufe m filling up the Loga- 
rithms of the Chiliads omitted by Briggf, For £x« 
ample, it is required to find the Logarithm of 20001. 
The Logarithm of 20000 is the fa4ne as the Loga- 
rithm of 2 with the Index 4 prefixed to it ; and 
the Difference of the Logarithms of 20000 and 
J10002 is the fame as the Difference of the 
Logarithms of the Numbers lOOOO and loooi, 
v/2. 0.00004 34272 7687. And if this Differ- 

icncc be divided by 42, or 80004, the Quotient X. 

• 4Z 
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fliall 1^ --..-.. 0.000000000542814 
And if the Logarithm of the 4.30105 17093024.16 
Geometrical Mean be added 4.30105 17098 45230 
tQ the Quotient, the Sum will 

b^ the Logarithjfn of 2000|» Wherefore it is manif 
(eft, that to have-t%e Logarithm to 14 Place9 of Fi«* 
gures, there isiStoNeceffityofcontiauingouttheQuo-* 
tient beyond ilx Places of Figures. But if you h^tve ^, 
mind to have the Logarithm to 10 Places of Figtiref 
only, as they are in Vlarq*$ Table, the tmo fim Fir 
gures of the Quotient are enough. And if the Ivogs*^ 

?;aritbms of ttie Numbers above 200Q0 are to ho 
6und by this W^y, the L^^bpur of doing them wil) 
mpflly confift in letting down the Numbers. 

NoUi^ This Series is eafily dedu^^d ffom that found 
out by Dr. Halley^i and tbofe who have a mind 
fo be informed more in this M^tt^^ let X)^f^ 
cmfiitt his aboycaamed Treati£^ 
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IT is n^dlefs here to Write a Prefatory Dircourie, 
fetting thfih the Ufean<ll Invention of Logarithms, 
fince the Author has fupplied that, in his Pre- 
face, to the Treitiie of tke Nature and Arithmetic 
of Logarithms annexed to thefe Elements : It k 
enough to inform the Reader, that my chief Defign 
in writing thii Jp^emiix was» to rendtr their Con- 
ilruflion eiTjr^ by inveAing trariom Theorchis for 
that Purpofe, and ilkiflratifig them by proper/ Ek-* 
amples ; all which is performed in the aAuai Opiefi* 
4ion of makitig the Logarithms «f the firft lO Num-* 
bersy and of the prime Number loi, which is more than 
fcAcient to inform the meaneft Capacity how to exa-* 
mine or conftrud the whole Table. I hare alfo (hewn 
kow, from the Logarithm given, to find its correfpond^ 
tng Number } and the Inveftigation of the Series omit« 
ted by the Author in Page 357, for expeditioufly find^ 
ing the Logarithms of large N umbers* As to thole Se- 
ries exhibited by him in his Trigonometrical Treatife, 
Page 287^ for tnaking the Sines and Cofines^^ I lYltfft 
declare, that I have exceeded my firft Intentions^ 
which were to give their Inveftigation only ; but con* 
fidertng, that as they depended upon the Newtohiak 
Series without the Inveftigation of which our Author'a 
Series ^ouid never.be thoroughly underflood ; I thought 
it would therefore prove acceptable, if I (hewed their 
Inveftigations too, ttotii which thofe of our Author 
<9a(ily flow* In order to which, and to keep the Rea<^ 
ider no loftger in Sufpenfe, let r be put for the Radii# 
15: E of the Circle A BC D ; tf foe the Arc B E, whofe 
Length is to be ifivef(igated ; and s equal to the Siiie 

£ Q : Then fcs F E = i, and I F =: r. 

A a 4 Then> 
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Then, the Triangles K G E, KH L, are fimilar, be- 
^aufe L H is pilrallel to £ G ; the Triangles K L F$ 
F L£,are fimilar, becaufe the Angles K L H, F L £,arc; 
equal, andnhe Angles K H L, F £ L, are both Right 
Angles ; and the Triangles F L £, F ^ I, are fimilar, 
Jwcaufe the Angles F £ L, F I E, are both Righi 
Angles, and the Angle F is common : Therefore 
the Triangles F I E and K G E arc fimilar, whence, 

KG (or^7;^=;;) : KE (or r) : ; FI (or /) : F E (or a)\ 
that is, a ::::' 



V rr*-^'ss 



ss 



^ 2r 8r3 i6r* I2or7* 

bfc. by extraSing the Square Root : 

And if rs be divided by that Series, the Quotient, 



, + -^ + TTT + -^ + ^^.» ^^- Will be the 

f 'luxion of the Arc ; therefore the Fluent thereof, viz* 
i3 3^5 



h 



+ 



2.3rr 2.4«5r5 
i-i ^ — i^ J. 



r — 5L_ I — Hi , fcff. or ) 

2.4. 2. 7r** 2.4'.Z.8.9r* ^ 



3-.1 5-5^^ 



3-3-5-5-7-7^' 



^'3'* 3t.3 4.5/* 2.3.4 5.0.7rf 2.3.4.5. 6.7. 8. 9r« 
6 
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f^e. wtll be equd to the Arc of a Circle whofe Radius 
IS r, and Sine /. Hut if r be put equal to Unity) then 

^ + 4-^' + -^^ *'+ ^'^'^'l *% ^^- ^11 «^- 
Brefs the Length of the Arc a» . ^ 

EXAMPLE. 

Let it be required to find the Length of the Arc of, 
30 Degrees to 6 Places of Dccianals, the Radius be* 
\og Unity. 

Here i=:t9 ^ ss:z^i wh4Bi|ce the Operation 
fnay be ;^» foUpwa ; 



3^1 



4" = 



i»3 = 



4'* = 



^ ,5000Q0O 
=:tI2SQ00Q 

= 3125^00 

^ 78125 

== ?953i 
4882 

1220 



305 



7 

6 

3fl - 

40 ^ 

^ — =5 
112 

liil re 

1 152 . 

63J" _ 

2816 "" 

23li'? ^ 

I33I2 "" 

10240 "Z 



^ ^208333 

= >a3437 
=5 . f34*7 

= 9593 
,109 

s2f 



•5235984 



flence the Length of the Arc of 30 Degrees is 
^2359S[-{-« Kow if this Arc be multiplied by 69 we. 
ihali have the Length of the Arc of the Semicircle in 
Aich Parts as the Radius b i , or of the whole Circumfer- 
ence in fuch Parts as the Diameter is i, viz, 3914159+* 
But there is no Series fo eafy to be retained in the 
Memory, and fo readily put in Praflice, for obtaining 
(he Ratio of the Diameter of the Circle to its Circum- 
ference, as that which is derived from the Tangent* 
For if/ be put equal to the Tangent of any Arc, then 

Now 
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^<m die Radius bciiig Unity ibe Suie •f ^ De- 
grees == ft BB^ coii(cquen<Jy thCvCbiiot :=r^ A; and 
becaufe the Cofine is to the Right Sine, as the Radius 
to the Tangent ; it will bev^|:v^^::i:v^f, die 
Tangent of 30^ 06' =i /, whence < < r= f . Wheiefiire» 
if the Root of j- 0lc divided continiially by 3 
ieveral Quotients by the odd Nambers fucceffively, 
vi%. the firft by 3, the fecond by 5, &r. the Sum of |he 
affirmative Qjuotients made Icfs by til the negttive 
ones, will be the Afc of 3d Degrees 

And becaufe the Arc of 30 Degrees is f Pare <A the 
Semkircumference, if ?nftead ^ ^ f be taken 6vf 
r= V^ 12, we (hall have the SemictrcumfBrence in foch 
Parts as the Radius is Unity; or the whole CirouoUe- 
rence, die Diameter (leing Unity* 

The Operation ftands Aus : 

V 12 = 3,46410a + 3,464102 

3) i»i547^i( —, 3^4900 

S) j384900( + 76983 

7) >i283oo( ^ 18329 

9) 427&7C + 4752 

11) 1425^1 — 1296 

13) 47S2C + 366 

15) i5«4-( — 106 

17) sm + 31 

19) i76( _ 9 



l*»i»i<^Pi<fc» fc ^B ^ I I iUm , 4 . 



+ i>54^23>— ,404640 

^ hgnce 3,5461?! — ,40464a r= 3,141591 the fame 
as bcfuic. The Impoffibility of expreffing the cxaflt 
Proportion of the Diameter of a Circle to its Circum- 
ference, by any received Way of Notation, has put the 
moft celebrated Men, iif all Ages, upon appro)dmating 
the Truth as near as poffiWe ; there being a Neceffity df 
a neai Quadr ature, inafmuch as it is the Bafis upon which 
the moft ufcful Branches of the Mathematics are built. 
Attd after the famous Van Ceulerty who carried it to 36* 
places of Decimals (which heorder'd to be engraven on 
}^% Tomb ftone, thinking he had fet Bounds to far- 
ther Improvements), the firft that attempted it with* 
Sttccefs was the moft indefatigable Mr. Jbraham Sharp^ 
who, by a double Computation, vlx. from the Sine of 
6 Degrees one Way, and from the Sine and Cdfme of 

12 De- 
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tt Degrees another Wayt c«iTie4 it to twice the Nuiit«' 
.ber of Places tbat Van CtulM had done, viz- 72. 

And fince that time Mr. MaMn^ late Profeffi>r of 
Aftmnomy in Grtjham dlliget and Secretary to the 
Moj/al Society^ by a diffierent Method of Computation^ 
has carried it to 100 Places, almoft triple the Num* 
ber that Van CeuUn had done, which not only con* 
^rms Mr^ Sharfs Quadrature, biit fliewaus, that^ 
if the Diameter be 1,00000, fsfc, the Circumference 
>villbe3,i4i59. 26535.89793.23846. 26433.83279. 
5Q288. 41971. 69399. 37510. 58209. 74944. 59230* 
1^8164. 06286. 20899. 86a8o. 34825. 34211. 70680 
ft of the fame Parts. 

Which is a jDegrce of ExaAnefii far ftirpaffing all 
pagination j bei ng, by Eftimatton, more than fufficient 
to emulate the Number of Graint of Sand that may be 
|Com{>rehended within the Sphere of the Fixed Stars. 

The late Mr. C9mn*$ Series for determining the Pe-*^ 
Hpherj of an EUipfis (who was my Predeceffor in the 
Mathematica! School, ereded by Fi^deric Shirty M. D. 
and cftabliftted by a Decree of the High Court of 
Chancery for qualifying Boys for the Sea- Service} 
being new and curioiis, this Opportnnitj ir taken of 
pialcing it puUic. 

Let A be equal to a Quadrant of the Circle circmn- 
fcribingthc£Ilipfis9whofePeEiphcryisrequired.THen//x 
^ i.i,t ^ 3'V >'3;5»^ ^6 »>3>5^7;5' . » 

' 2.2 * 2.4.8 "^2.4.6.16 2.4.6.^.128 ' 
, >'3'57'9'7 . iQ i.3.5'7-9'"'^' .»* £^. is 

*■ n ■ » i ■' ' m ••w»€ •*.• »mm i ■ ■■ ^ i n in ii C y S^ t« 19 

^.4.6.8.10.256 2.4.6.8.IO.I2.IO24 

the Periphery of a Quadrant of the £llipfis,. wh,ere 
.fin^^^ , #bebgtbe Se^i-tranfverfe Diameter^ 

f^nd c the Senii-eonjugate. 

When this Series came to hand, it was imperfe^f m* 
afmuch as there were only the firft five Terms without 
fhe t>aw of Continuation : But, being delirous of ren* 
dccing itf3empleat^afterfomeCoofideratiDn,.Ifaundthe « 
X^awco be as follows : It is plain by Infpe£l:ion, that 
the Numerators and Denominators of each Term are 
pomposM of Numbers that run in arithmetical Pi;ogr.ef* 

tn^ except the laft in each Term, vi%, |, \^ ^'^, -rl-^ , 
^. and thofe being found by the continual Multiplica- 

lion 
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tbn of there Fradions, TXjxiK|x|XT^X/y, ^i: 

Che Law of continuiog the whole Series as above, it> 
orident. Whence, by a well known Method of fub- 
ftttuting Capital Letters for each Ttrm refpe£fivily^ the. 

fQlkwing Seriis is diduad^ viz. A x i— ^ t g — lll^^ B 

4.4 

.^e- C57,a D_«2:l e^ E^llLe^ Y,^c., 

6.6 8.8 10.10 12.12 

where the Law of Continuation is evident alfo, fince, 
each Capital Letter is equal to its precedent Term, 

wx. Bp^\iiyC^l:^e* B, iic. and without doubt 

in Piafiice is preferable to the former Series : But the 
InveQigation of that, on which this laft depends, is' 
omitted ; purely on account of its being foreign to the. 
prefent SubjeA. j 

But to return ; if the Series exprefling the Length or 
the Arc, viz. i + i*' -h^^S ^c. be r^verfed, w^- 
Ihall have the Value of j in the Terms of <7, and con* 
fequently a direct Method for finding the Sine of an/. 
Arc from its Length given. Thus, 

Then $ =^—4 « ^ + rir «' — trir^ «% f^Tc. 

KJxs^a -f , err. 

2.3 2.3.4.5 2.3.4.5.6.7 

Forputi=:Afl+ B«' + C^S i^c. 

Thcn^-i'r: • tA'fl'fiA*Btf,£ff^. 

And^'^i'^ +^A^a^ i^c. 

And consequently A azzai whence Azzi : 

Alfo, B+i A'=o; or B=(— | A'=)— i; 

AgainC+|A*B+^A'=0;orC=— 1A*B— ^'^Asj 

ThatisC=(ix I xi~^z=^-^|^=K«.^ 

Wherefore A = i, B == — |, C= r^-^, ^c and 

confcquently, $ ::i a — — + -^, ^c* From 

6 120 . 

Avhich three Terms the Law of Continuation is, 
eafily difcovered : Therefore x zz # — • — j, 

a^ a' a^ \. 

err. 



.<i..^.v./ 
•.J 



2t*3-4-S .2-3*4-5-^7 2-3-4'5-^7-^'9 

Whencci; 



fWhttaXf fubjftttutiog A for a, and we fitall- have A— 

*ft*3 . i.2»3.4.s 1.2.3.4.5.6.7- i.2;3.4i5,b.7.b.9 
:4f€^. t^^JhcfN$%Pttnw8 Series,- according to our AvC- 
th^'9 Ftxm% fpr fk«d;ng the Siive of atijE Arc/its Lenjgtli 
JWfig'givcn*.; Q.£. J.^ ' ^' ■ .. ♦ '« . . 

O Ag»iA,4>ecauli5 (hei>Sqttarco(ibe' Radius^ made Ids 
by the Square of t|;ie Sine, is equal to the Square oi the 
Cofifl^ bytheteCbridPrblp^fltionofour Author's Ele'- 
in>?nt8 of rlane Trigonometry j k follows, that if from 
%he Square of th^ Radius == i be taken the Square 6f 
the Sine = tf— 4 11' -l^^*-^ ifl», bTc. the Square Root 
j^' the Reifiainder vm he the Cofine ;=^ i — ■. a* ^' 

ij2= <3.*— :]■«*+ ;jrr^*> ^^* which, being 



taken from the Squares of the Radius i, leaves i — aa-i^ 
J^V-^^V*% ifc. the Square Root of which will be the 
fine. 



£ 



I 



2— 4<|tf) — £7«+'^fl4 






O 

Wherefore putting A for<y, we (hall have (be Cofine 

A* A* A« . . , A* A* 
I — — + — — — , l^c. or I — * ^ 

2 24 720 1.2 1.2.3,4 

A^ A^ 

f -* , tff. according to 



1.2.3.4.5.6 i.2.3,4.5.t).7.8 
the Author's Form. Q. E. I. 

But becaufe thofe Series, as our Author ob/erves, 
converge very flowlyi <c/pecially when the-Arc is nearly^ 
,^l^ equal 
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rqfn! XXf the Radhii ; tie therefore daHfeil (Psm 17 #.} 
other Series, wboTe Invefli^tion maybeu fcSows: 

Let t^ Arc, whofii Sine \t fought, he the %fam dr 
Diiereoocof tiroAicsy ti«s» A-HN Mr A^-hb^ lodUl 
the Siicof the Are A becjHt^tf)^ Mid the Cefine hi 

Now, if the Arc D F=D E, Ifr^i sib tf At Bl^ 
nafnu rf Trii^imuiiryt be eaUedft^ then i#i Mie FO 

wilL by the Newtonian Series^ f^srs— * ■■ >» a 

r.2.3 

, ^^ .^ , n.^. . ^, {Jff, wdfteCofineCO 
1.2.3.4.5 1.2.3,4.5.0.7 

S&: I — ^ rf3» -^ . >- mM^ ■ ti **>y CvY* suHf b^ 

1.2 1.2.3.4 >«2«>4.5.6 

caufeCD : D K : : CO : OP; iheiefore (y?zza^ 



idh«h^ 



1.2 i«2.3.4 1.2.3.4.5.6- 

Again, becaufe the Triangles Ct>K^ FOM, arefi- 
tnilar, it will be, as CI>: GK- : : f O : FM ; whence 

1 1..2.3 i.2»3;4v5 i<.2. 3.4.5.6.7 
Bat OP ^FM 31 IF, the Sine of the Are BF, 
t;/z. A+2S confequently the Sum of thofe Sciiie^^y 

t y.2 1.2.3 ^•^•3-4 1.2.3.4.5 
is the Sine of the Arc A+z, And becJtufc FM=: 

MC, therefore their Difference tf^i?_fl% *^ 



X i\x 1.2.3 

^^* ^'^' , Sf^ i^ the Sine of the Arc 



1.2.3.4 1.2.3.4.5 
A — z, v/z. EL. 

And again, becaufe CD : CK : : CO : CPj 

therefore Lr =; b-^ — -i. — ^ -^ — -. ^ 

1.2' 1.2.3.4 i.a.3.4.5.6 

, -^y feff.-and bfreafbn of thefimilarTrS- 
i.2.3.4.5.6.7.8' 

^glc& CDIL, FMO, it will be, as CD : DK : : FO; 
MO. Whence MO izaz — .f^ + '"'' 



*— Ai 



^T' 



1.2.3 1.2.3.4.5 



1.2.5.4.5.6.7 
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BiitC P— M 0=:C I, dw Cofinc of the Arc A + «• 
Wherefore the Cofine of the Arc A + z is ^— ^ 
a% H* eg? ^ hsu^ az^ ' ^^ 

I U2 1.2.3 I-2.3.4 1.2.3.4«j . x.z.3.4%5-0 

And bccaufe M O = PU thcicforeCP + UO = 
CL} and confequently the Cofine of the Arc A*-^z= 

. I 1.2 1.2.3 I.2.3.4 i«2.3.4.5 
V6 Q.E-L 

Now the Arc A is an Arithmetical Mean between 

the Arcs A-— z and A+z, and the Difference of thete 

«• h% flz* te* 02^ fa;5 
Stnesare . l 

I 1.2 1.2.3 ^i.2,3.4 1.2.3.4.5 

- ■ " ■— » «^^- — + ' ' + 

1.2.3.4,5.0 I 1.2 1.2.3 1*2.3.4 

■ — I £sr^ Whence theDiiFeffence of? 

1.2.3.4,5^1.2.3.4.5.0 

the Differences, or focond DiflnBraice, is 3:— — ^^ 

1.2 1.2.3.4^ 






1.2.3.4.5.6 1.2 1.2.3.4 j.i.3.4.5.6 

&c. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verfed Sine of the Arc z^ 
and converges verv foon \ fo that if z be the Arc of 
the firft Minute ot the Quadrant, our Author fays the 
firftTerm of the Series gives the fecond Difference to 15, 
Places of Figures, and the fecond Term to 25 Places. 
Whence the following Rule is derived f6r finding. 
the Sine of the Arc A-f z, or A — z. 

RULE. 

From double the Sine of the mean or middle Arc» 
fUbtra£k the fecond* Diffeicace found by the Theorem^^. 
aod from the Remainder fubtrad the &ne of the give* 
Extreme, whether it be the greater or lead ; and thcr 
Remainder will be the Sine of the other Extreme. 

EXAMPLE. 

Let it be required to find the Sine of 30** 01'; thet 
Siaevof 30^ QQ', and 29^ 59.', being both given* 



\ 
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H«rc 30^ 00' is the mean At^, wbofe Bine il 
4500000 00000 ; and the Sine of 7x^^ 59', the giveft 
Lxtrcine, is ,49974806226, and the Length of the 
Arc s, viVs. one Minute, is ,0002^0888208 1 whichr 
fquared and miihiplied by the Siite of the mean hit 
50QOQ,. ^c. according to the.Dir^ion of the Xhfeo- 
rcm, the Produflr will be the fecoiid Difference, equal 
<6 ,0000000423071 which fubtraftcd frdm doubW 
the Sine of the mean Arc, equal ta.i, the Remaindei^ 
ivill be 9999999957693; :(rofn which fubtradb the 
Sine of the pivcn Extreme (which in this Gafe is tHe' 
Jeaft), and diere will remain ,50025189543 fot the 
Sine of 30* 01', the greater- Expreme. 

This Method df making the Sines, howcver.it may 
appear at firft Sight, is fo far from being tedious or 
trouhlefome, that I look upon it to be the moft eligi* 
bic of any other whatfoever : For the Square of 2: being* 
once determined, and the feveral Multiples of it by the 
nine Digits made, and fct dawn in a Table orderly, aU- 
the Sines may be made by Addition and Subtradion 
only ; as indeed our Author hints they may by the {JSe^ 
thod demonftratcd in the tenth Propofition of the Ele- 
ments of Trigonometry 5 but this is evidently prefer- 
able to' that, t ho' a good Method too; and by whiclr 
all the Sines of the Qijadrant, I prelume, were wont to 
be made, at lead as far as 30, or 60, Degrees ; for af- 
ter the Sines as far as 60 Degrees are obtained, all the 
others may be had by Addition only ; and notwith^ 
' {landing there are other excellent Theorems, which 
contribute very much towards finiihing and confirm^ 
ing the Truth of the whole Canon ; yet this deduced 
from our AuthoJr^s Series, I deem the moft elegant and 
lit for Pf aftice, becaufe the Difference of the Differ- 
ences of the Sines bcicg what is always required to be 
found, there will be fcven Cyphers, at leaft, before the 
fignificaht Figures of the faid Difference ;' which is tKe 
Produd made by the Square of z, into the Sine of the ^ 
mean Arc : So that to have the Sine true to ten Places^ 
there will not be occafion to find above four or five 
Figures in the Prpdud, which, according to the ccmb- 
mon Method of contraded Multiplication, may be ob- 
tained with very few Figures. Thus, for Inftance, the 
Sine of 30* 02' may be had to ten Places by a wonder- 
ful eafy Operation; the Sines of 30* 01' and 30 00 
b^ing both given, E X^ 
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The Sirre of 30® 6v is ^50025 189543 
iThc Square oi « inverted 26480000000 

_ \ ^^^ -'* 

40020 

2001 

300 

10 

42331 , 

■II I I* 

tVhcnce the Pl-ociluft is ,000000042331 true to eleven 
Pla'ccs at Icafti Wherefore if,according totheRule^ffom 
double the Sine of the middle Arc rr 1,00050379086 
we fubtra£l the faid Produ^H ,00000004*233 

And from the Remainder 1*00050374853 ^ 

the Sine of 30* 00' the given Extreme ,50006000000 

befubtradted ^50050374853 

There will remain >50050374?53 for the Sine of 30* • 
02' the other. Extreme 1 than which^ nothing of this 
Nature can be defired more ea/y. 

SCHOLIUM. 

Becaufe tlie Difference of the Differences of the 
Sines, or fecond Difference, has always 7 Cyphers be- 
(ore the fignificant Figures 1 it follows, that the whole 
Canon^ where the Sines coniift btit of 6 Places, whif:K 
is^s far as our Tables for common Pra<Sice need ex- 
tend, may be performed chiefly by Addition and Sub- 
tradion only, without forming Multiples of the Square 
of z by the nine Digits ; tho' perhaps it may be nc- 
ceffary to. ufe the Method of contracted Multiplication , v 

every 5th Minute, to confirni the Truth, left, in con- 
tinual doubling and fubtra£lins, an Error ihould arife 
In the Right-hand Figure : However, as it may be 
fafely ' ufed foi 5 Minutes together, and fomeiimes 
wore, it will render the Whole very eafy. 

Notej The Square of z in this Cafe, viz* the Arc 
of 5 Minutes, is ,000002115. 

B b Thus 



Thus having inveftigated the Ntanomtm and our 
Author's Series, and exemplified the latter, by makinjj;;^ 
the Sines of 30* 01' and 30** 02', and withal fliewA 
how, from the Sine of the Arc given, to find the Lengtli 
of that Arc, and confequently the Circumference of 
the whole Circle ; I (hall beg Leave, before I treat of 
theConftrudionof Logarithms, to fhewhow, from the 
known Ratio of the Diameter to the Circumference, 
or any other Ratio whatfoever, that a Set of integral 
Numbers may be found, 'whofe Ratios (hall be tho^ 
neareft poffible to 'the Ratio given ^ for which I hop^ 
to be excufed, and the r^ther^ becaufe I believe thj« 
Method of determining them was never before pt|b^ 
Kfliedv 

RULE. 

Divide the Confequentby the Antecedjent, and th4 
Divifor by the Remainder, and the iaft DiviK>r by tli&. 
laft Remainder, and lb on till nothing remains. 

Then for the Terms of the firft Ratio, Unity will 
always be the Antecedentj suid the firft Quotient, th9 
fcjl Coniequenti. ' " , 

^ ■ 

For the Terms of the fccond RATia. 
Multiply the laft { Ant^cdent J ^^ ^ ^Qs^,^,, 

and to the Ptodua add | u JJ^"^ ' iand fo wUl the 
Rea.lt be th«fecondfA-c.df^t. 

For all the following Ratios ; 

Multiply the laft \ ^^qucm } ^^ *»'« ~** ^"^'7 ■ 
tnt, aad to the Produa add the laft | cJSTiem I '"'^ 
•oe , a«d fo will the Swn be the pref«t j ^^;^i 
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EXAMPLE. 

Let it be required to find a Rank of Ratios, whdfe 
Terms arc integral, and the neareft poffible to the fol- 
lowing Ratio, viz. of loooo to 31416, which expreflea 
nearly the Proportion of the Diameter of the Circle to 
its Circumference. 

. But becaufe the Terms of the Ratio arc not priAie 
to each other, they muft therefore be reduced to their 
Icaft Terms. ' 

Whence -n . ^ and then 3927 dividedf 

3141b 3927 

by 1250, and 1250 by the Remainder, ^c. wiUbe a» 

follows : 

. 1250 ) 3927 ( 3 

177 ) 1250 ( 7 . ' 
II ) 177 ( 16 






So the firft Antecedent i$ i, and the firftConfequent 3< 

^ C Antcced. i 
M \ Confeq. 3 

Which 7 and 22 is Archimed»*t Proportion. 

^ C Ameced. 7 J ^ 6— i "* 1*2 5 i'ia4-i=i'3^**«3^Aan 
•3 ( Coafeq. »i 3 "" C 35* 3 ^ 1 3Si4-3=3S5the3dConf. 

Which Terms 1 13 and 355 is Metius's Proportion. 

^ C AaetMdeot 213 7 ^ i-= J'"^^ I « I "!^^+ ^-'*5* 
•3 \ Coafequent 355 J ( 3905 y<X 390S + a>=39*7 

Producing the fame Antecedent and Confequent as at 
firft ; which, as it is ever the Property of the Rule fo 
to (fo, proves, at the fame Time, that no Error hat 
been committed thro' the whole Operation. 

f 1:3 iFortherilfd 
Whcnccjasi250:3927::y 7:22 S-Terms-^ 2S. §. 

C 1 13-355 Vof the {3) V 

But it muft be obfcrved, that i to 3 does not cxprefs the 
Ratk) fo near as 7 to 22 ; nor 7 to 22 fo near as 113 

B b a w 
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to 355 ^ that is; the larger the Terms of the Ratio are^ 
the nearer they approach the Ratio given, 

Mr, Molyneux^ in his Trcatife of Dioptrics, informt 
us, that when Sir Ifaac Newton fet about, by £xpert«-= 
ments, to determine the Ratio of the Angle of Inci^ 
dcnce, to the rcfraded Angle, by the means of their 
rcfpcdtive Sines ; he found it to be, from Air to Glaf^y 
as 300 to 193, or^in the leaft round Numbers,asi4 tog^ 
Now, if it be as 300 is to 193, it will readily appear, 
by the Rule, whether they are fuch integral Numbers,, 
Whpfe Ratio is the neartft poifible to ths given Ratjio^ 

io; } ^93 f r 

86 ) i^ ( r 

ax. I 86 f 4 

a ) 21 ( 10 

1)2(2 
o 

For, dividing tHc great Number by (he lefs, and' 
t]|ie lefs by. the Remainder, fsfr, the Operation wilt: 
fcow that the Numbers 193 and 300 are prime to each 
other; and that the firft Anteeddcntji? i, as alfo the 
fiift Confcauent. *^ * • 

WIicBcei'}xi=r{ J Audi »+«=» thcadAut. 

^ i^J I 1 \ 1 + 2=3 the 3d Con. 

Agaia. I ^ } X 4j = i ^ And j , ? + • =9 *J4th Ant. 
* (3$ ^ 112^ ( »2 + z=i4th«4thCoii^ 

Hence, the fourth. Antecedent and Confequent ipafei; 
the Ratio to be as 9 to 14, or, inverfly, as 14 to 9;. 
which not only agrees with Mr. Mdlyneucc^ but at the 
6;ne Time difcovers, that they- are nearer to the given 
Ratio, than any other integral Numbers lefs than 92 
«nd 143 ; which are the neareft of all to the giveii 
Ratio, as w^Il appear by repeating the Proccfs, ac4 
ooMing to the Direftion of the Rule. 

Sir Ifaac Newton himfelf determines the Ratio out 
t?^Air into Glafs to be a^ I7 to n 5 but then he fpeaks 
of the red Light.. For that great Philofopher,. in his 

Dil&r- 
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X)iflertations concerning Light and Colours, publjflipd 
^in the PhihfophicalTranfa£Hons^ has at large demon* 
firated, as alfo in his Optics^ that the Rays of Light 
are not all homogeneous, or of the fame Sort, but of 
different Forms and Figures, fb that fome arc more re- 
framed than others, tho' they have the fame or equal 
Inclinations on the Glafs : Whence there Kiati be no 
conftant Proportion fettled between the Smcs of the 
Angles of Incidence, and of the refrained Angles, 

But the Proportion that comes neareft Truth, for the 
middle or green- making Rays of Light, it feems, is 
nearly as 300 to 193, or 14 to 9. In Light of other Co- 
lours the Sines have other Proportions. But the Diffb- 
renceJs fo little, that it need feldom to be regarded, and 
.cither of thofe mentioned for the moft Part is fuificient 
for Praftice, However, I miift obferve, that the Notice 
here taken either of the one or the other, is more to 
illuftrate the Rule, and (hew, as Occafion requires^ 
how to exprefs any given Ratio in fmaller Terms, and 
' the neareft poffible, with more Eafe and Certainty, 
than any Defign in the leaft of touching upon Optics. 

Wherefore, left this fmall Digreflion from the Sub- 
jeft in hand, and indeed even from mv firft Intentions, 
ihould tire the Reader's Patience, I mall not prefume 
jnore, but immediately j^roceed to the Conftru£tion of 
{^garijthms^ 

Of the Canjiru&ion of Logarithm*, 

'TpHE Nature of which, tho' our Author has fuf- 
■* ficiently explained in the Defcription of the Ld- 
^garithmetic Curve; yet^ before we attempt their Con-> 
ftwdion, it will be neceffary to premife : 

That the Logarithm of any Number is the Expo- 
nent or Vali» of the Ratio of Unity to that Number ; 
wherein we confider Ratio, quite different from that 
laid down in the fifth Definition of the 5th Book ef 
t hefe Elements ; for, beginning with the Ratio of Equa- 
hty, we fay i to 1 =0 ; whereas, according to the faid 
definition, the Ratio of i to i~i ; and confcquently 
the Ratio here mentioned is of a peculiar Nature, 
Wmg afKrmative when increafmg, as of Unity to a 
greater: IsTun^ber I but«egati){^wbendecreafing. And 

ii b J .' » 
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as ihc Value of the Ratio of Unity to any Nunibcr |8 
the Logarithm of the Ratio of Unity to that Number, 
fo each Ratio is fuppofed to be meafured by the Nuni- 
)>er of equal Ratiunculae contained between the two 
Terms thereof : Whence, if in a continued Scale of 
mean Proportionals, infinite in Number, there be af- 
fumed ^n infinite Number of fuch Ratiunculae, be- 
tween any two Terms in the fame Scale ; then th^t 
infinite Number of Ratiunculae h to another infinite 
Number of the like and equal Ratiunculae between 
any other two Terms, as the Logarithm of the one 
]RLatio is to the Logarithm of the other. 

But if, inflead of fuppofmg the Logarithips com- 
pofed of a Nuniber of equal Ratiunculx proportionable 
to each Ratio, we {hall take the Ratio of Unity to any 
dumber to conftft always of the fame infinite Number 
of Ratiunculae, their Magnitudes in this Cafe will be 
as their Number in the former. Whereforc,'if between 
Unity, and any two Numbers propofed, there be taken 
any Infinity of mean Proportionals, the infinitely little 
' Augments or Decrements of the firft of thofe Means 
in each from Unity will be Ratiunculae ; that is, they 
Will be the Fluxions of the Ratio of ]Jnity to thp faid 
Numbers ; and becaufe the Number of Ratiunculae in 
both are equal, their refpecSive Sums, or whole Ratios, 
will be to each other as their Moments or Fluxions j 
that is, the Logarithm of each Ratio will be as the 
Fluxion thereof. Coniequently, If the Rbot of any in- 
finite Power be extracted out of any Number, the Dif- 
ference of the faid Root from Unity (hall be as the 
Logarithm of that Number. So that Logarithms, thus 
produced, may be of as many Forms as we p)eafe to 
afTume infinite Indices of the Power whofe Root we 
feek. As, if the Index be fuppofed loooco, ^c. we 
feall have the Logarithms invented by N^per ; but if 
the faid Index be 230258, ^c. thofe of Mr. Briggs 
will be produced. ' ■ 

Wherefore, if i +;t be any Number whatfoevcr, and 



^ 
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n infinite, then its Logarithm will be as 1 -^x — i :=: 

JL ^ ^ _ i^ ^ f: _ f! . 1!, &f,; For the infinite 
« 2* 3 4 5 . ♦ 

Root of i-\^ without its Uixiae- or prefixed Num*- 
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<»w,.ii l+x+fex+xxx+xxxxj(^c, and the celebrated" 
binomial Theorem invented by Sir J/aac Niwton for 

— 1 2-r-— 3 

determining them is i X— x-^ X-2 — x -^ ^r mm 

n 2 34 ^t.«r 

ih t^isCufc rather ix—x— x:— x—x —ifTr.foi - 

'".^345 n 

being an Infinitcfimal, w rcje<aed ; whence the infinite 
■ -f ^ ^ x^ x^ x^ 

Root of 1 +;f = I -I + — > ^c* and the 

n itt yt ^n 

txcefs thereof above Unity, wz. il «^ L + iL -^ ^ 

^ 2/1 3« 4«* 
iSc. is the Augment of the firft of the mean Propor- 
tionals between Unity and i -f a-, which therefore will 
be as the Logarithm of the Ratio of i to x -i-;^, or as the 

. -^« 

Logarithm of i+at. But as x-krjc — i isa Ratlui^- 

cula, it muft be multiplied by loooo^ f^r. infinitely. 

Which will reduce it to Ternis fit for Pradice, make- 

ing the L ogarithm of the Ratio of i to I + ;r =: 

'1000, fefr. > x^ , x^ x^ c . , ._ , 

, ! X— -— — V > ^c. whence if the 

« I 2 3 4 

Index n be taken looo, ^^. as in Neper^s Form, the 

Logarithms will be fmiply *• -- 1. j. fL _^ L II, i! 

^3 4 5 
fcfr. But as n mzy be taken at Pleafurc, the feveral Scales 

of Logarithms to fuch Indices will be as 122^!..^, q^ 

reciprocally as their Indices. 
Again, if the Logarithm of adecreafing Ratio h$ 



X 



fought, the infinite Root ofi — x'=i i — x will be 

found by the like Method to be i — — — * 

h 2n ^ 3/i 

i^, 5«rr. which fubtra£k from Unity^ and the Decrer 

4/1 

mcnt of the firft of the infinite Num ber of Prop orti<i- 

«al« will. appear to be — x — + — + ^ -h ^> ^^• 

L^ I 2 ; 3 4 

B b 4 whicl^ 
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which exprefles the Logarithm of the Ratio <tf 1 1^ 
J — Xj or the I^ogarithin of i— jif, sbccordiog tQ.Nfpfr^4 
Forni, if the Index n be put =10000, fcf^, as before. 

And to find the Logarithm of the Ratio of any two 
Terms, a the leifer, and b the greater, it will be as a : ^ 

: : 1 : 1+ ;r; whence i+*:p— } and x z:f- 9 o^ 1 

the Difference divided by the kffer Term whfen 'tis an 
increafing Ratio, and — — when 'tis decrcafing. 

Wherefore, putting ^izDifference between the two 
Terms a and b, the Logarithms of the fame Ratio 
may b e doubly exprefled, and accordingly is either 

• I d . d* d^ d^ . . 

— X ; + — 7 -, Cf^. or 

n a 2<?* yi^ 4^Jf* 

'■ ji ' I ' ' " ^ ' ^w ' " ' - 

— X— + — -t.---4- -T-> ^^- both producing 

the fame Thing. 

But if the Ratio of a ^o i be fuppofed to be divided 
Into two Parts, viz. into the Ratio of a to the aritb*^ 
metical Mean between the two'Tcrms, and the Ratb 
, of the faid arithmetical Mean . to the -other Term b^ 
then will the Synvof the Logarithms of thofc two Ra- 
tios be the Logarithm of the Ratio of a to b. Where- 
fore fubftitutiog 4 J for ^a+j^b^ and it will be, f s ; 

. * : : I : i-x-, whence x = ii=:f ::=/" fZlif -A 1* 
and again, zs~ s : b : : 1 : i + x ^ x :^ -^ — i- ^z 

./iizi;-.)^: Therefore fubftituting ijforx^ we 
Ihall have the Lngatilhms of thofe Ratios ; viz. 



1 d d^ dl 4'4 , . ^ , 



a a'- di 4^ .. 



The ^um of which fwo Logarithms^ viz» - 

-^ X 2 X J- . . I 4. , ^c. IS 

n s 3^'- S^' 7'^? - ;> 

. '" ' . -^ .' • ' thp 
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the Logarithm of the Ratio of a to b^ whofe Differ- 
ence 18 dy 9nd Sums i; which Series, without the In- 
|dex If, is, by- the-bye, the Fluefit of the Fluxion of the 

tiogarubm of i^, afliim^g i, to be the fiowinf 

J — d' 

Qyantity^ for the Fluxion of the Logarithm of 1—, 



TT 



I » m 



?*.li: a= ^"^ T+ ?-^-;^ + — -f , ^ c. whof* 

Logarithm of -JL. 9 and the farpe as above, abating 

the Index n. This Series, either Way obtained, coi^ 
Verges twice as fwift as the former, and confequenttf 
«is more proper for the Practice of makins Logarithms : 
Thus put am I, and b any Number at rlcafure ; then 

— ;p...:Ji, which ailume =r, and then 1=lLI1^ 
s b+i 1 — 4. 

and becaufe — =: /^ therefore have we for 



THEOREM L 

thcLqg.of3=:'(i±l-^£.x.+ ^.? +^e^,^c. 



To illufirate this Theorem: Let it he required to 
^nd the Logarithm of 2 true to 7 Places. 

Noti^ That the Index muft be aflumed of aFi- 
' pure or twQ more than the intended Logarithixi 
is to have. ^ 

j: X A M P L £• 

E(ere (i=:)lii=:2; therefore I +^=(1^/ Kan) 
% — %€\ and 3^ = (2—1=) I ; whence ^ = {^ and 

The 
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The ,Opeiiati«k ftands thus: 



' =»33333333 
<» = 

«*» = 



3703704 
♦ "513 

^3 



t 

T 









t 

T 

y 
.11 



rr« = 



= »33333333 
= 1*34568 

= 02305 
= 6532 

59 
J 



•34657359 
2 



Vf\itactNeper*» Logarithm of 2 is >^3i47i8 

But ,693147 18, multiplied by 3, will give 2,07944154 
for the Logarithm of 8, inafmuch as 8 is the Cube or 
^rd Power of 2 ; and the Logarithm of 8 -j- Log. of 
H is equid to the Logarithm of lo, becaufe 8 x i^= tcu 
-wherefore to &id the Logarithm of i^ we have h =: 

J-tl =: 3^ =4 i wheoce « = ^ and M = /r. 



The Operation ftatids thus : 



■ 



— e =111111111 

137174 
1693 

21 






4'' 



!■ ■ m 



=,11111111 

^ 4572s 

= 339 

? 



,iii57i7« 

2 



,22314356 
2,07944154 
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Whence Neperh Logarithm of !^ is 
To which add the Logarithm of -8, 

Th€ Sum, viz. ~" 2,30258510 

is Neper's Logarithm of 10. But if the Logarithm of 
10 be made 1,000000, ^V. as it is tor Conveniency 

2302585 
done in moft of the Tables extant, then- ::;; 

n 

i,ooq, &c. Whence «=:2302585, i^c. is the Itkdcx 

for Briggs's Scale of Logarithms j and, if the above 

• Work had been carried on to Places fufiicient, thelndex 

8 would have been 2,30258, 50929, 94045, 6840^^ 

7'^9i4, 
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79914, l^c. and its Reciprocal, viz. JL=: 0,43429, 

44819, 63251, 82765, 1 1289, &f<:, which, by the 
'Way, is the Subtangcnt of the Curve expreffing 
Briggs's Logarithms j from the Double of which th,e 
faid Logarithms may be had diredlly* 

For,becaufeJL=3 0,4342944, &ff. ••• 3.=,868588 

n ' n 

9638, i^Cf which put=m, and then the Logarithm of 

p r: me+ — *- J, — + — + — ^ cT^, 

' ^ I— ^ .35 7 9 . 

EXAMPLE. 

• Let It be required, to find Briggs^s Logarithm of 2* 
I 1 j 

Here b =: -— - ==2 •.•/=!, and ee = |. 

» 

The Operation (lands thus : * 



m = ,868588963 

m^ = 5^895^9655 

me^ d 32169962 

>»^* = 3574440 

tne7 = 397160 

»!/» = 44129 

"^" = 4903 

yne' = 545 



>w^ =,28^529655 
4 nu^ z= 0723321 

4 »2^S = 764888 

4 W7 -. 36738 

^ ;»*» n: 4902 

^mt'* t= 446 

JVJicnce Briggs's Logarithm of 2 is 0,301029993 

AGAIN: 

•Let it be required to find Briggs^s Logarithm of j. 
. Jf ow btcaufe the Logarithm of 3 is equal to the Loga- 
rithm of 2' plus the Logarithm of il (for 2x1^ = 
3), therefore find the Cogarithm of 14., and add it to 
the Logarithm of 2 already found, the Sum will be the 
Logarithm of 3, which is better than finding the Lo- 
garithm of 3 by the Theorem direSly, inafmuch a» 
ft will not converge fo faft as the Logarithm of 14 ; f^^ 
the fmaller the Fradlion reprefented by r, which is 

deduced 
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deduced from the Number whole Logarithm is foiight» 
, fht fwifcer does the Scrie3 converge. 

Here i=:-L-i ::: 4 V 2'^ + 2 =^3— 3^ V ^;=: 1^ 
and i^ ci^V* 

The Oper ATio n is ^ foBo ws : 

^^ =^73717792" 1 > m/ ^,1737*7^95^ 

me^ = 6948712 I j. m/V = 2316^37 

fne^ = ?77948 I ' "i me* = 55590 

mef z=. iiii8 j. m^^ == 1588 

JB^* = 445 y ««^ tr: 5^ 

»i^" = ' 18 I ' ^me^ zz % 

Jlr^^'s Logarhhm of il=: ^176091259 

• To which add the Logarithm of 2:=: ,301029993 

The Sum is the Logarithm of 3=: 0,4.77 12 1^2 52 

Again, to find the Logarithm of 4, becaufe 2 X2=4» 
there ore the Logarithm of 2 added to itfelf^ or muhi- 
jijied by 2, the Produ£l 0,602059986 is the Loga- 
fithm of 4. . , 

' > To find the Logarithm of 5, becaufe y* n: 5, 

^herefor^ from the Logarithm of 10 |,ooooooboo 
ftibtradl the Logarithm of 2 ,301029993 

There remains the Logarithni of 5 =;: ,698970007 

Aod becaufe 2 ^^J— 6 ; therefore 

To find the Logarithm of 6, 
To the Logarithm of 3 ,477121252 

AddthQ Logarithn* ofa '>3^^o2(y)q^ 

The Slim will be the Logarithm of 6= ,77815 1~245 

Which being known, the Logarithm of 7, the next 
prime Number, may be cafily found by the Theorem^ 
for becaufe 6 X-| = 7, therefore to the Logarithm of 
6 add the Logarithm of |, and the Sum will b^ t)^ 
Logarithm of 7. 



■k 



EXAMPLE. 

Hcrcir:-i— ''=1 v ecz:^^^ and /^ = jIt- 

m zz 
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•m "^ ,868588^63 I 

me z=, >o668i4S36 f me =1,0668145,35 

me^ = 39535^ I y ^^^ = H^lH 
me* = 2331^ I 4 «w* = 468 

me^ =z 14 l 4 1^' = « 

Briggs*s Logarithm of ^ ,066946789 

To which add the Log. of 6 ^778151245 

The Sum is the Log. of 7 =r 9845098034 

AgatO) becaufe 4. x 2=8 \ (benfore 
To the Logsffithsi of 4 ,6020599$ 

A4id the Logarithm of 2 »30i0299» 

The Sum is the Logarithm of 8 . 99030899/ 

And bccaufe 3 X 3 =: 9 j therefore 
To the Logarithm of 3 ,477 1 2 1 25 

Add the Logarithm of 3 ,47712125 

The Sum is the Logarithm of 9 =: ,95424250 

And the Logvit'^m of 10 having been determined tt> 
\t 1,00000000, we have therefore obtained the Lo« 
garithms of the firft ten Numbers^ 

After the fame manner the whole Ta%le may be 
conftru£led ; and as the prime Numbers increafe, fc^ 
fewer Terms ofthe Theorem are required to form their 
Logarithms \ for in the common Tables^ which extend 
but to feven Places, the firft Term i^ fuiScient to pro- 
duce the Logarithm of loi, which is compofed or the 
Sum of the Logarithms of 100 and 44^> becaufe lOO 

X fS^:;: ioi,in which Cafe *=i±^=: 4^ v^=i 

I — e 

.^4^; whence, in making of Logarithms according to 

die preceding Method, it nlay bed>ferved, that the Suna^ 

and Difference of the Numerator and Denominator of 

the Fraction whofe Logarithm is fought, is ever equal 

to the Numerator and Denominator ofthe Fra£lion re- 

prefented by e \ that is, the Sum of the Denominator^. 

and cite Difference, which is always Unityvis the Nu«- 

mer^tdr ; confequently, the Logarithm of any prime 

Number may be readily had by the Theorem, having 

ihc Logarithm wittier noxc above or below given. 

Tho*^ 



iZZ: rke APPENDIX. 

Tho' if the Logarithms next above uid bel«w Ikat 
Prime are bothtgiven, then its Logarithm will be ob- 
tained fomewhat eafier. For half the Difference of 
the Ratios which conftitutes the firft Theorem, viz* 

*» X — + _ +-- + -Lp (sTf . is the Logarithm 
2SS 4J^ 6j* 8i« ^ 

of the Ratitf of the arithmetical Mean to the geome^ 

trical Mean, which being added to the half Sum of the 

Logarithms, next above and below the Prime fought, 

wilTgive the Logarithm of that prune Number, which 

for I)iftiodion-£ike, may be called Theorem tbefecondi 

and is of good Pifpatcb, as wiU appear hereafter by an 

* Example. 

But the beft for this Purpofe is the following one, 

which is likewife derived from the fame Ratios as Theo« 

rem the iirft. For the Difierence of the Terms be* 

tween tf ^ and j. / f , or ja a-^'ia b +:^bb^ is^aa 

— 4^ + i« = 4tf— 4*»=i^=:i, and the Sum 
of the Terms ab znA^ ss being put = y, therefore 
(fi ncey in this Cafe= j, and d:: z i) it follows, that 

— X 1- — . + — f — , i^c. is the Logarithih 

n y 3y^ S>^ 7y^ 

of the Ratio of « * to i j j : Whence 
— X — + — -- + JL J. JL, i^e. is the Loga- 

71 y ^\ sy' If 

rithm of the Ratio of • « * to 4 i, which converges 
exceeding quick, and is of excellent Ufe for finding tho 
Logarithms of prime Numbers, having the Logarithms 
of the Numbei;$ next above and below given, as in 
Theorem the fecond. 

EXAMPLE. 

Let it be required to find the Logarithm of the prime 
Number 1 01 i thenar j 00, and ^3= 102; whence 

y= 20401 ; put — =m = ,4342944819, fffc. ^\ita 

n 

the Swici willlftand thus,Z +!1.+JL + ^, (^t. 

y 3>' 5>' 7/ ' 

And 
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Therefore to die half Sum of the J ^ 00430008588 w 
^ Logarithms of 100 and 102= J ' ^^ -^ 
Add the Aid Quote 0,0000212879017 • 

And the Sum, viz. 2)0043213737827 

is the Logarithm ©f loi true to 12 Places of Figures^ 
and obtained by the firft Term of the Series oflly; 
whence it is ea(y to perceive what a raff Advantage the 
fecond Term would have, were it put in Pra&ice, fince 
M'is to be divided by 3 muM^lied into the Cube tot . 
204c n 

This Theorem, which well call Theorem the thirds 
was firft foundoujtbyDr. HaUey^Tind a notable Inftance 
of its Ufe given by.him.in the Philofepbic^lTrmfa£iionB 
for making the Logarithm of 23 to 32 Places, by five 
Divifions performed with fmall Dlviiors ; which could 
not be obtained according to the Methods firft made 
ufe of, without infcfatigable Pains aqd Labour, if at 
all ; on account of the great Difficulty that would at* 
tend the managing fuch large Numbers. 
_ Our Author°s Series for this Purpofe is (Page 357) 

J X 1^+^JL.^ Z, ^ i^c^ the InveftigatioQ of which 
42; 24Z' 360J5* 

at he was pleafed to conceal, induced me to inquire 
into it, as well to know the Truth of the Series, as to 
know whether this or that had the Advantage ; beoQufe 
Dr. Halley informs us, when his was firft publiflied, that 
it conver^d quicker than any Theorem then made pub- 
lic, and m all Probability does fo ftill. However that 
be, 'tis certain our Author's converges no fafter than 
the fecond Theorem, as I found by the Inveftigation 
Vis^r^of, which may be as follows : 

FrQn> the foregoing Do£lrine, the Difference of the 
tbgari^hms of z— i and 2+1 is 

2 2 2 2 

m X h — + 1 > ^^* which put equal 

2 32* 5«' 735^ , 

ip /, and the Logarithm of the Ratio of the Arithjnc- 
tical Mean z, to the Geometrical Mean ^y zzr 



I M 



m X ■ . .. 4^ — .4. 



4^* 6a* 



I 

8?' 



i^Q. ftr Theo- 



iH, 



rem 
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ran At' (acand 1 for asf ^ s; whence Zr^- JL . 

Let A and B be theLogarithms of z— i aHd z + 1 rcf/ 
fpcftivclTj then is— i- +/w x i- -JL + JL|&^tf/ 

^ ^ 2 2Z*^4Z*^62i« 

the Logaritbni of z ; and if the latter Part of the Se- 
ries expreiSng the faid Logarithtn of z be divided by' 
the Scries rcprefenting the DifFcrence of the Loga- 
rithms of z — I and z-f 1, the Quotient will exhibit 

the Series reqtitred» wz. .^ ^ -.-.^ a. -JL. , i^C4 

42^ 24Z' 36021' 

as appears by the following Operation : 
X 3a» 5»» /2a*+4a* 6»* \4a 24a' 36021* 



:z* ^ 62* lOz* 



2z 

■ * III 



I2Z* 3()Z<^ 



i8oz6 

Now, bccaufe the Dividend is ever equal to the Divi- 
fer draw n into the Quotient of the Divifi on j it folfows,- 

that y X -L 4. jL + ^ — , ^c. is, equal to 

4« 24z3 36oz» 

m x-L. + J^ + ' £^^. 
2ZZ 4z* 6z^ 



2 2ZZ 4z* 62^ 

is the Logarithm of z j wherefore 

i^±S + ^ X — + — L +.. 7 ,,(srf. isthcLo^ 
2 4z 242;^ jboz 

gBtithmof z. Q^ £• L 
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Note^l make the Author's 5th Term ^3 

25aoo»» 

tobe '903 . 

To illuftrate this Theorem by an Example : 
Let it be required to find the Logarithm of lor. 
To the half Sam of the Logarithms of 100 and io2=r 

2,0043000159 
Add the Difference of the faid Lo- 1 ^ ^^^ ^ o ^ 

garttbms divided by 4% equal to \ ^^^^^?p^^^^7 6 
And the Sum, viz. - - - 2,0043213735 
ia the Logarithm of 101 true to 9 Places of rigurea ; 
Whence it appears, that our Author's Series fatU Oiort 
of Dr. Hallefsj in finding the Logarithm of the prime 
Number loi, three Places of Figures, by uflngqnly 
the firft Terms of the Series; whereas, if two Terms 
in each were ufed, perhaps the Difference would hare 
been conliderably greater. 

Notft This Series of our Author, deduced from The- 
orem the fecond, is in EWed Dr. HalU/s too, but dif- 
guis'd by being thrown into a different Form ; whicb^ 
however, has its Ufe, as being very ready in Pradice. . 

Having thus inveftigated feveral Theorems, where « 
by Tables of Logarithms, of any Form, may be con- 
nrufted ; it remains to fhew how, from the Loga- 
rithm given, to find what ^tio it exprefies. 

The Logarithm of the Ratio of i to i-i-;i^has been 

proved to be as 1 4-*' — i =^x x — t **+!*•' — 1*% 
&fc. II being any infinite Index whatfoever ; whence, if 

L be put for the faid Series, then i -^x * — i =: L; con* 

fequeritly i +;r' =: i + L, and i + 4r = i 4- L« =: 

AGAIN: 
The Logarithm of the Ratio of i to i — x has 

likewife been proved to be as i — i — x' = 

- X ;r + fJif* + I '*'' + i^j y^. =: L; wherefore 

Cc ^ — 
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J .^ I — x"" = L; and I — x =i~L* r: i— *«L 

Whence i +*•=!+_« L + i«» L*+ f «* LS CsTf, 

is a general Theorem for finding the Number from 

the Logarithm given of any Species or Form what* 

foever $ but in the Application of it to Prai^ice w<K 

hbour under a great Inconvenience, efpecially if the 

Numbers are large ; that is to fay, it converges (b very^ 

flow* that it were much to be wiflled it could be con- 

tradied. 

However, if L be the Logarithm of. the Ratk>.of ^i 

the lefler Term, to b the greater, and either, of thenv 

are given } then the other will be eafily had, and e3Cr< 

peditioufly enough too : 

b a 
For -orT==i +«L +f a»L» + i^a^ LS fcT^ 

Wherefore it follows, by the Help of a Table of Lo- 
garithnisy that the corresponding Number to any Lo« 
garithm may be found, to as many Places of Figures 
as thofe Logarithms coniift' of : For, putting d equal 
to the Difference between the given Logarithm and 
the next lefs in the Table, then wiH the Number 

fought, viz. N = tfxi+a^+ in^ d * +^ n^ d », t^c^ ' 
But if d be put equal to the Difiereoce between 
the given Logarithm, and the next greater, then • 

N =: A X \—nd^ fw* ^*— 5. «' d^y ^c. both 
which Series converge tafter, zsd is fmaller. 

But the firft three Terms in each may be contracted 
into two, which is very ufeful, inafmuch as it favcs 
the Trouble of raifing n and rf in the third Term to 
the fecond Power ; For letting the firft Term remain 
as it iSj the other two are reduce;d to one, thus ; make 
the fcqond Term the Numerator^ of. a Fradion^ and 
Unity minus the third Term divided by the fecond is 
the Denominator. 

Whence N = a x i ^ nd •{•In^ d^ 

becomes N r: a + — ^ » 

U—id 



And Nz=* X i—nd + in'^d^ 

bd 
becomes N = i •— 



» + 2 ^ i where- 
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wherefore a + .^ > or i — ., wUl be the 

Number anfwcring to the given Logarithm ; which, 
tho' it differs a little from the Truth, is fufficient to find ' 
the Numbers, exaft to as many Places as Briggs's Lo- 
garithms corififtof, viz, 14, which are the largeft Ta- 
bles extant. Much after the fame Method may the 
whole Series be contracted ; by which Means each al- 
ternate Power of rf will be exterminated ; or, which is^ 
the fame Thing, every two Terms in the Series will be' 
reduced to one, making the Whole Ihorter by Half. 

To illuftrate th6fe Conftruftions by an Example : 
Let it be required to find the Number anfwering to 

the Logarithm 7,5713740282 in Briggs'a Form. 

From the given Logarithm - 715713740282 

Subtra^ the Log. of ?727ioooo the 1 

nextncarcft . - - - - \ 7.57137X0453 

The Reniainder is equal to dzz ,0000029829 

And becaufe the Number 372710000 is iefs than 
the Number fought, call it a, which, multiplied by 
,0000029829, and the Produdt 1,111756659, ^c, di- 
vided by m — ^d=z ,4342929, iffc, quotes 2559,92 ; 
which, added to 372710000, gives 372712559,92 for 
the Number fought* 

Thus, I prefume, the Do£lrine of Logarhhms has 
been fufficiently exemplified, whether we confider the 
Conftrudion of them for any given Numbers ; or, on 
the contrary, the finding of the Numbers from the Lo- 
garithms given. 

But, before I conclude, I (hall give an Infiance or 
two of the great Ufe of Logarithms in Arithmetical 
Calculations, and firft in the purchafing of Annuities. 

If a be put for any Annuity, p for the prefent Va- 
lue, r the Amount of One Pound for One Year at any 
Rate of Intereft, and t for the Time or Number of 

a 
a — -. 

rt 

Years the Annuity is to continue j then p =: — — , 

the Value of the Annuity. 



C c 2^ EX- 
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EXAMPLE. 

Let it be required to find the prefent Value of art 
Annuity of 60 /. per Annum^ to continue 75 Years^ at 
the Rate of 4 per Cent, per Annum, 

Hcre^?=:6o, '=7S» andr=:i,04. Nqw, in order, 
to obtain the Anfwer, we muft find the feventy- fifth 
Power of r, or of 1,04 ; that is^ wemud multiply 1^04 
Ceventy-five Times into itfelf, which is exceeding tedi- 
ous by the common Way, as any one may judge; but by. 
the Logarithms 'tis done with the greateft Eafe ; for if 
0,0170333 the Logarithm of 1,04 be multiplied by 75, 
the ProduS: 1,2774975 will be the Logarithm of the* 
feventy-fifth Power of 1^04; which being fubtra£ted 
from 1,7781512, the Logarithm of ^ equal to 60, will 
leave 0,5006537 the Logarithnrof 3,167041, which 
being fubtraSed from 60, and the Remainder divided 
by r — I =,04 will give 1420,824 =: £420/. 16 /. ^^d. 
for the Value of the Annuity ; and if 1420,824 be di« 
Vided by 60, the Quotient will exhibit the Number oL 
Years Purchafe requifite to be grven for any Annuity to 
continue 75 Years upon a good Security free of all In* 
cymbrances, the Furchafe being made at 4 per Cent. 

Hence we fee the Reafon why the long Annuities 
purchafcd in the Year 1708, having about 75 Years 
to come, are valued in CaJlairC% Bill of Exchanges at 
fi4^ or 25 Years Purchafe: For, tho* according to this 
Calculation, they are worth but a little more than 23, 
Years and a Half; yet, becaufe in the public Funds 4 
per Cent, is fcarcely ever made of Money, and the 
Contingencies it is there fubjedl to, which thofe Annui-* 
ties, and other Government Securities, are not, makes 
them very juftly worth 24-^ or 25 Years Purchafe. 

Likewifc Queftions relating to Annuities uport 
Lives, whether for one, two, or three, ^c. are almoft 
a^ eafily eftimated. For Inftance ; it may readily be 
found by Logarithms, that an Annuity for a Man of 
Thirty, to continue during his Life, is worth 11,61 
Years Purchafe, Intereft 6 per Cent, but at 4 per 
Cent. 14,68. And as the Probabilities of Life's Con- 
tinuance, and the Value thereof, are d6t<ermined by 
an algebraical Procefs grounded upon the Rudiments 
of the Dodrine of Chances, and five Years Obfer- 
vations upon the Bills of Mortality of Bre/la%v^ the 
Capital of Silejia-, fo there refults that Truth and 

Equity 
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^urty from the Operations, as ought to prefide in a!l 
Contrafts of this Nature. Whence it follows, that ail 
other Methods, whofe Refolution differs from this 
(efpecially if the Difference be much), may jufUy be 
deemed erroneous, and confequently prejudicial to one 
of the Parties concerned. Wherefore, to prevent Im- 
pofitidns -thro' Ignorande, great Care fhould be taken ; 
which Precaution, however unnecefliiry it may appear, 
'tis prefumed, it will be regarded, inafmuch as no one is 
willing to pay more Years rurchafe than he has Chances 
for living ; as, on the contrary, the Seller to receive lefs 
than his Due ; which may poflibly be by followiilg the 
common Methods {where, for the moft part. Regard 
is had neither to Age nor Intereft] fotmded upon Ca- 
price, Humour, or, if you pleafe, Cuftom, the Contra£t 
being made, as they can agree, right or wrong ; which 
Method of Procedure ought to be exploded, fince fo 
liable to Error, and the Confequences drawn there- 
from fo often wide of the Truth. 

I'he other Inftance which I fhall givetef the great 
Ufe of Logarithms is in the Cafe of Se0y as rdated 
by Ur, IVallit in his Opus Arithmeiicum from Jlfepbad 
(an jfrdbian Writer), in his Commentaries upon To*' 
gr4ims*s Verles 5 namely, that one SeJ/a^ an Indian^ 
haviiig firfl found out the Game at Chtffi^ and fhewed 
it to his Prince Shehram^ the King, who was highly 
pleafed with it, bid him afk what he would for the Re- 
ward of his Invention; whereupon he afked, That for 
the firft little Square of the ChejeBozrdf he might have 
one Grain of Wheat given, for the fecond two, and fb 
on, doubling continuaHy^ according to the Number of 
Che Squares in the CbeJ^a Board, which was 64. And 
when the King, who intended to give a very noble 
Reward, was much difpieafed, that he had a(ked fo tri- 
fling an one, SeJJa declared, that he would be contented 
with this fmall one. So the Reward be had fixed upon 
was ordered to be given him. But the King was quickly - 
aflonifh'd, when he founds that this wouldrife to fo vati; 
a Quantity, that the whole Earth itfelf could not fur- 
iilfh out fo much Wheat. But how great the Number 
oF thefe Grains is, may be found by doubling onecon- 
^nually 63 Times, fo that we may get theNumber that 
<:oines in the lafl Place, and diien one Time moreto have 
the Sum of alls for the Double of the lafl Term lefs 

C c 3 by 
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by one is the Sum of all. . Now this will be moQ^ ex- 
peditioufly done by Logarithms, and accurately enough 
too for this Purpofe : For if to the Logarithm of I, 
which is o, we add the Logarithm of 2 (which is 
O930J0330) multiplied by 64» that is, 19,2659200) the 
abfolute Number agreeing to this will be greater than 
18446, 00000, 00000, 00000, and lefs than 18447, 

COOOO, 00000, 00000. 

. As I have had the revifing of thefe Sheets, fo it may 
be expe£led that I ihould give my Opinion concerning 
Mr. Cunn and our Author, in regard to Spherical Tri- 
gonometry ; wherein the former accufes the latter, and 
ieveral other eminent Authors, of having committed 
many Faults, and, in fonae Cafes, of being mifiaken, 
cfpecially in the Solution of the J2th Cafe of Oblique. 
Spherics ; in which Mr. Cunn has intirely miftaken the 
Author's Meaning, as plainly appears by his Remark, 
where he conflitutes a Triangle whofe Sides are equal 
f the given Angles ; whereas the Author means, that 
each ^ng^'j[houId firft be changed ipto its Supple^ 
tnent, and Aen with the faid Supplements another Tri* 
angle conflituted, whofe Angles, by the very Text of 
the 14th Propofition of his own Spherical Trigono- 
metry, will be the Supplements of the Sides fought in 
the given Triangle ; to which Propofition I refer the 
Reader. That this is the Senfe of the Author, is very 
evident, if impartially attei^ed to, and which I think 
could poffibly have no other Meaning ; and accord- 
ingly aver what is here advanced to be univerfally 
true ; but, becaufe I would not be mifuQderftood,ihall 
illuftrate the Truth thereof by a numerical Operation j 
which, to thofe who care not to trouble themfelves 
with the Demonfiratipn, may be fufficient s and, to 
otherss foipe Satisfaction. 

EXAMPLE. 

Suppofe, in the Oblique-angled Spherical Triangle 
A D E, there are given the Angles A, D, £, as per Fi- 
gure, and the Side DE required. 

Note^ Write down the Supplements of the two 
Angles next the Side required firft 3 and then the 
Operation may ftand thus ; 

Th« 
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The Supple- f E = 50*» Sine Co. Ar. 
ment of the^Dz: 150 Sine Co. An 
Angle. t A = 140 Sine 220° - 

Sum = 340 Sine 20 

2\ 

4 Sum= 170 



^Sum,minus rE =: 120 
the Supple- \ — — . 
ment of the j D = . 20 
Angle. C 



0,115746 

9^937530 
9*534052 

19,888358 

2* * 



- 9,944179 



Which laft Figures 9,9441 79 give the Side of 6 1 ® 34' ; 
and the Double thereof, viz. 123° off ; fubtraded from 
180 Degrees, leaves for the Supplement 56*=* 52', which 
is the Side of D E required. 

The Rule which Mr. Cunn fubflitutes in the Room 
of our Author's, is alfo univerfal (but not new] ; and, 
confequently, when he fays, Change one of the Angles 
adjacent to the Side fought into its Supplement, it is 
very juft; though, by the way, I affirm, it is equally 
true. If the Angle oppofite to the Side fought were 
changed into its Supplement (which perhaps is what 
has not yet been taken Notice of); only then, inftead 
of having the Side fought dire£Uy, we fliould have its 
Complement to 180 Degrees, as in the preceding Ex- 
ample ; but there is a Neceffity of changing either one 
or all the Angles into their Supplements, though it is 
beft to change only one, which let be either of thofe 
next the Side fought, no matter which ; and the Side 
will be had dire£):ly without any Subdu£lion, as will 
appear by the fubfequent Operation. 

E X A MP L E. 

1 Let the Angle £ be changed into its Supplement, 
and the Side^D £ fought ; which Supplement, and the 

■ C c 4 other 
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father Angle adjacent to the Side fought, being written 

down iirft, the Operation may be as follows: 

Sup. of the Angle E:=50 Sine Co. Ar.— 0,115746 



The C D=:30 . Sine Co. Ar.r-0,301030 

Angle | A=40 Sine 10*^ r 9»239670 

Sum 120 Sine 30^ - 9,698970 

2I ■ .1 

4 Sum 60 Sum I9>3554i6 



a 

,0 C Sup. Angle £ e lo 

* 5um > '' ?► ^ Sum 9,677708 

?«'""» \ Aogle p =3^ - ^' "' 

Which half Sum 9,677708 gives the Sine of 28" 26', 
apd jth.c Double thereof 56° 52' is the Side D E fought* 
the fame as bcfore> when all the Angles were changed 
into their Supplements. 

Whence it is abundantly manifeft, that ^hpfe ty^p 
Methods of Operation, notwithftanding their Manner 
is fo different, agree precifely in Pra£lice ; and, confe- 
quently, we may conclude our Author's Rule to be 
right. Wherefore I wonder Mr. Ciinn did not attend 
better to the Words of our Author's Rule, before hf 
ventured to attack the Characters of fo many famous 
Trigonometrical Writers. But to remove the Iqfipu- 
tation of the Charge againA thpfe Authors who have 
^eferyed fo well of the Mathematics* and tojuftify 
them to the World (for Juftice ought to have Place)* 
it is, that I have ventured to give my Opinion, and 
point out where Mr. Cunn was miftaken : The Reafoo 
of which is not eafily aiHgned, fince, tq give him his 
Due, it could not be for want of Knowlecjg^, tho', ii| 
this Cafe, I caf)'t think it intirely owing to Inadvert* 
ence, inafmuch as it was a prenieditated Thing ; and 
I am loth to impute it to any contentious Inclination^ 
of his, in difputing the Veracity of our Author's 
Rule, becaufe it did not appear with all that Plaitmef^ 
requiijte to prevent carping by the Litigious : Where* 
fpre, as I am in Sufpenfe how to determine, 1 flia^ 
leave the Decifion thereof to better Judgments. 

Indeed, Mr. Ijky^es's Rule, which direds with the 
three Angles given 19 projed a Triangle, as if they 
were Sides, is deficient, wc#e it only on that very 
Account ; For with the given Angles, in the preceding 

i^xampl?^ 
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Example, it will be impoffibic to conftrud a Triangle* 
^aufe 'cis requifite, that two Sides together, howeve^^ 
taken, be greater than the third ; whereas, in this Cafey 
they will be lefs : But the Rule is not only deficient 
in that Rerpe£t, but really wrong : For tho' what Mr. 
Hiynts aflerts is juft, vi%. that the greateft Side in the 
fuppleqiental Triangle is the Supplement of the greateft 
Angle intheother Trian^e ; yet, notwithftanding that, 
the Confequence drawp" therefrom is falfe, and fo the 
Solution only imaginary : For, with Submiflion, neither 
tbe Sides, nor their §iipplement$, in Mr. Heyms'^ fup«- 
pjemental Triftf^e» are the Meafures of the Sides 
ii^ught. 'Tis true, when one of the Angles is a Right 
Pile, and the others both acute» then the faid fupple- 
mental Triangle is that wanted to be conflru<5ied, as 
containing all the given Angles ; and, confequently^ the 
3ides appertaining thereto are the very Sides required : 
But then this is only one Infiance out of the infinite 
Number of other Triangles that may be conftru<£led, 
and which is not folved diredtly by the Triangle firft 
roje^ed neither \ for the greatefl Angle thereof muft 
e changed into its Supplement, when the Side oppo- 
iite to the Right Angle is requir'd ; and if the Right An- 
gle ftill remains, and either one or both of the other 
given Angles are obtufe, the Solution is rendered more 
perplex'd : Wherefore there can be no general Solution 

tiven to any Triangle,by conftituting a Triangle whofe 
^ ides are equal to the given Angles,except to that parti- 
cular one which Mr. Cunn takesNotice at in hisRemark, 
where each given Angle is the Meafure of its oppofite 
Side fought, and which therefore needs no Operation, 

This I thought nvyfelf obliged to obferve, in Juftice 
to Mr. CttJiif, whOy we fee, is not intirely to blame ; 
as hiving juft Reafon to objed againft the Veracity of 
Mr. Heynei^ Rule, tho' not againft the Rules of the 
other Authors by him nominated. 

And here I can't but take Notice of fome Gentle- 
men, who are fo very fond of finding Fault, that, ra- 
ther th^n you fhall not be in the Wrong, they will wreft 
your own Meaning from you, and will not fufier an 
Error, tho' ever fo minute, to pafs, without proclaiming 
it to the Public, under Pntence of preventing their be- 
ing impos'd upon ; whereas, if the Truth were ki^own, 
I fear it would appear to be the Vanity of their Hearts, 
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an Over-fondnefs of being thought wifer mi more 
knowing than the reft of Mankind ; nay, I think, it ap- 
pears plainly fo, by their oppofing the Works of Metv 
greater than themfelves : But if, inftead of comparing 
bow far their finite Knowledge extend, or exceeded 
another Perfbn's, they confider'd how much there was 
they knew nothing of; as it would conduce to make 
them humble, fo, I am of Opinion, it would contribute 
very much toward theirleavingofFthat Manner of Writ- 
ing. Befides, as I take it, the Bufinefs of Writing is not 
{o much to difcover who has committed the moft Faults, 
as to avoid them, and make greater Improvements. 

But, what is the moft to be wonder'd at, thof^ who 
are fo very ready in finding Fault, not without great 
•Sufptcion, receive the beft Part of their Knowledge 
from the Works of thofe very Authors againft whom 
they exclaim. The Reafon that induces me to think fb 
is this : Whilft they are ftudying an Author, in order to 
underftand him, then it is, perhaps, they difcover feme* 
thing which he was plea&d to omit, or thought fit to 
conceal, for which 'tis more than probable they take 
Care not to omit paying a profound Refpefi: to their 
vainly- imagined fuperior Geniufes: And if, by Acci- 
dent, an Error fliould creep in (which is very poffible, 
none being infallible), then, to be fure, he muft be 
^regioufly miftaken, and not underftand what he was 
about : But, I fay, this Difquifition into the Demerits 
of an Audior would never have been made, had they 
underftood the Subjed beforehand ; for, if otherwife, 
they muft be of a fad Cynical Temper, as well as 
have little elfe to do, to make it their Bufinefs to dif- 
icover Faults, and at the fame Time acknowledge not 
one fingle Beauty ; a very ungrateful Return for the 
Advantage they receive in the Perufal. 

Nor do they do the Public tha,t Service they pretend 
to : For thofe that are capable, and will beat thcTrou:*- 
bie, of reading a Treatife upon a Subje£l without a 
Mafter, are as well able as themfelves t(yre£tify what 
is amifs ; and as for thofe who will not be at that 
Trouble, there is no Danger of their being led aftray ; 
iince it is the fame Thing to them, whether there be 
any Miftakes, or not. 

However, if, after all, there fhould be a Neceffity.for 
an Admonition, why can't it be done with Candour and 

Humanity I 
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Humanitjr ? And then, without doubt, an Author, out of 
Regard to Truth, which of all Things ought to be pre- 
ferred, would be thankful : And to reprove otherwift, 
b to be ungenerous ; becaufe, whenever thofe Mif- 
tadces happen, as they are for the moft part owing 
more to Inadvertency, than Want of Knowledge ; fo 
they ihould therefore be attributed to the Frailty of 
.bum.an Nature (to which we ue all more or lefd fub« 
je£l)9 nothing being more common amqngft all Pro- 
feffions, than the writing of one Thing for another* 

If any think, by my interfering between our Author 
and Mr. Cunn, that I have run into the fame Error, 
of which I accufe others in general of being guilty, let 
them pleafe to confidcr that I have only writ in the 
Vindication of Gentlemen, who were firft wrongfully 
accus'd, and in one Particular juftify'd Mr. Cumt: For 
fuch an Occafion as this offering, I thought the Dif- 
ference between them lay upon me to decide, left I 
.Ihould be taxed with Partiality for not doing Juftice, 
or with Ignorance in not determining an Affair which 
held fome in Sufpenfe to know who was in the right 
or wrong ; for there could be no Poffibility of making a 
Merit in adjufling a Thing of fo eafy a Nature ; tho% 
perhaps, to conceive thoroughly the Reafon of all the dif^ 
ferent Methods of Solution, may not be fo eafy neither. 

fiut, to proceed : As for the Omiffions our Author 
has made in not determining accurately when fome of 
the Cafes are ambiguous, and when not, I ihall not 
quarrel with thofe who think him to blame ; but, if I 
may be allowed to give my Opinion, I think they are 
determin'd for the mofl part, as well, or, at lead, with 
more Eafe, from the Conflruciion of the Triangles, he* 
caufe it fixes an Idea of what one is about, by exhibit* 
ing a kind of an ocular Demonflfation ; and, confe* 
quently, prevents the laying of that Screfs upoii the Me* 
mory, as all thofe are obliged to who depend intirely 
upon Mr. Cunn's Rules, which to Beginners is not very 
agreeable : Hence, who knows but that what our Au-* 
thor wrote relating to the ambiguous Cafes, he thought 
fufiicient ? That is, that the Reader would not flop, for 
want of farther Explications, but with more Eafe fup* 
ply himfelf with what was wanting when he came to 
the Practice thereof, I mean the Conflru£lion of Tri* 
angles (for, after al), without the Knowledge pf that, 
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a Perfon will-have but a mean Notion of this ufefal 
Branch of the Mathematics) ; and^ if fo, he ought 
in fome meafure to be excufed, efpecially if to this we 
join the faUowing Confideratiofl, oiz. that few or 
none ever learn Spherical Trigonom^ry, purely for the 
Sake of calcinating Sides and Angles, to determine 
their Ambiguities ; befides, what is ambiguous in Tri« 
gonometry, is very ^ten not fo in Geography and 
Agronomy, l^t. for which the other is chiefly learnt. 

For Inftance : If we know the Latitude of London^ 
and the Diftance and Difference of Longitude between 
the faid Place and Rome^ notwith (landing there are two 
Sides, and the Angle' oppofite to one of them, given, 
the Cafe is not doubtful when we undertake to find the 
Latitude of Rome ; unlefs it be not known whether it 
lies to the Northward or Southward of London ; which 
however.could not be determined by any Principles of 
Trigonometry. Like wife, in Afironomy, if the Lati- 
tude of the Place, the Sun's Declination and Azimuth, 
were given, the ^uafitum is not doubtful neither, un^ 
lefs the Sun's Declination exceeds the Latitude of the 
Place, and both are of the fame Denomination, that is, 
both North or both South; in which (Jafes, becaufe it is 
poiSble for the Sun to be upon the fame Azimuth Cir- 
cle, twice in the Forenoon, and upon another Azi<- 
tnuth Circle, twice in th^ Afternoon ; it is doubtful, if 
by Circumftances, during theObfervatioa, we can't dif«- 
(cover which of the Times, whether the firft, or laft ; 
but if thofe Tinoes fall near each other, it will be quite 
impoffible to diftinguifli which, and therefore ambt* 
guous. Other Inflances might be produced, but I be- 
lieve thefe are fufficient to evince, that thofe nice Dif* 
tindions are not fo neceflary in Pradice : If theie be 
thofe who think otherwife, I ihall not difpute it, but 
leave them to their Opinion without Interruption. 

However, what with Mr« Cunn's Rules for deter- 
mining the ambiguous Cafes (which are judicioufly 
drawn up, as Including all tbe Varieties poffible), and 
the Corre<fl:ions now made by reftoring what was iofl: 
and corrupted, our Author's Treatife of Trigonome- 
try, in refpe^l to Theory, may perhaps appear com- 
pleat, even to the moft icrupulous. And. 

Here I thought to conclude ; but, for the Sake of 
Novelty, and tu illuftrate the various Method^ fur folv-s 
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ing the iiih Cafe of Oblique Spherics, where the thiee 
Aogles are giveato find either of the Sides, I {hall beg 
X^eave to give one Inft^mce more, in order tofliew bow 
it may be.perform'd after anew Manner, by the Help 
of the natural and logarithmeticVeiied Sines s which » 
if not imirely new, is not fo puUtcly known as the 
preceding Methods ; ^t leaft, I never faw any-where^ 
thf* Method of Qpeiration, and therefore ihall deliver a 
Rvle for that Purpofej. in the following: Words : 

RULE. 

• Having according to the former Diit£Hons, changed 
one of the Angles next the ^Sde fought into its Supple* 
ipent; take the natural Verfed Sine of the Difference 
of the jaid. Supplement and the other adjacent Angle, 
and fubtrad it iiroKn the natural Verfed Sine of the An- 
gle,Qppofite to the Side fought, and to the Logaritbni 
pf the Remainder add the Square of the Radius; then 
from the Sum fubtra^l the logarithmetic Sines of the 
above Supplement, and the fame adjacent Angle ; and 
the Remainder is the Logarithni of a Number, .which 
will be the Verfed Sine of the Side fought. 

EXAMPLE. 

Supplcmcnt-<E =50^ 
Angle D =: 30 ' 

Natural C Diff* =:2o=,o6o30 
V. Sine ( < A = 40 =1,23395 

The Log. of which pifF. , \ 7365 \ ^o ic^^^a 
.with the Square of Radiusfis } ^^^'^TfPl^ 

Sine of the Sup. of the < E 50° r= 9,884254 
Add the Sine of the < D 30 =9^698970 

, Suip fubtra<a 19,583224. 

Remains 9,656450 

Which Remainder* 9,656450 gives the Logarithm 
Verfed Sine of D E 56' 42!, agreeing exadly with the 
former Computations* 

Note^ If the faid Remainder exceeds 10,000000, it 
implies that the Side fought is greater ti.an a Quadrant 
wherefore cancelling the Charaderiftic 10, look ou 
for the Number aniwering the remaining Logarithm 
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from whkh cut ofF the Left*hand Figure, or, which' 
is the fame Thing, abate the Radius (viz. Unity) | 
and the Reminder will be the naiti|ral Sine of the 
£xce<s of the Side fought above a Quadrant. 

As the natnifal aind Idg^rit&metic Verfed Sines are 
not fo frequently met with in Bodes as the artifitial 
Sines, 'tis poffible, on that Acdbunt, this Rule may meet 
with fome Objection y Ibr whicfh ReafolH and not know- 
ing whether it n|ay b« thought ppeferadile to the fore- 
gomg Methods (tho' undoid>te41y very eafy in Prac- 
tice), I have omitted ifs Demonflration ; but have pub- 
li&ed theRu)ey with fome Vfewt>f iiiirodtK the Ufe 
of the former Sines, which fometimes a^e preferable to^ 
the latter : For by the Help of the faid Verfed Si)ie», 
and theRe^nin^ ufed in: obiaiitinj^ this Rule, ^e rfe- 
cefTarily come to this Knowkdj^ of folvlng^ that Pro- 
blem,, where tM^o Sides aUnl the contained Angie'srre 
given, and tbeti^ird Side required, at one Operation,^ 
very ufefol in Aftronomy and Geography^ efpecialtyiA' 
the latter ; When the Latitudes and Longitudes of two 
Places^ are given to find their Diftance afimder : But' 
the Rule for perfbrming it, and the DehionftracioUT 
thereof, is alfo omitted for the Sake of Brevity. 

However, 'tis eafy to perceive, -fincfc Angles may be 
turned into Sides, that the4>ri^feQt^RAU^:inck|des the 
Solution of that ufeful Probjeor in Afironomy for 
finding the Sun's Azimuth, having the Latitude of the 
Place, the Sun's Altitude arid Diftahce from the ele- 
vated Pole giveii ; by which' metms^the Variation of 
the Compafs, of fuch Importance to Navigators,, may 
be readily deterlncned i^ any Part of the World; 

An Example of which, comprehending the latter* 
Part of the Rule^ (viz\ when the Remaiinderexceeds 
10,000000) W ejdiibicedi 1 

-EXAMPLE. 

Suppofeon JuneUt^ 30th^ ^73^1 ^^ Londm^ in thtf 
Latitude of 51** 52' N. it w6re required to find the 
Sun's true Azimuth, when his Altitude wafS 50^ ooV 
in thr Afternoon, Firft^ 
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From the Com. of the Altitude - 40 00 
Sub. the Com. of the Latitude - 38 28 



Natural C of the Difference - - i 32 ,00035 
V«SiQ< (9fth€Sun'$Oi&fromthePo]e67 54 \Mzn 
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562342 
Th^LofrofwhiUgiftrence 62342'^ _.^ g 
* withthe Square bf the Radius, is f -^syy*/"^ 
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Cofine of the 4 W*rf' ^'' ¥ " " '^>Pf^'^ 
"™' •* i Aiat<id» ^ tfo '-"- 9,808097 

Sum fubcrafit^ i9>6oi898^ 

• Remains 10,192682 

Here the Remainder ex<»eeds lO^oooooot whereforo 
cancel the Gharaderiftic lOy and theNbmber-anfwer- 
ing the remaining Logarithm is i^ss^^ ; the'Excefs of 
which above Unity, t//z. >55Qi) gives the natural Sine 
of 34° 00' ; whence the Sun « true Azimuth is North 
124^ 00' V/eft : At which Time, if the Sun's Mag- 
netical Azimuth were North no** 30' Weft, the Varia- 
tion of the Compafs wouldbei3® 30* Weft^ asappears 
by the following SubtraSion. 

True Azimuth North, 124^ 00' Weft 
Mag, Azittiuth North, no 30 Weft 

Variation 13 30 Weft 

N, B. If the Sun's Declination had been South, 
then' the Verfed Sine of the Sun's Diftancefrom the 
elevated Pole wouW have been equal to Unity plus the 
natural Sine of 'the Sun's Declination ; which in Prac* 
tice creates no more Trouble than when the Declc<» 
nation is North, if fo much ; iince it is at leaft as eaiy 
to take the natural Sine of an Arc, as to take the 
Verfed Sine of its Complement to 90 Degrees ; which 
Sines, and others, with their refpe£live Logarithms, 
&c. mav readily be had out of Sherwin^^ Mathema- 
tical Taoles. 

FINIS. 
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